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Collision properties of atoms and molecules in low temperature gases can be controlled by apply-
ing an external magnetic or electric field. The external field shifts the energy levels of the colliding
particles, which gives rise to Feshbach resonances modifying the scattering cross sections. The res-
onances occur at particular magnitudes of the external field, where a bound state of the collision
complex is degenerate with a scattering state. The positions of the resonances in the external field
are usually identified by computing either the scattering cross sections or the bound states of the
collision complex as functions of the external field magnitude. We propose a more efficient method
for locating Feshbach resonances that requires neither of these computations. In particular, we show
that the positions of Feshbach resonances can be identified by computing the log-derivative of the
total wave function in a classically allowed region as a function of the external field strength. This
procedure is particularly useful for locating narrow Feshbach resonances that may be hard to identify
with the other methods. © 2011 American Institute of Physics. [doi:10.1063/1.3524341]

Feshbach scattering resonances play a central role in ex-
perimental research of atomic and molecular gases at ultra-
cold temperatures.1 A Feshbach resonance occurs when the
scattering wave function of colliding particles is modified by
a coupling to a quasibound state of the collision complex.1

When the energy of the quasibound state is the same as the
energy of the scattering state, the coupling enhances the scat-
tering amplitude, leading to enhancement of elastic and in-
elastic scattering cross sections. If the colliding particles are
open-shell atoms or molecules, the energy of the quasibound
states of the collision complex can be shifted by an external
magnetic or electric field. The collision energy of atoms or
molecules in an ultracold gas is vanishingly small. There-
fore, Feshbach scattering resonances of ultracold atoms and
molecules occur at particular magnitudes of external fields.2, 3

This is exploited in many experiments for controlling the dy-
namical and structural properties of ultracold gases by tuning
an external magnetic field.4–9

The positions of Feshbach resonances of ultracold atoms
in a magnetic field are extremely sensitive to small variations
of the interatomic interaction potentials. Measurements of
Feshbach resonances at different magnetic fields can there-
fore be used for generating precise interatomic interaction
potentials.3, 10 This is usually achieved by iterative calcula-
tions of the atom–atom scattering length as a function of the
magnetic field and the interatomic interaction potentials. The
scattering length undergoes a rapid variation near a Feshbach
resonance.3 The scattering length is computed from the solu-
tions of the multichannel close coupling equations describing
the scattering dynamics of ultracold atoms. This procedure
of finding accurate interatomic potentials is quite complex
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because collisions of open-shell atoms are determined by
several electronic adiabatic potentials and the correspondence
between the positions of Feshbach resonances and the inter-
action potential parameters is not unique, i.e., several sets of
interaction potentials may give rise to the same Feshbach res-
onance at a particular magnetic field. The search for precise
interaction potentials may therefore involve a large number of
the close coupling calculations of the scattering length. Each
of these calculations is computationally demanding because
the close coupling equations must be solved on a very large
radial grid extending to interatomic distances where the
interaction potential is much smaller than the kinetic energy
of ultracold atoms. In addition, the scattering length must be
calculated on a very dense grid of magnetic fields in order
to ensure that all Feshbach resonances, including narrow
resonances affecting the scattering length over a small range
of magnetic fields, are accounted for. A similar procedure
may be used for constructing accurate intermolecular poten-
tials. However, the complexity of intermolecular interaction
potentials and the close coupling calculations of molecule–
molecule scattering in an external field make this problem
intractable. Therefore, it is important to develop more
efficient methods for identifying the positions of Feshbach
resonances than those based on the analysis of the scattering
length.

As demonstrated by González-Martínez and Hutson,11

the positions of Feshbach resonances can be identified by
computing the energies of the bound states of the collision
complex as functions of an external field. Feshbach reso-
nances occur when the energies of the bound states become
degenerate with the energy of the colliding particles at large
interparticle separations R. The bound state energies can be
computed by solving the close coupling equations with the
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following boundary conditions for the total wave function:

ψ(R) → 0, R → 0+, (1)

ψ(R) → 0, R → +∞. (2)

If an energy E is an eigenvalue of the two-particle Hamilto-
nian, the wave function satisfies the following equations:12

ψ(Rmid) = ψ+(Rmid) = ψ−(Rmid), (3)

dψ+(Rmid)

d R
= dψ−(Rmid)

d R
, (4)

where ψ+(Rmid) is the wave function at R = Rmid calculated
by integrating the close coupling equations from R = 0 for-
ward, ψ−(Rmid) is the wave function at R = Rmid calculated
by integrating the close coupling equations from R = +∞
backward, and Rmid is the matching point placed arbitrar-
ily in the classically allowed region.13–15 For multichannel
scattering calculations, it is convenient to introduce the log-
derivative matrix Y (R)15, 16

Y (R) = � ′(R)[�(R)]−1, (5)

where �(R) is the N × N wave function matrix with the
columns representing the set of N vectors. Combining
Eqs. (3) and (4) yields17

[Y +(Rmid) − Y −(Rmid)]ψ(Rmid) = 0, (6)

where Y +(Rmid) is the log-derivative matrix at R = Rmid cal-
culated by integrating the close coupling equations from R
= 0 forward with the boundary condition (1) and Y −(Rmid)
is the log-derivative matrix at R = Rmid calculated by inte-
grating the close coupling equations from R = +∞ back-
ward with the boundary condition (2). Thus ψ(Rmid) is an
eigenvector of the matrix |Y + − Y −| with eigenvalue 0. Sev-
eral algorithms have been suggested for locating the bound-
state energies using Eq. (6).15–17 The most stable approach
for large multichannel systems is based on the analysis of
the eigenvalue λmin of |Y + − Y −| with the smallest abso-
lute magnitude.17, 18 At least one eigenvalue of the matching
matrix must be zero if the total energy of the system is the
same as the energy of a bound state. González-Martínez and
Hutson11 used this method to calculate the bound states of
the He–NH(3�−) complex in a magnetic field. Their calcu-
lation involved the analysis of the energy dependence of λmin

and finding the energies where λmin = 0 for fixed values of the
magnetic field. In the present work, we show that the positions
of Feshbach resonances can be identified by computing the
external field dependence of λmin at a single fixed total energy.

For illustrative purposes, we consider ultracold collisions
of O2(3�−

g ) molecules in the absolute ground state in the pres-
ence of a magnetic field. The close coupling equations which
describe the collision dynamics of 3� molecules at ultracold
temperatures and the methodology of the scattering calcu-
lations for molecular collisions in external fields were pre-
sented in our previous work.19, 20 As we showed previously,19

the elastic cross section for ultracold O2(3�−
g ) − O2(3�−

g )
collisions as a function of a magnetic field exhibits multi-
ple peaks corresponding to Feshbach resonances mediated
by an interplay of the intramolecular fine-structure interac-
tions and the anisotropy of the O2–O2 interaction potential.

These resonances are depicted in the upper panel of Fig. 1.
The projection of the total angular momentum Mtot on the
magnetic field axis is conserved so the scattering calcula-
tions can be carried out separately for different values of Mtot.
The cross section shown in Fig. 1 was computed for an ul-
tralow collision energy of 10−6 K and corresponds to the
value Mtot = −2. This is the only value of the total angu-
lar momentum projection that allows s-wave scattering for
oxygen molecules in the lowest energy Zeeman state so the
cross sections computed with other values of Mtot are negligi-
bly small at this collision energy. The calculations presented
in the upper panel of Fig. 1 were carried out with exactly
the same choice of parameters and basis set as described in
Ref. 19. In order to resolve all resonance peaks, it was neces-
sary to perform the scattering calculations at 5200 values of
the magnetic field. Some of the resonances result in the vari-
ation of the cross section over a very narrow interval of the
magnetic field. These resonances can be easily overlooked if
the close coupling calculations are carried out on a magnetic
field grid with a constant step size.

The magnetic field dependence of λmin, depicted in the
lower panel of Fig. 1, presents an alternative signature of
Feshbach resonances. The magnitude of λmin is a linear func-
tion of the magnetic field B which crosses zero exactly at
the positions of the Feshbach resonances. For the calcula-
tions of the lower panel of Fig. 1, the matching point Rmid

was chosen to be 3.7 Å and the total energy was set equal
to the total energy of the scattering calculations. The calcu-
lations were performed in the interval of magnetic fields be-
tween 10 and 2010 G with a step of 2.5 G resulting in 801
points. The close coupling calculations in Ref. 19 were per-
formed with the same grid of the magnetic fields. As a result,
8 of the 26 resonances were overlooked. This demonstrates
that the analysis of the external field dependence of λmin re-
quires fewer calculations at fixed magnetic fields. It is also
important to point out that the calculation of λmin at a fixed
magnetic field is computationally less difficult than the calcu-
lation of the scattering cross section, because the integration
interval of the radial grid is largely limited to the classically
allowed region of the intermolecular interaction potential. For
consistency, the calculations presented in the lower panel of
Fig. 1 were performed with the same radial grid as the scatter-
ing calculations of the cross sections. However, we confirmed
that reducing the radial grid by a factor of 3 does not affect
the magnetic field dependence of λmin.

Table I presents a quantitative comparison of the reso-
nance positions obtained from the close coupling calculations
and from the magnetic field dependence of λmin. Table I also
includes the widths of the resonances computed by fitting the
scattering length for O2(3�−

g )–O2(3�−
g ) collisions to the fol-

lowing equation commonly used for the analysis of magnetic
Feshbach resonances in experiments with ultracold atoms:21

a = abg

(
1 − �

B − Bres

)
, (7)

where abg is the background scattering length, B is the mag-
nitude of the magnetic field, � is the width of the resonance,
and Bres is the position of the resonance. Table I demonstrates
that the positions of the resonances obtained from the roots of
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FIG. 1. Upper panel: the s-wave elastic scattering cross section for collisions of O2(3�−
g ) molecules in the lowest high-field-seeking state |MSA = −1〉|MSB

= −1〉 as a function of the magnetic field. Lower panel: the minimal eigenvalue of the matching matrix λmin as a function of the magnetic field. The collision
energy is 10−6 K. The projection of the total angular momentum of the system is –2. New resonances found using the analysis of the magnetic field dependence
of λmin are marked by red arrows.

the magnetic field dependence of λmin are the same as those
obtained from the scattering length to within 0.5%. The res-
onances with the width < 0.02 G are completely invisible in
the magnetic field dependence of the scattering cross section
computed with a step of 2.5 G. Generally, in order to resolve
a scattering resonance, the scattering cross section must be
computed on the magnetic field grid with the grid step smaller
than the resonance width. By contrast, the analysis based on
the magnetic field dependence of λmin requires only a mag-
netic field grid with the grid step smaller than the distance
between the resonances.

In order to demonstrate that the proposed method of lo-
cating Feshbach resonances is general, we consider a very
different system: NH(3�−)–NH(3�−) collisions in an elec-

tric field. For this calculation, we ignore the fine structure of
the NH molecules and focus on electric-field-induced reso-
nances. The calculation was performed for the collision en-
ergy 10−6 K and the total angular projection Mtot = 0 that
allows s-wave scattering. We assume that the molecules are
distinguishable and perform the scattering calculations as de-
scribed in Ref. 22, using the potential energy surface for the
NH–NH complex in the quintet state calculated in Ref. 23.
This calculation is not converged with respect to the basis set
size and should be considered as a model used for illustrative
purposes only. The upper panel of Fig. 2 presents the vari-
ation of the NH–NH elastic scattering cross section near an
electric-field-induced resonance positioned at 146.64 kV/cm.
The resonance arises because the electric field shifts the

TABLE I. The positions and widths of the s-wave magnetic resonances in O2(3�−
g )-O2(3�−

g ) collisions at magnetic fields between 10 and 2010 G. New
resonances found using the analysis of the magnetic field dependence of λmin are labeled by a star. The numbers in parentheses denote powers of ten.

Resonance Bres(G)a Bres(G)b �(G)b Resonance Bres(G)a Bres(G)b �(G)b

1∗ 74.062 74.047 2.01(–2) 14 1038.00 1038.67 3.83(0)
2∗ 137.66 137.65 1.3(–7) 15 1108.46 1111.32 1.45(1)
3 209.27 209.57 1.60(0) 16 1216.33 1217.62 8.08(0)
4∗ 407.07 407.05 1.91(–3) 17 1360.50 1360.56 6.02(–1)
5 569.05 569.12 4.29(–1) 18 1501.34 1501.17 2.10(–1)
6∗ 619.33 619.30 2.77(–6) 19∗ 1543.52 1543.50 3.47(–4)
7 705.03 705.20 6.05(–1) 20∗ 1593.16 1593.12 9.87(–3)
8 737.83 738.10 1.04(0) 21 1638.51 1639.48 4.99(0)
9 817.13 821.25 1.74(1) 22 1809.90 1809.92 2.62(–1)
10∗ 889.45 889.43 1.88(–2) 23∗ 1828.48 1828.45 9.49(–7)
11 990.33 990.38 2.73(–1) 24 1843.52 1843.53 2.15(–1)
12 1005.72 1005.75 1.81(–1) 25 1917.14 1917.23 5.54(–1)
13 1021.43 1022.53 3.79(0) 26 1987.01 1987.91 4.74(0)

aThe roots of λmin(B).
bThe results from the scattering calculations.
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FIG. 2. Upper panel: the s-wave elastic scattering cross section for collisions of NH(3�−
g ) molecules as a function of an electric field. Lower panel: the minimal

eigenvalue of the matching matrix λmin as a function of an electric field. The collision energy is 10−6 K. The projection of the total angular momentum of the
system is equal to zero.

energy of the rotational levels of the NH molecules coupled
by the anisotropy of the NH–NH interaction potential. The
lower panel of Fig. 2 shows the electric field dependence of
λmin. This calculation demonstrates that λmin vanishes at the
electric field magnitude 146.69 kV/cm, which is in excellent
agreement with the position of the resonance obtained from
the scattering calculation. Unlike in the case of external mag-
netic field, the electric field dependence of λmin is not linear.
This can be attributed to nonlinear variation of the bound state
energies of the NH–NH complex with electric field. In order
to resolve the position of the resonance from the scattering
calculation of the cross section, it was necessary to solve the
close coupling equations at 626 values of the electric field.
In order to determine the position of the resonance from the
electric field dependence of λmin, it is sufficient to compute
λmin at 151 values of the electric field over the same range of
the field magnitudes.

In summary, we have shown that the positions of
Feshbach resonances in ultracold collisions of molecules can
be identified by analyzing the external field dependence of
the eigenvalue λmin of the matrix [Y +(Rmid) − Y −(Rmid)] with
the smallest absolute magnitude. Our results demonstrate that,
near a Feshbach resonance, λmin is a continuous function of
the external field that vanishes at the external field magnitude
corresponding to the position of the resonance. Therefore, the
calculation of λmin gives the positions of the Feshbach reso-
nances directly, whereas the external field dependence of the
scattering length in conventional scattering calculations must
be fitted to an analytic expression. The latter requires multiple
calculations on a dense grid of external field magnitudes.
In addition, the calculation of the matrices Y +(Rmid) and
Y −(Rmid) is less computationally demanding than the calcu-
lation of the scattering length at a fixed magnetic field. Due

to the specific boundary conditions (2) in the bound state
calculations, this method does not provide the widths of the
resonances. However, the present work shows that a com-
bination of this method with the scattering calculations can
be used as an efficient approach for calculating the widths:
one can locate the zeros of λmin as a function of the exter-
nal field and then perform the calculations of the scattering
length across a small range of fields in the vicinity of the
resonances. The procedure of finding the positions of Fes-
hbach resonances proposed here is also simpler and much
more efficient than the method based on finding the bound
state energies of the collision complex at fixed external fields.
The calculation of the bound state energies involves multi-
ple computations of λmin and finding the roots of the equation
λmin(E) = 0, whereas the graphs presented in the lower pan-
els of Figs. 1 and 2 require only one calculation of λmin at
each value of the external field. The proposed method for lo-
cating Feshbach resonances should be particularly useful for
complex systems (such as tetratomic complexes), for which
the conventional scattering calculations on a dense grid of the
external field, as well as individual calculations of the bound-
state energies at each magnitude of the external field would be
unfeasible.
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