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Abstract A quantum mechanical theory of collisions of neutral open-shell particles in a
magnetic field is described. The theory is based on the fully uncoupled space-
fixed representation of the total wave function. Collisions of P-state, D-state
and F-state atoms with structureless targets and -molecules with S-atoms
are considered. The relations between the elements of the collision -matrix
and the transport cross section effective in diffusion are derived.
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1. Introduction
Two ground-breaking experimental techniques - buffer gas loading and

evaporative cooling of atoms and molecules in magnetic traps and spin-
exchange optical pumping of noble gas nuclei - rely on the efficiency of an-
gular momentum and energy transfer in atomic and molecular collisions in
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magnetic fields. The development of the cooling techniques may lead to the
creation of molecular Bose-Einstein condensates. The applications of spin-
exchange optical pumping are manifold. Examples are magnetic resonance
imaging of the lungs and other organs of the human body with the gases He
and Xe, studies of fundamental symmetries and the determination of the
neutron spin-structure function . External magnetic fields may play an impor-
tant role in molecular predissociations and transport properties of molecu-
lar gases .
Although a rigorous quantum mechanical theory for collisions without ex-

ternal fields has been known for a long time , it remains a challenge to include
magnetic fields explicitly in the calculations of collisional properties. Interac-
tions with magnetic fields perturb the internal structure of the colliding parti-
cles, induce couplings between states otherwise uncoupled, break the spherical
symmetry of the problem and couple the motion of the center of mass with the
relative collision dynamics . The effect of the center-of-mass motion is
small for collisions of neutral particles at low velocities and magnetic fields
of a few Tesla and the magnetic moment of molecular rotation is much
smaller than the magnetic moment of electrons. It is a good approximation,
therefore, to assume that nuclear rotations are unaffected by magnetic fields
in collisions of paramagnetic atoms or molecules. This approximation allows
one to use the partial wave expansion and the conventional boundary condi-
tions for collisions in a magnetic field, even when the spherical symmetry of
the problem is broken. A close coupling theory of collisions in a magnetic
field can then be formulated, providing that a suitable basis that diagonalizes
the asymptotic Hamiltonian, for which the matrix elements of the Hamiltonian
can be evaluated, is found.
The recent theoretical work on dynamics of neutral atomic systems in a

magnetic field may be divided in five categories: (i) dynamics of molecular
structure in strong ( Tesla) magnetic fields ; (ii) collisions of
S-state atoms at ultracold temperatures ; (iii) collisional spin-exchange
optical pumping of nuclear spin in rare gas atoms ; (iv) collisions involv-
ing atoms with nonzero electronic orbital angular momentum ; (v) atom
- molecule and molecular collisions . The work of Schmelcher, Ceder-
baum and coworkers has laid the foundation for theoretical studies of
molecular dynamics in strong fields. Appelt and coworkers have presented
a comprehensive analysis of the spin-exchange optical pumping and the quan-
tum theory of collisions of S-state atoms has been well documented . In
this chapter we review the theory for quantum-mechanical close coupling cal-
culations of cross sections for collisions involving atoms with non-zero elec-
tronic orbital angular momentum in a magnetic field and extend our discussion
of atom - molecule collisions in external fields . We emphasize advantages
of the close coupling formulation with the fully-uncoupled space-fixed basis
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and present the expressions for the Hamiltonian matrix elements of a S-atom
- -molecule system with and without hyperfine interaction in the atom. In
the last section, we derive the relations between the -matrix elements in the
uncoupled representation and the energy transport or diffusion cross sections.
Atomic units are used throughout the discussion.

2. Close coupling theory of collisions in a magnetic field
The total Hamiltonian of a collision complex in a magnetic field can be

written as

(1)

where is the reduced mass for the collision, is the Jacobi vector joining
the centers of mass of the colliding particles, is the rotational angular mo-
mentum of , is the interaction potential, and . The
asymptotic Hamiltonian includes interactions with magnetic fields. The
diagonalization of ,

(2)

yields the asymptotic energies of the collision channels and the corresponding
wave functions. The total wave function is expanded as follows

(3)

where are the eigenfunctions of , is the -component of ,
is the unit vector with the direction of and the -dependence of the wave
function is contained in the expansion coefficients . Substitution of ex-
pansion (3) in the Schrödinger equation with Hamiltonian (1), multiplication
on the left by a function and integration over all coordinates of and
orientations of results in a system of coupled differential equations

(4)

where and is the total energy.
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The quantization -axis is chosen in the direction of the magnetic field. The
projection of the total angular momentum ( ) is conserved during a colli-
sion and matrix does not contain couplings between states of different .
A wave function corresponding to the entrance channel with quantum
numbers and the total angular momentum projection can be ex-
panded as

(5)

The summations over and are restricted by the total angular momentum
projection . The sum of and the projections of all angular momenta in
must be equal to .
The solution of Eqs. (4) subject to the boundary conditions

(6)

yields the scattering -matrix. Using the boundary conditions (6), we can
rewrite Eq. (5) as

(7)

(8)

If the incident flux corresponds to a plane wave, the wave function

(9)

must be of the form

(10)

Expanding the plane wave in partial waves
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(11)

and comparing the coefficients in front of in Eqs. (11)
and (9) we find for the expression:

(12)

denotes the orientation of the initial collision flux with respect to the quan-
tization axis.
The scattered part of the wave function is the difference between the outgo-

ing part of the total wave function and the outgoing part of the incident function
given, respectively, by

(13)

and

(14)

It can be written following Ref. 10 as

(15)

where is the scattering amplitude for the transition:

(16)

and the -matrix elements are defined as .
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We note again that the summation over and is restricted by the total
angular momentum projection . Because the elements of the transition -
matrix that connect states of different projections are zero , Eq. (16) may
be re-written in the more compact form

(17)

where the summation goes over all possible values of and .
The differential cross section for the transition is given by

(18)

Integrating Eq. (18) over all orientations of and and dividing the result
by to account for the random initial orientation of the collision flux we find
for the integral cross section

(19)

3. Collisions of P-, D- and F-state atoms with
structureless targets

The interest in collisions of P-state, D-state and F-state atoms in a magnetic
field has been stimulated by recent experiments on cooling metastable alkaline-
earth atoms and buffer-gas loading of atoms with non-zero electronic orbital
angular momentum. The goal of these experiments is to produce Bose-Einstein
condensates of species with quadrupole moments and to explore the collision
physics of such atoms at very low temperatures.
The theory for collisions involving P-state atoms in a magnetic field was

not worked out until recently . Venturi and coworkers investigated
collisions of metastable helium atoms in a magnetostatic trap. Although the
calculations were for collisions of S-state atoms, their method can be ap-
plied to atoms with non-zero electronic orbital angular momentum. Santra
and Greene presented a comprehensive analysis of long range interactions
between P-state alkaline-earth atoms in a magnetic field. Simplified calcula-
tions neglecting short range interaction forces were performed based on this
theory . We presented a derivation of the close coupling equations describ-
ing collisions of P-atoms with structureless targets . The derivation is based
on the expansion of atom-atom interaction potentials in Legendre polynomials
and it can be applied to the interactions of any open-shell atoms with S-state
collision partners.
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Consider a collision of an atom with zero nuclear spin in the electronic P-,
D- or F-state with a rare gas atom such as He. The asymptotic Hamiltonian
(2) can be approximated as

(20)

where and are the electronic orbital and spin angular momenta of the
open-shell atom, respectively, and is a constant depending on the energy of
the spin-orbit splitting. In the absence of the spin-orbit interaction, the open-
shell atom is in a state with given values of , and their projections on the
magnetic field axis and . The spin-orbit interaction mixes different
states corresponding to the same total electronic momentum

and its projection on the magnetic field axis. The eigenfunctions
of the states are given by

(21)

where the symbols in the square brackets are Clebsch-Gordan coefficients.
Depending on the strength of the magnetic field, it may be convenient to

expand the total wave function either in the coupled basis (21)

(22)

or in the uncoupled basis

(23)

The vector describes collectively the position vectors of the open-shell elec-
trons. The first term in the Hamiltonian (20) is diagonal in the basis (22) and
the second in the basis (23). When the spin-orbit splitting is much larger than
the Zeeman level separation, it is therefore more convenient to use Eq. (22).
Eq. (23) is appropriate in the limit of large .
The matrix elements of the interaction in the basis (22) can

be evaluated analytically using Eq. (21). The off-diagonal elements of this
interaction couple the states with and . There are no matrix
elements that couple states with different projection quantum numbers .
The matrix elements of the operator are given by

(24)
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where is the spin-orbit energy of the open-shell atom without the magnetic
field.
The matrix elements of the Hamiltonian (20) in the basis (23) can be evalu-

ated directly through the identity

(25)

where and are the conventional raising and lowering operators . The
eigenvalues of the operator are

(26)

Once the matrix elements of the asymptotic Hamiltonian (20) have been
determined, can be diagonalized numerically to yield the energies and the
functions of the collision channels as well as the matrix of the diagonalizing
transformation .
The collision channels are coupled by the electrostatic interaction of

the open-shell atom with the S-state atom. The interaction potential can be
expanded in products of spherical tensors as

(27)

We use the Wigner-Eckart theorem to obtain analytical forms for the matrix
elements of the potential in the basis (22)

(28)

or in the basis (23)



Collisions in external fields 9

(29)

where the symbols in the parentheses and the curly braces are - and -
symbols.
Aquilanti and Grossi have shown that the expansion coefficients are

related to the non-relativistic potentials of the open-shell atom - S-state atom
molecule in the ground state as follows

(30)

where is the projection of on the molecular axis.
For example, the relations for the P-atom - rare gas system have the form

(31)
(32)

for the D-atom - rare gas system, they are

(33)
(34)
(35)

and for the F-atom - rare gas system, they are

(36)
(37)
(38)
(39)

The coupling matrix is obtained by transforming the matrix (28) or (29) of
the electrostatic interaction to the basis in which the asymptotic Hamilto-
nian is diagonal as follows:
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(40)

Given the matrix and the asymptotic Hamiltonian (20), the scattering
problem may be solved as described in Sec. II. The cross sections for elastic
and inleastic transitions are computed using Eq. (19).

4. Collisions of -molecules and S-atoms without
hyperfine interaction

The experimental work on the production of ultracold -molecules is cur-
rently pursued in many research groups. Proposals exist to cool -molecules
by evaporative collisions with ultracold Rb atoms in the S state. Collisions
of -molecules with S-atoms will also be the dominant mechanism of de-
struction of the ultracold molecules formed by photoassociation in ultracold
gases. It is important therefore to understand the propensity rules in collisions
of -molecules with S-atoms. In this section, we present the theory for the
evaluation of matrix elements needed for the close coupling description of col-
lisions of -molecules with S-atoms.
The asymptotic Hamiltonian of a -molecule - S-atom system without

hyperfine interaction is given by

(41)

where and are the rotational and spin angular momenta of the molecule,
respectively, is the intramolecular distance, and are the spin-rotation
and spin-spin interactions in the molecule, is the intramolecular interaction
potential, is the reduced mass of the diatomic molecule and is the spin
of the S-state atom.
The total wave function can be expanded in direct products of ro-vibrational

functions and spin functions of the molecule, spin functions of the atom and
partial wave functions of the relative motion

(42)

where denotes collectively the quantum numbers
. The ro-vibrational functions
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are the eigenfunctions of the Hamiltonian describing
the rotation and vibration of the diatomic molecule

(43)

The spin-rotation interaction is represented by the scalar product of and
as

(44)

where is the spin-rotation interaction constant of the molecule. The matrix
elements of the spin-rotation operator (44) can be readily obtained using the
identity

(45)

where and are the raising and lowering operators . They are

(46)

If the molecular spin-spin interaction is represented by the form

(47)

the matrix elements of the operator can be evaluated as follows:

(48)
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where

(49)

and

(50)

with the double-bar matrix element given by

(51)

When , the -symbol is equal to and the double-bar matrix ele-
ment is equal to .
The collision channels are coupled by the electrostatic and dipolar atom -

molecule interactions. The electrostatic interaction potentials depend on the
total spin angular momentum

(52)

The eigenfunctions of the operator are defined as

(53)

The matrix of the electrostatic interaction can be determined in the cou-
pled spin representation. If the interaction potentials of spin multiplicity
are represented by Legendre series

(54)
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the integrals over the angular functions may be evaluated as follows:

(55)

The matrix (55) can then be transformed to the basis (42) using the relation
(53).
The magnetic dipole interaction can be written as

(56)

where is the fine structure constant . The matrix elements of are
given by

(57)

To evaluate the integrals ,
we use the expression for the components of an tensor given by :

(58)

(59)

(60)
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The operators act only on the functions and the oper-
ators only on the functions . Given Eqs. (58) - (60), it is
straightforward to obtain all the integrals in Eq. (57).
The matrices of the and interactions are diagonal by definition

of the basis (42). Eqs. (43), (46) and (48) define the matrix of the asymptotic
Hamiltonian (41) in the basis (42). This matrix is then diagonalized to yield
the collision channels and the diagonalizing transformation (C). The coupling
matrix is given by

(61)

where the matrix is defined by Eq. (57) and the matrix is obtained
from Eq. (55) by the transformation (53).

5. Collisions of -molecules and S-atoms with hyperfine
interaction

If the atom and the molecule have non-zero nuclear spins, the interaction
between the electrons and the nuclei needs to be taken into account in consid-
ering ultracold collisions. Hyperfine effects were included in the calculations
of ultracold atom - atom collisions but have been neglected in the
theoretical studies of atom - molecule and molecular collisions. The method
of including molecular hyperfine effects in the theory of atom - molecule col-
lisions will be considered in a separate publication. The hyperfine interaction
in the atom can be included in the Hamiltonian (41) in the form

(62)

where is the total nuclear spin, and is the hyperfine interaction constant
of the atom.
The basis functions are the products

(63)

with describing the hyperfine states of the atom.
The matrix elements of the hyperfine interaction (62) can be evaluated using

the identity similar to Eq. (45)

(64)

The operators , , , act only on the functions and .
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The matrices of all operators in the Hamiltonian (41) are diagonal in the
quantum numbers and .
In a magnetic trap, both the atoms and the molecules will be in the states of

maximally stretched electronic and nuclear spins. The spin-flipping relaxation
in the molecules can then be induced in S-atom - -molecule collisions by
three mechanisms:
(i) The magnetic dipole-dipole interaction (56) couples directly the maximally
stretched state to lower spin states. The spin angular momentum transfer in
ultracold collisions occurs at the expense of the increase of the nuclear orbital
angular momentum. The rates for the dipolar relaxation are of the order of

cm s in collisions of two one-bohr magneton atoms . Because the
matrix elements of the atom - molecule dipole-dipole interaction (57) are pro-
portional to the square root of the electronic spin angular momentum of the
molecule, the rate of the dipolar relaxation should increase linearly with so
that the dipolar relaxation in collisions of stretched Rb( S) atoms and NH( )
molecules should be twice as efficient as in Rb( S)-Rb( S) collisions.
(ii) The maximally stretched state of the molecule is coupled to lower spin
states directly by the atom-molecule electrostatic interaction due to the ad-
mixture of the rotationally excited level in the ground state of the
molecule . The magnitude of the coupling depends on the strength of the
spin-spin interaction (47) and the relative separation of the rotational energy
levels of the molecule. The rate constants for the spin relaxation induced by
the interplay of the atom-molecule electrostatic and molecular spin-spin inter-
actions have been found to be of the order of cm s in He - NH( )
collisions .
(iii) The maximally stretched state of the molecule is coupled to lower spin
states indirectly through electrostatic coupling to rotationally excited
levels and the action of the spin-rotation interaction (45) in the states.
The spin-rotation interaction is usually significantly weaker in molecules
than the spin-spin interaction so that the rates for the spin relaxation induced
by the spin-rotation interaction are much smaller than those induced by the
spin-spin interaction in mechanism (ii).

6. Transport cross sections
Quantum mechanical calculations of transport phenomena in atomic and

molecular gases have been reported by many authors. Examples include Refs.
49-57. Using Liouville space algebra, Liu and coworkers have derived the
relations between the -matrix in the total angular momentum representation
and the cross section determining the shear viscosity Senftleben-Beenakker
effect . Relations expressing the transport cross sections in terms of gen-
eralized opacity functions have been derived and used by these and many
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other researchers. The generalized opacity functions yield the transport cross
sections effective in diffusion, viscosity, production and relaxation. The ex-
pressions for the opacity functions are quite complex involving summations
over -symbols . Here, we present an alternative derivation of the diffu-
sion cross sections expressed directly in terms of the -matrix elements in the
uncoupled representation.
The cross section for transport effective in diffusion is defined as follows

(65)

where is the scattering angle, is the differential cross section
for the transition, is the wave number corresponding to channel
and is the number density of the molecules in state .
For collisions in external fields, it is more convenient to define the doubly-

differential cross section (18) that depends on the orientation of the initial and
final collision fluxes. The cross section for transport should then be written as

(66)

where is the angle between and , and denotes the spherical volume
element. It can be re-written as

(67)

where is the integral cross section (19) and is defined as

(68)

From Eqs. (16) and (18), the differential cross section can
be written in the form

(69)
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Using the identity

(70)

we can evaluate the integrals in Eq. (68) analytically to yield

(71)

It follows from Eq. (71) that only the terms with and
contribute to the cross section (68). Furthermore, only the

terms with and will survive the summation in Eq. (71).
As a result, both and are odd so that . Because
the cross section must be real, it can be re-written as

(72)

Eqs. (67) and (72) provide a relation between the elements of the -matrix
and the cross section effective in diffusion.
For calculations of collision properties without external fields it is conve-

nient to assume that the initial collision flux is directed along the quantization
-axis . The spherical harmonics depending on the direction of in Eq. (69)
then become

(73)
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and Eq. (69) reduces to

(74)

The term can be replaced with

(75)

and the integration (68) gives

(76)

Because we have neglected the interaction of the orbital angular momentum
with magnetic fields, the expression (76) should give the same result as Eq.
(72).
If all atoms or molecules are initially in state and the probability of inelas-

tic scattering is much smaller than the rate of elastic collisions, the transport
cross section (66) reduces to

(77)

and Eq. (76) becomes

(78)
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7. Summary
We have described the quantum mechanical theory of collisions of neutral

particles in the presence of a magnetic field. The theory is based on the ex-
pansion of the total wave function in a fully uncoupled space-fixed basis. The
uncoupled representation provides the simplest method for evaluation of the
Hamiltonian matrix elements including hyperfine interactions of electrons with
nuclei. The complexity of the theory does not increase with increasing num-
ber of degrees of freedom. The theory can be applied to collisions of atoms
or molecules. Because analytical expressions for the basis representation that
diagonalizes the asymptotic Hamiltonian of the colliding particles with open
shells in a magnetic field cannot be found and the asymptotic Hamiltonian ma-
trix has to be diagonalized numerically, the fully uncoupled representation is
preferable to any coupled basis.
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