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Projection-reduced close coupling calculations of cross sections for
vibrational relaxation in collisions of diatomic molecules with atoms

Roman V. Kremsa) and Sture Nordholm
Department of Chemistry, Physical Chemistry Go¨teborg University, SE-412 96 Go¨teborg, Sweden

~Received 4 September 2001; accepted 19 October 2001!

This work investigates the possibility of performing converged close coupling calculations of cross
sections for vibrational relaxation in atom–diatom collisions with basis sets reduced by neglecting
states with high values of angular momentum projection. The calculations for the Ar1HF system
show that if the molecule is initially in the state with vibrational and rotational quantum numbers
v51, j i , it may be possible to neglect states with projections of angular momentum greater thanj i

for all rotational levels in the basis set. ©2001 American Institute of Physics.
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Despite the recent progress in computational capa
ties, rigorous quantum-mechanical calculations of cross
tions and rate constants for vibrationally inelastic collisio
of diatomic molecules with atoms are still impossible exc
for a few systems involving light molecules. The tim
independent close coupling~CC! approach to the problem o
atom–molecule collisions is based on expansion of the t
scattering wave function in terms of products of molecu
translational, vibrational, and rotational functions. Substi
tion of this expansion in the Schro¨dinger equation leads to
system of second order differential equations whose dim
sion is equal to the number of basis functions. For typi
problems of vibrational relaxation in atom–diatom collisio
the basis set should include several vibrational states of
diatomic molecule each represented by a manifold of ro
tional levels. Every rotational level corresponding to the
tational angular momentumj is (2j 11)-degenerate and th
system of differential equations to be solved becomes p
hibitively large as the number of rotational states in the ba
set increases. Because all states up to a certain energy
larger than the collision energy must be included in the ba
set, the CC calculation of vibrational relaxation in diatom
molecules is a formidable task even when the collision
ergy is small and the molecule is initially at low levels
rotational excitation of thev51 vibrational state. The (2j
11)-degeneracy of high rotational states ofv50 limits
computational efficiency in this case.

Various approximate decoupling schemes have been
posed as an alternative to the rigorous CC method for ca
lations of vibrational energy transfer in atom~A!–diatomic
molecule~BC! collisions ~see, e.g., Ref. 1!. The most accu-
rate of these approximations is the coupled-states~CSA!
approach2,3 based on the assumption that all transitions
tween states with different body-fixed projections of to
angular momentum can be neglected. As a result, the cou
2 j 11 problem for each initialj -state is reduced toj 11
independent problems. The CS approximation has been

a!Current address: Harvard-Smithsonian Center for Astrophysics, C
bridge, Massachusetts 02138.
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vestigated and used by many researchers4 due to its simplic-
ity and closeness to the CC method. As has been pointed
by Hahne,5 however, most of the studies mentioned e
ployed a generally incorrect~but asymptotically valid! law of
transformation betweenR- andP-helicity amplitudes. Thus,
Eq. ~24! instead of Eq.~25! of Ref. 5 must be used to trans
form between the two helicities and the finalS-matrix con-
tains ‘‘insufficient information to infer the detailed structu
of this operator in the basis in whichR-helicity is
diagonal.’’5 The predictions as to the accuracy of the C
approximation based on examination of the initial coupli
matrix can, therefore, not be generally made and the per
mance of the CS approach should be verified against m
rigorous calculations in every particular case. Other dec
pling schemes involve even more approximations and
hardly be used without prior verification of their validity.

In the present work we propose a methodology of co
puting cross sections for vibrational relaxation usi
projection-reduced CC~PR-CC! calculations that are in-
tended to be as accurate as the full CC results but req
significantly less computational effort. The method is tes
on the Ar1HF collision system.

Vibrational relaxation in HF1Ar collisions has attracted
considerable interest of researchers over the last two dec
due to participation of HF molecules in laser systems,6 and a
peculiar mechanism of vibrational energy transfer in t
system7,8 leading to an inverse rotational population of HF
the ground vibrational state.9,10 Extensive coupled-states ca
culations of rate constants for vibrational relaxation
HF1Ar collisions have recently been compared with expe
mental data in a wide range of temperatures.11,12 The calcu-
lations are performed on two most recent and accurate
tentials and in order to make this comparison mo
meaningful it is necessary to delineate the validity of the
approximation for vibrationally inelastic HF1Ar collisions.
In our previous work13 we have computed rate constants f
one-quantum rotational transitions in Ar1HF collisions us-
ing the CS approach and the CC method. The observed
viation of the CS results from the CC rate constants reac
40% and it is interesting to see if the performance of
-

1 © 2001 American Institute of Physics
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CSA in describing vibrationally inelastic Ar1HF collisions
is better.

In the present work we are interested in integral, orie
tation averaged cross sections and rate constants that d
depend upon the choice of the coordinate system and
equations hereafter are written in the body-fixed~BF! coor-
dinate frame. The motion of a diatomic molecule relative
an incoming atom is described using conventional Jac
coordinates~R, r , andQ!. The following notation for quan-
tum numbers is used throughout the paper:J denotes the
total angular momentum for the collision,j is the rotational
angular momentum of the diatomic molecule,V is the BF
projection of bothĴ and ̂, andv is the vibrational quantum
number of the diatomic molecule. The orbital angular m
mentum for the collision is denoted byl . The hat over the
symbol denotes the corresponding operator.

The CC approach to dynamics of A1BC collisions is
based on the expansion of the total scattering wavefunc
in products of translational (Fv j V), vibrational (xv

j ) and ro-
tational (Yj V) wave functions of the isolated diatomic mo
ecule as follows:14

CJ5
1

R(
v

(
j

(
V52n

n

Fv j
J ~R!xv

j ~r !Yj V~Q,0!, ~1!

wheren is limited by min(J,j) and the summation is trun
cated at rovibrational levels corresponding to some ene
higher than the collision energyE. This expansion leads to
system of CC equations:

F d2

dR2 1kv j
2 GFv j V

J ~R!52m (
v8, j 8,V8

@Vv j V;v8 j 8V8

1Uv j V;v8 j 8V8
J

#Fv8 j 8V8
J

~R!. ~2!

In this expressionkv j
2 52m(E2ev j ), ev j is the energy of the

BC molecule in the stateuv j &, Vv j V;v8 j 8V8 is the matrix of
the interaction potential andUv j V;v8 j 8V8

J is the matrix of the

l̂ 2/R2 operator. The elements of theV matrix can be given by
the following expressions:15

Vv j V,v8 j 8V85dV,V8 (
l50

lmax

~21!V@~2 j 11!~2 j 811!#1/2

3S j 8 l j

V8 0 2V
D S j 8 l j

0 0 0D
3^vuVl~r ,R!uv8&, ~3!

where Vl are the Legendre components of the interact
potential, the symbols in brackets are the 3-j symbols and

TABLE I. Rovibrational energy levels of HF calculated with the potent
from Ref. 18.

v 0 0 1 1 1 1 1
j 0 13 0 1 2 3 4

ev j , cm21 2045 5706 5997 6036 6115 6233 6390
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the one-dimensional integrals^vuVl(r ,R)uv8& are evaluated
numerically. The elements of theUJ matrix can be readily
written as follows:15

Uv j V;v8 j 8V8
J

5d j , j 8dV,V8

1

R2 @J~J11!1 j ~ j 11!22V2#,

~4!

Uv j V;v8 j 8V8
J

5d j , j 8dV,V861

1

R2 @J~J11!2V~V61!#1/2

3@ j ~ j 11!2V~V61!#1/2.

The system of Eq.~2! is propagated to the asymptot
R5` region where the solution is used to construct the sc
tering S-matrix. The cross sections and rate constants
rovibrational transitions are then obtained from theS-matrix
elements as usual.

It follows from Eq. ~3! that the matrix of the interaction
potential is diagonal inV and the rovibrational transitions in
A1BC collisions leading to changes inV are determined
only by off-diagonal elements of the angular momentum m
trix @Eq. ~4!#. At the same time, the elementsUv j V;v8 j 8V8

J

vanish unlessj 5 j 8. Thus, there are no matrix elements co
pling states with different values ofj andV simultaneously.
It can also be noted that the elements of theUJ matrix vanish
unlessV5V861, i.e., there are no direct couplings betwe
states with projection of the angular momentum differing
more than one. That is why it has been observed~see Ref. 16
and references therein! for many atom–diatomic molecule
collision systems that the rovibrational transitions conserv
V have significantly greater intensities than theV-changing
transitions and it may be expected that the probabilities
transitions changingV-values by more than one are sma
compared to probabilities of transitions withDV50 and
DV51.

It may be suggested, therefore, that if a diatomic m
ecule is initially in theuv51,j i& state, the rotational levels o
v50 having absoluteV-values greater thanj i11 will be
negligibly populated after vibrational relaxation and the su
mation over V in Eq. ~1! can be limited byn5min@(j i
11),j # for all j -levels in the basis set. The truncation ofn
by j i11 greatly reduces the number of basis set functio
because normallyj i is significantly lower than thej -numbers
of the corresponding basis states ofv50. In general, if the
j i11 truncation ofn is not enough, one may seek conve
gence of cross sections for vibrational relaxation by gra
ally increasingn from the valuej i , n being fixed and the
same forall j -levels in the basis set.

In order to test the method proposed we perform t
calculations for Ar1HF collisions on a highly anisotropic
PES.17 The vibrational wave functions entering matrix el
ments in Eq.~3! and the rovibrational energy levels of th
diatomic moleculesev j are determined by numerical solutio
of the Schro¨dinger equation for a diatomic molecule usin
the interaction potential from the work of Stark an
Werner.18 Selected rovibrational levels of HF thus obtain
are listed in Table I.

Table II presents cross sections for VR in Ar1HF colli-
sions computed using different number of projections
lowed for each rotational state of HF in the basis set. T
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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TABLE II. Cross sections (Å2) for total ~summed over all finalj 8-levels! vibrational relaxation of theuv51, j & levels of HF by Ar. The total collision energy
is indicated. The notationVmax is used for the maximum value of projection allowed for all basis states withj >Vmax andN denotes the total number of bas
states.

Vmax N j i50 j i51 j i52 j i53 j i54

E56007.1 cm21

0 21 3.97331024 – – – –
1 59 4.64831024 – – – –
2 93 4.64531024 – – – –
9 231 4.64531024 – – – –

Full CC 261 4.64531024 – – – –
E56205.2 cm21

0 21 2.76831024 2.02231025 5.44531025 – –
1 59 2.73831024 2.43831024 8.71731025 – –
2 93 2.61431024 2.41431024 9.16931025 – –
3 123 2.64531024 2.39531024 8.89131025 – –
4 149 2.64931024 2.40331024 8.86731025 – –
5 171 2.64831024 2.40131024 8.85631025 – –
9 231 2.64931024 2.40331024 8.86631025 – –

Full CC 261 2.64831024 2.40231024 8.86931025 – –
E56400.3 cm21

0 149 6.22231024 1.56831024 5.85631025 1.25631024 2.10231024

1 149 5.75931024 1.01931023 1.99231024 3.99331024 6.40431024

2 149 5.81231024 0.99931023 2.11031024 4.10531024 1.35431024

3 149 5.88031024 1.00231023 2.11931024 4.22431024 1.76031024

4 149 5.82431024 1.00231023 2.13831024 4.22131024 1.47131024

5 171 5.82431024 1.00231023 2.13831024 4.22131024 1.47231024

9 231 5.82431024 1.00231023 2.13831024 4.22131024 1.47231024

Full CC 261 5.82431024 1.00231023 2.13831024 4.22131024 1.47231024
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calculations are performed at three energies andVmax corre-
sponds ton in Eq. ~1!. A total number of 120 partial wave
are taken in the summation over total angular momen
that gives converged cross sections at the collision ener
considered. All open~energetically accessible! rovibrational
states and a number of closed channels are included in
basis set for the calculations. The cross section for VR
HF(v51, j 50) is well converged withVmax51 at all colli-
sion energies. This is so despite the fact that the cross se
for total vibrational relaxation of HF(v51, j 50) in colli-
sions with Ar is predominantly determined by the cross s
tions for the uv51, j 50&→uv50, j 513& and uv51, j 50&
→uv50, j 514& transitions.7,13,9 The cross sections for VR
of HF(v51, j 52) are well converged withVmax52, the
cross sections for VR of HF(v51, j 53) are converged to
within 1% when Vmax53 and the calculations withVmax

54 give essentially the same results for VR of HF(v51, j
54) as the full CC calculations. The difficulty of numer
cally solving Eq.~2! usually scales with the number of bas
states asN3 and it follows from Table II that the PR-CC
calculations giving essentially the same results as the full
calculations are significantly~at least one or two orders o
magnitude! more efficient.

The proposed methodology of PR-CC calculatio
makes it possible to check the performance of the CS
proximation for vibrationally inelastic Ar1HF collisions at
high temperatures. Figure 1 presents cross sections for V
HF(v51, j ) computed using the PR-CC method withVmax

55. The number of basis states considered in the calculat
is 292 and a total number of 200 partial waves are take
the summation over total angular momentum in order to
tain converged results. The corresponding full CC calcu
Downloaded 06 Dec 2001 to 131.142.25.154. Redistribution subject to A
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tions would require 530 states in the basis set which wo
make the calculations impossible. The CS results shown
Fig. 1 are computed as described in our previous work7,12

and correspond to the Boltzmann averaged rate const
presented in a preceding article.12 The cross sections com
puted in the CS approximation agree well with the mo
accurate results, the agreement being better at high colli
energies. The largest deviation of the CS results from
PR-CC values is observed for VR of HF in the ground ro
tional state ofv51 at low collision energies. Despite thes
differences the CS approach reproduces the structure in

FIG. 1. Cross sections for vibrational relaxation of HF(v51, j 50) ~full
line, circles!, HF(v51, j 53) ~broken line, squares!, and HF(v51, j 55)
~dotted-dashed line, triangles! by collisions with Ar. The lines correspond to
the CS results and the symbols are from the PR-CC calculations.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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energy dependence of cross sections quite well. We h
estimated that the error due to the CS approximation m
affect the Boltzmann averaged rate constants for VR
HF1Ar collisions by a maximum of 20% at low tempera
tures (T<100 K) and a maximum of 10% at higher temper
tures.

In summary, the methodology of PR-CC calculations n
glecting states with high values of angular momentum p
jection is proposed and tested on a highly anisotro
Ar1HF collision systems. It is shown that convergence
degeneracy-averaged cross sections for vibrational relaxa
in atom–diatom collisions can be sought by gradually
creasing the maximum value of the projectionV allowed for
each rotational state in the basis set and if the vibratio
relaxation starts from theuv51, j i& level of the diatomic
molecule it may be enough to consider only projectionsV
< j i . Since the initialj i-numbers of vibrationally excited lev
els are generally significantly smaller than thej -numbers of
the corresponding rotational levels of the ground vibratio
state in the basis set, the PR-CC calculations greatly red
the effort of computing accurate cross sections for vib
tional relaxation.

The PR-CC method can be used together with the vib
tionally reduced close coupling methodology suggested
our previous work13 that will allow efficient and accurate
calculations of cross sections for vibrational relaxation
diatomic molecules initially in high levels of vibrational ex
citation.

The validity of the coupled-states approximation
tested in calculations of cross sections for Ar1HF vibra-
tionally inelastic collisions in a wide range of internal an
collision energies. The largest deviation of the CS res
from the PR-CC values is less than 25% of the abso
magnitude and the agreement between the different met
becomes better at higher collision energies.

Note added in proof.We have found, after this article
was accepted for publication, that a similar procedure of p
jection reduced calculations has been used in several rea
scattering calculations~for some particular examples see Re
19!. Although the physical interpretation of the success
failure of this approximation in the reactive scattering calc
lations is less transparent, the results of the works in Ref
should support the methodology proposed here for
vibrationally inelastic collisions.
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