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We show that the cross sections for molecule-molecule collisions in the presence of an external field
can be computed efficiently using a total angular momentum basis, defined either in the body-fixed
frame or in the space-fixed coordinate system. This method allows for computations with much
larger basis sets than previously possible. We present calculations for 15NH-15NH collisions in a
magnetic field. Our results support the conclusion of the previous study that the evaporative cooling
of rotationally ground 15NH molecules in a magnetic trap has a prospect of success. © 2012 American
Institute of Physics. [http://dx.doi.org/10.1063/1.4733288]

I. INTRODUCTION

The creation of cold and ultracold molecular ensembles
has opened new opportunities for fundamental research in
physics and physical chemistry.1–7 The rich internal structure
of molecules represented by nested manifolds of electronic,
vibrational, rotational, and hyperfine levels8 can be used to
engineer intermolecular interactions at low temperatures,9 en-
abling new schemes for quantum information processing,10

quantum simulation of spin-lattice Hamiltonians,11–14 preci-
sion measurements of fundamental physical constants,1 exter-
nal field control of bimolecular collision dynamics,15–17 and
high-resolution measurements of collision-induced energy
transfer probabilities.18 Ultracold molecules can be produced
by photoassociation of laser-cooled alkali-metal atoms2 lead-
ing to the formation of ultracold alkali-metal dimers.19 A va-
riety of alternative experimental techniques including buffer-
gas cooling,20 laser cooling,21 velocity filtering,22 and Stark
and Zeeman deceleration of molecular beams23, 24 produce
molecular ensembles at temperatures 10–500 mK. In order
to reduce the temperature of the molecular gas below 10 mK,
these techniques need to be supplemented with an additional
(second-stage) cooling method3 such as sympathetic cooling
with ultracold atoms3, 25–29 or evaporative cooling.3, 30

The evaporative cooling experiments rely on elastic col-
lisions, which return the gas to thermal equilibrium after the
most energetic particles are removed from the ensemble.30 If
evaporative cooling is performed in a magnetic trap, colli-
sions between molecules in low-field-seeking Zeeman states
can lead to electron spin depolarization, causing trap loss.31–34

An empirical rule indicates that evaporative cooling works if

a)Electronic mail: ysuleyma@princeton.edu.
b)Present address: Chemical Physics Theory Group, Department of

Chemistry, University of Toronto, Toronto, Ontario M5S 3H6, Canada.

elastic collisions occur γ ∼ 100 times more frequently than
inelastic collisions.3 While evaporative cooling is widely used
to create ultracold atomic gases,30 the applicability of this
technique to molecules in low-field-seeking states remains
an open question. Molecular collisions at low temperatures
are determined by strongly anisotropic interactions, which
may lead to large inelastic collision rates. In order to pre-
dict whether or not evaporative cooling of specific molecules
would be possible, it is necessary to determine the cross sec-
tions for elastic and inelastic scattering in molecule-molecule
collisions in the presence of the trapping fields. Unfortunately,
the fully quantum calculation of molecule-molecule scatter-
ing properties in external fields remains a daunting task. Se-
lected calculations have been reported for OH(2�)-OH(2�)
collisions in an electric field,35 O2(3�−

g )-O2(3�−
g ) collisions

in a magnetic field36, 37 and NH(3�)-NH(3�) collisions in a
magnetic field.38 These calculations are based on the fully un-
coupled space-fixed (SF) representation of the scattering wave
functions,39, 40 which results in prohibitively large basis sets
and precludes fully converged computations with realistic in-
termolecular potentials. The basis set truncation error of such
computations is often difficult to estimate.

Recently, Tscherbul and Dalgarno41 showed that quan-
tum calculations of atom-molecule scattering properties in
an external field can be performed using an expansion of
the scattering wave function in eigenfunctions of the total
angular momentum J of the collision complex in the body-
fixed (BF) coordinate frame.41 While J is not conserved in
the presence of an external field, the total angular momen-
tum representation allows for a much more efficient trunca-
tion of the basis set than the uncoupled representation.42 In
the present work, we use the total angular momentum rep-
resentation to extend the 15NH-15NH scattering calculations
of Janssen et al.38 in order to compute the scattering cross
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sections with a much larger basis set including up to 7 ro-
tational states of 15NH. The imidogen radical (NH) is cur-
rently studied in several experiments aiming at the production
of ultracold molecules.17, 34, 43–46 We show that the method
developed in Ref. 41 can be applied to molecule-molecule
scattering after a suitable modification to allow for the ex-
change symmetry of the two-molecule wave function. Our re-
sults demonstrate the dramatic effect of increasing the basis
set on molecule-molecule scattering in a magnetic field at low
temperatures and can be used as benchmark for future calcu-
lations.

II. THEORY

There are two equivalent formulations of the scatter-
ing theory that can be used for the calculations presented
here. The body-fixed formulation introduced in Ref. 41 is
based on representing the scattering wave function (ψ) of two
molecules by an expansion in terms of BF basis functions.
This basis set is convenient for evaluating the matrix elements
of the intermolecular interaction potential, but leads to com-
plicated expressions for the matrix elements of the angular
momentum operator that describes the rotation of the collision
complex in the laboratory frame and the molecule-field inter-
action operators. An alternative formulation is based on rep-
resenting the scattering wave function ψ by an expansion in
terms of eigenfunctions of the total angular momentum opera-
tor defined in the space-fixed frame and evaluating the matrix
elements of the Hamiltonian directly in the SF basis. The SF
and BF basis sets are related by a unitary transformation. The
numerical efficacy of these two basis sets is the same and the
results obtained with these two basis sets must be identical.
We present below both formulations. Calculating the scatter-
ing observables with these two different basis sets is usually
a good test of the accuracy of the computations.

A. Body-fixed formulation

The Hamiltonian for a non-reactive collision of two 3�

molecules A and B may be written in the following form41

Ĥ = − 1

2μR

∂2

∂R2
R + l̂2

2μR2
+ Ĥ (A)

as + Ĥ (B)
as

+ V̂ (R, θA, θB, φ) + V̂dd(R, ŜA, ŜB ), (1)

where μ is the reduced mass of the collision complex, R is
the separation between the centers of mass of the molecules,
l̂ = (Ĵ − N̂A − ŜA − N̂B − ŜB) is the orbital angular mo-
mentum describing the rotational motion of the collision com-
plex, Ĵ is the total angular momentum, N̂i and Ŝi are the ro-
tational angular momentum and electronic spin, respectively,
of the molecule i, and the sets of angles (θ i, φi) describe the
orientation of the molecules with respect to the BF quantiza-
tion axis z directed along R̂. The hat over the symbol is used
to denote angular momentum operators and unit vectors.

The Hamiltonian operators describing the separated
molecules can be written as follows

Ĥ (i)
as = BeN̂i

2 + γSRN̂i · Ŝi + 2

3
λSS

(
24π

5

)1/2

×
2∑

q=−2

(−)qY2,−q(θi, φi)[Ŝi ⊗ Ŝi]
(2)
q + 2μ0BŜ

(i)
Z , (2)

where Be is the rotational constant, Ŝ
(i)
Z is the Z-component of

Ŝi , μ0 is the Bohr magneton, γ SR is the spin-rotation interac-
tion constant,47 λSS is the spin-spin interaction constant,47 and
[Ŝ ⊗ Ŝ](2)

q is a spherical tensor product of Ŝ with itself.48 The
SF quantization axis Z is chosen to point along the direction
of the magnetic field.

The operator describing the magnetic dipole-dipole inter-
action between the molecules is given by40

V̂dd(R, ŜA, ŜB) = −g2
s μ

2
0

(
24π

5

)1/2

× α2

R3

∑
q

(−)qY2,−q(R̂)[ŜA ⊗ ŜB](2)
q , (3)

where gs is the electron g-factor, α is the fine-structure con-
stant and [ŜA ⊗ ŜB](2)

q is the spherical tensor product of ŜA

and ŜB .48 Note that g2
s μ

2
0 ≈ 1.0023 ¯2e2/m2

e .49 This factor,
approximately equal to one when expressed in atomic units,
was omitted from the corresponding expressions in Ref. 40.

The interaction of two molecules with electronic spins
SA = SB = 1 gives rise to three potential energy surfaces la-
beled by S = 0, 1, and 2, where Ŝ = ŜA + ŜB . As in the pre-
vious studies of 15NH-15NH collisions,38, 49 we assume that
all three spin states of the 15NH-15NH complex are described
by the nonreactive quintet surface, i.e., V (R, θA, θB, φ) =
VS=2(R, θA, θB, φ).50 The intermolecular interaction potential
in Eq. (1) can then be expanded in angular basis functions41

VS(R, θA, θB, φ)

= (4π )3/2
∑

λA, λB, λ

(
2λ + 1

4π

)1/2

V S=2
λAλBλ(R)

×
∑
m

(
λA λB λ

m −m 0

)
YλAm(θA, φA)YλB,−m(θB, φB),

(4)

where Yλim(θi, φi) are the spherical harmonics and the paren-
theses denote the 3j-symbols.48 This expansion is particularly
useful for evaluating the matrix elements of the interaction
potential in the BF basis:

|�〉 = 1

R

∑
αA,αB

∑
J,

FM
αAαBJ(R)

∣∣NAKNA

〉|SA�A〉∣∣NBKNB

〉
× |SB�B〉|JM〉, (5)

where , KNi
, and �i are the projections of Ĵ , N̂i , and Ŝi

on the BF quantization axis z, and M is the projection of Ĵ

on the SF quantization axis Z. The symbols αA and αB de-
note collectively the quantum numbers {NA,KNA

, SA,�A}
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and {NB,KNB
, SB,�B} specifying the states of the separated

molecules A and B, respectively.
In Eq. (5),

|JM〉 ≡
(

2J + 1

8π2

)1/2

DJ∗
M(E), (6)

where DJ
M is a Wigner D-function, describing the rotation

of the collision complex with angular momentum J in the SF
frame.48

Ref. 41 presents the matrix elements of the interaction
potential (4) and the l̂2 operator in the BF basis (5). The matrix
elements of the asymptotic Hamiltonians (2) can be obtained
in the same basis by recoupling the angular momenta as was
done for the atom-molecule collision system in Ref. 41. The
expression on the right-hand side of Eq. (3) is a contraction
of spherical tensor operators of the same rank and therefore it
is independent of the choice of the coordinate frame. Setting
R̂ = 0 and using the Wigner-Eckart theorem,48 we obtain the
matrix elements of the dipole-dipole interaction operator in
the BF basis (5)

〈JM|〈NAKNA

∣∣〈SA�A|〈NBKNB

∣∣〈SB�B |Vdd|J ′M ′′〉∣∣N ′
AK ′

NA

〉|SA�′
A〉∣∣N ′

BK ′
NB

〉|SB�′
B〉

= δJJ ′δMM ′δ′δNAN ′
A
δKNA

K ′
NA

δNBN ′
B
δKNB

K ′
NB

(
−√

30g2
s μ

2
0α

2

R3

) ∑
qA,qB

(
1 1 2

qA qB 0

)
(−)SA+SB−�A−�B

× [(2SA + 1)SA(SA + 1)]1/2[(2SB + 1)SB(SB + 1)]1/2

(
SA 1 SA

−�A qA �′
A

) (
SB 1 SB

−�B qB �′
B

)
. (7)

For collisions of identical molecules, the basis set in
Eq. (5) should be modified to account for the effects of the
permutation symmetry. This has been done by a number of au-
thors in the SF frame (see, e.g., Refs. 36, 38, 40, 51, and 52).
In the case of the BF total angular momentum representation
given by Eq. (5), the symmetrization can be accomplished by
performing the transformation to the SF frame48 and applying
the symmetrization operator 1 + P̂AB to the right-hand side of
Eq. (5).51, 52 As a result, we obtain the symmetrized orthonor-
mal BF basis states for two identical molecules

∣∣φη

αAαBJM

〉 = 1[
2
(
1 + δ,0δNA,NB

δSA,SB
δKNA

+KNB
,0
)]1/2

× [|NAKNA
〉|SA�A〉|NBKNB

〉|SB�B〉|JM〉
+ η(−)NA+SA+NB+SB−J |NA−KNA

〉|SA − �A〉
× |NB − KNB

〉|SB − �B〉|JM − 〉], (8)

where η = +1(−1) for identical bosons (fermions), 

≥ 0, and we assume that the states are well-ordered.
Equations (7) and (8) and the expressions for the matrix el-
ements in Ref. 41 can be combined to obtain the elements of
the Hamiltonian matrix describing the interaction of indistin-
guishable molecules.

The substitution of the expansion (5) into the Schrödinger
equation with the Hamiltonian (1) leads to a system of cou-
pled differential equations that can be integrated numeri-
cally. The numerical solutions must be matched to the proper
boundary conditions.41 In order to apply the boundary con-
ditions, it is necessary to transform the numerical solutions
from the BF basis (5) to the space-fixed representation dis-
cussed in Sec. II B. The reader may choose to perform
the computations directly in the SF basis, as described in
Sec. II B. The BF and SF formulations presented in this article

lead to the same number of differential equations and are nu-
merically equivalent. However, the BF formulation offers sev-
eral advantages. In particular, the evaluation of the interaction
potential matrix in the BF basis is much simpler. More impor-
tantly, the BF formulation is very convenient for the imple-
mentation of decoupling approximations, such as the helicity-
conserving coupled states approximation,53 for molecular col-
lisions in external fields. This will be the topic of our future
work.

B. Space-fixed formulation

The matrix elements of the operator l̂2 in the BF basis (5)
can be lengthy and cumbersome to program. An alternative
formulation of the collision problem can be derived using the
total angular momentum representation directly in the SF co-
ordinate frame. To do this, we re-write the expansion (5) as

|�〉 = 1

R

∑
αA,αB

∑
J

FM
αAαBJ (R)|JMjl(jAjB)〉, (9)

where ĵA is defined as the vector sum of N̂A and ŜA, ĵB as the
vector sum of N̂B and ŜB , ĵ as the vector sum of ĵA and ĵB ,
and Ĵ as the vector sum of ĵ and l̂. The basis set represen-
tation (9) is most suitable for molecule-molecule scattering
problems in the absence of external fields49 but it can also be
used for computations of cross sections for molecular colli-
sions in external fields. The matrix elements of the operator l̂2

in the SF representation (9) are particularly simple:

〈JMjl(jAjB)|l̂2|JMj ′l′(j ′
Aj ′

B)〉 = δjAj ′
A
δjBj ′

B
δll′δjj ′ l(l + 1).

(10)
The basis states (9) with a given value of J form J-

manifolds that lead to J-blocks of the Hamiltonian matrix as
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described in Ref. 41. The blocks with different J values are
coupled by the interaction of the molecules with the external
magnetic field given by the last term in Eq. (2). To evaluate
the matrix elements of this operator in the basis (9), we note
that the operators Ŝ

(i)
Z can be represented by spherical tensors

of rank 1 (Ŝ(i)
Z = T̂ 1

q=0) and use the Wigner-Eckart theorem48

〈JMjl(jAjB)|Ŝ(i)
Z |J ′Mj ′l′(j ′

Aj ′
B)〉

= (−1)J−M

(
J 1 J ′

−M 0 M

)

×〈Jjl(jAjB)||Ŝ(i)
Z ||J ′j ′l′(j ′

Aj ′
B)〉. (11)

The operators Ŝ
(i)
Z act on the subspace of one molecule.

The reduced matrix elements of the operator Ŝ
(A)
Z can be ob-

tained using Eq. (5.72) of Ref. 48 to yield

〈JjljA(NASA)jB ||Ŝ(A)
Z ||J ′j ′l′j ′

A(N ′
AS ′

A)j ′
B〉

= δll′δjBj ′
B
δNAN ′

A
(−1)J+l+j+j ′+j ′

B+NA+SA+1

×[(2J +1)(2J ′+1)(2j ′+1)(2j+1)(2jA+1)(2j ′
A+1)]1/2{

j j ′ 1

J ′ J l

}{
jA j ′

A 1

j ′ j jB

}{
SA SA 1

j ′
A jA NA

}
, (12)

where the factors in the curly braces are 6j symbols.
The matrix elements of the molecule-molecule interac-

tion potential operator in the SF basis (9) can be obtained
using the theory described in Ref. 54. In particular, if the
molecule-molecule interaction potential for each spin mul-
tiplicity is represented by the expansion given in Eq. (3) of
Ref. 54, then the matrix elements of the total interaction po-
tential (including the Heisenberg exchange interaction36) in
the total angular momentum basis (9) are given by Eq. (33)
of Ref. 54 after substituting LA and LB with NA and NB. If
the potentials of different spin multiplicity of the molecule-
molecule complex are assumed to be identical, the matrix el-
ements of the interaction potential can be evaluated using a
simpler expression given in Eq. (A1) of Ref. 49. Reference
49 also gives the expressions for the matrix elements of the
operators (3) for zero magnetic field and the matrix elements
of the magnetic dipole-dipole interaction (3) in a SF total an-
gular momentum basis. Note that the total angular momen-
tum basis set used in Ref. 49 is based on a different cou-
pling scheme. However, additional recoupling transformation
required to bring the Hamiltonian matrix defined in Ref. 49
to the basis set representation (9) can be readily obtained by
a simple modification of Eq. (30) in Ref. 54. We recommend
the use of the representation (9) over the total angular momen-
tum basis used in Ref. 49 because it allows one to construct
the basis by concatenation of single-molecule basis sets.

As mentioned in Sec. II A, the symmetrization proce-
dure for collisions of identical molecules can be applied di-
rectly in the SF coordinate frame. Using the SF total angu-
lar momentum representation (9) as the basis, we can write
the symmetrized orthonormal SF basis states for two identi-

cal molecules as follows:52

∣∣φη

αAαBJMjl

〉 = 1

[2(1 + δjAjB
)]1/2

[|JMjl(jAjB)〉

+ η(−)jA+jB+j+l |JMjl(jBjA)〉]. (13)

III. NUMERICAL RESULTS

We chose the BF formulation of the scattering problem
to perform the calculations presented in this work. For nu-
merical computations, the basis set (5) is constructed by first
fixing the total angular momentum value J and then including
a certain number of rotational states NA and NB from NA = NB

= 0 to NA = NB = Nmax. Given the values of J, NA, and NB,
the complete set of other quantum numbers defining the ba-
sis set (5) is generated. This gives a manifold of J basis states.
As described above, the interactions of molecules with the ex-
ternal field couple basis states with different values of J. The
basis sets must therefore include several J-manifolds up to a
chosen value of J = Jmax simultaneously. The projection M of
Ĵ on the external field axis remains a good quantum number
and the calculations are performed in a cycle over M. We use
the log-derivative method for the numerical computations.55

The log-derivative matrix is computed in the BF basis (5)
and transformed to the SF basis (9) at a large intermolecu-
lar separation. The frame transformation is performed using
the eigenvectors of the operator l̂2 that were obtained by di-
agonalizing the matrix of l̂2 in the symmetrized BF basis (8).
Explicit expressions for the matrix elements of l̂2 in the prim-
itive BF basis (5) are given in the Appendix of Ref. 41. This
transformation can also be performed analytically with the
use of Clebsch-Gordan coefficients, see Refs. 56–58. Because
the SF basis functions are characterized by well-defined val-
ues of l, the resulting log-derivative matrix can be converted
to the S-matrix following the standard matching procedure55

to produce the scattering S-matrix elements.
Due to the magnetic field-induced couplings between dif-

ferent J-blocks, the truncation of the total angular momentum
basis sets at finite J = Jmax leads to the appearance of unphys-
ical eigenstates.41 The unphysical states arise from the block
of the Hamiltonian matrix corresponding to the largest value
of J and do not affect the scattering calculations at low col-
lision energies.41 In this calculation, we simply disregard the
unphysical states when we calculate the scattering S-matrix.
The correct physical states can be readily detected as they
have the same energies as the sum of the Zeeman levels of
isolated molecules. Transformation to the SF basis in which
the asymptotic Hamiltonian is diagonal was performed fol-
lowing the same strategy as described in Ref. 41. We verified
the accuracy of our code by comparing the results of the cal-
culations with the small basis set (Nmax = 2) for two collision
energies (10−6 and 10−5 cm−1) and two magnetic field val-
ues (100 and 1000 G) with the results obtained using the code
based on the uncoupled SF representation developed in our
previous study of O2-O2 collisions.36 The reader can obtain
a copy of the FORTRAN code based on the formulation de-
scribed above by contacting the authors.
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In order to verify the accuracy of our method and com-
putations, we also repeated the calculations of Janssen et al.38

for 15NH-15NH scattering at ultralow collision energies in
a magnetic field of 100 G using the total angular momen-
tum representation. The calculations are for collisions of
molecules initially in the lowest energy state of the manifold
characterized by mjA

= mjB
= +1. The Zeeman transitions

to lower-energy states characterized by the projections mjA

and mjB
equal to 0 and −1 lead to inelastic relaxation. The

basis set for this computation includes 5 J-blocks (Jmax = 4)
and a total of 3 rotational states for each molecule (Nmax=2).
The integration of the coupled differential equations was per-
formed on a radial grid ranging from 4.5 a0 to 500 a0 in steps
of 0.05 a0. Convergence at low collision energies was con-
trolled by evaluating the cross sections in steps of 25 a0. The
calculations performed by Janssen et al. using the uncoupled
SF representation40 included 3 rotational states and 6 partial
waves (see Ref. 38 for more details). The results displayed
in Figure 1 demonstrate that these independent calculations
are in good agreement. The disagreement at higher collision
energies is due to incomplete numerical convergence of both
calculations. This underlines the importance of basis set con-
vergence. When the basis set is large enough, the calculations
using the coupled angular momentum basis must yield the
same results as the calculations using the uncoupled basis.
However, the two basis sets, by construction, are not com-
pletely equivalent (see Ref. 49 for details). Therefore, if the
basis sets are severely restricted, the uncoupled basis rep-
resentation may produce different results from those based
on the total J representation. The calculations presented in
Figure 1 were performed with the following values of the con-
stants parameterizing the Hamiltonian matrix: Be = 16.27034
cm−1, γ SR = −0.05460 cm−1, and λSS = 0.91989 cm−1.
All other calculations presented in this work were per-
formed with Be = 16.245 cm−1, γ SR = −0.05467 cm−1, and
λSS = 0.9197 cm−1.

FIG. 1. Comparison of the total cross sections for elastic scattering (circles)
and spin relaxation (squares) in 15NH–15NH collisions computed using the
total angular momentum basis set with Nmax = 2 and Jmax = 4 in this work
(solid lines) with the results of Janssen et al.38 (dashed lines). The magnetic
field is 0.01 T (100 G).
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FIG. 2. Dependence of the cross sections for elastic scattering (circles) and
spin relaxation (squares) obtained for M = 2 on the basis set size with the
number of rotational states for each molecule restricted by Nmax. The colli-
sion energy is 10−6 cm−1 (upper panel) and 10−1 cm−1 (lower panel). The
magnetic field is 0.1 T (1000 G). The dashed line shows the maximum basis
set that can be used for practical calculations within the uncoupled represen-
tation formalism.

Janssen et al. used the uncoupled SF representation40

introduced for collision problems in the presence of exter-
nal fields. This restricted their computations to the basis
set including only three rotational states for each molecule
(Nmax = 2). The total angular momentum representations de-
scribed in Sec. II allow for scattering calculations with a larger
basis set than the uncoupled SF representation. In order to ex-
plore the effect of the basis set size on the molecule-molecule
scattering cross sections at low energies, we present in Fig-
ure 2 the results obtained with different numbers of molec-
ular rotational states in the basis set. The results show that
both the elastic and inelastic scattering cross sections are ex-
tremely sensitive to the basis set size until Nmax reaches 5. As
shown in the lower panel of Fig. 2, the difference between
the Nmax = 5 and Nmax = 6 cross sections at 10 cm−1 does
not exceed 10%. This variation is not nearly as significant as
observed between Nmax = 3 and 4 (or 2 and 3), which in-
dicates the onset of convergence. At lower collision energy
(10−6 cm−1), slower convergence is observed: the difference
between the Nmax = 5 and Nmax = 6 results amounts to a factor
of 2.5. This is because the scattering properties of molecules
at ultralow collision energies are generally much more sen-
sitive to small changes of the interaction potential. The elas-
tic scattering cross sections at ultralow collision energies are
determined by the position of the least bound energy level
near the collision threshold, which is extremely sensitive to
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FIG. 3. The cross sections for elastic scattering (solid lines) and Zeeman
relaxation (dashed lines) as functions of the collision energy for various basis
sets: Nmax = 4 (no symbols), Nmax = 5 (circles), and Nmax = 6 (squares). The
magnetic field is 0.01 T (100 G). The calculations for Nmax = 5 and 6 were
carried out with the fixed value of the total angular momentum projection
M = 2.

small variations of the coupling matrix determined by both the
Hamiltonian parameters and the size of the basis set. We note
that a field-free calculation by the previous authors in Ref. 49
shows that full convergence is achieved when the rotational
states N = 0–6 are included in the basis. Our results indicate
the onset of convergence at Nmax = 6 for the collision energy
0.1 cm−1 and suggest that a larger basis set is needed for cal-
culations at 10−6 cm−1. The computations with Nmax = 7 are,
at present, impossible.

Figure 3 displays the energy dependence of the cross sec-
tions computed with the different basis sets in the energy in-
terval of interest for ultracold molecule experiments. The re-
sults show that the cross sections calculated with the basis set
restricted by Nmax = 5 and Nmax = 6 differ by no more than
a factor of 3. The difference is smaller at higher collision en-
ergies, where the inelastic cross sections change by less than
50 % when the basis set limit is increased from Nmax = 5 to
Nmax = 6. The elastic cross sections converge more slowly.
Note that, if Jmax = 4 and M = 2, increasing Nmax from 5 to 6
adds >7000 basis states.

The computations presented in Figures 2 and 3 were car-
ried out with the fixed value of the total angular momentum
projection M = 2. In principle, the full quantum calculation
requires a summation over the results computed with differ-
ent values of M. However, the scattering of molecules at low
collision energies is usually dominated by the contribution of
the partial cross sections corresponding to a few (or even a
single) values of M. In order to explore the contribution of
different M blocks to the final results, we use the basis set
with Nmax = 4 to compute the cross sections for elastic scat-
tering and Zeeman relaxation summed over all possible val-
ues of M and the cross sections computed with the fixed value
M = 2. The results presented in Figure 4 demonstrate that the
computations with the fixed value M = 2 provide accurate re-
sults for the elastic and inelastic scattering of molecules in the
mjA

= mjB
= +1 state. Note that these results are indepen-

FIG. 4. The cross sections for elastic scattering (no symbols) and Zee-
man relaxation (circles) in 15NH–15NH collisions computed after summation
over all possible values of M (solid lines) and with the fixed value M = 2
(dashed lines). The basis set includes the rotational states up to Nmax = 4
and the total angular momentum states up to Jmax = 4. The magnetic field is
0.01 T (100 G). Restricting the calculations to a single value of M reduces
the computation time by >80%.

dent of the basis set size, which we confirmed by repeating
this calculation with a smaller basis set.

The computation with the basis set constrained by
Nmax = 6 and Jmax = 4 involves the numerical integration of
18 852 coupled differential equations. The same calculation
would require the integration of 38 170 equations in the un-
coupled basis set used by previous authors (assuming that, as
in their previous calculations, the number of partial waves is
fixed to 6). Numerical integration of a system of 18 852 cou-
pled differential equations for low energy collision problems
takes approximately 2700 h on the best available computer
processor. The computation time increases cubically with the
number of basis functions.

The possibility of evaporative cooling of molecules in a
magnetic trap remains one of the most pressing questions in
the research field of cold molecules. Magnetic fields confine
molecules in low-field-seeking states such as the mjA

= +1
state of the ground rotational level of 15NH. It is generally
believed that the anisotropy of the molecule-molecule inter-
action potentials must be very large, leading to prohibitively
large rates of inelastic Zeeman relaxation in collisions of
trapped 3� molecules. The evaporative cooling is deemed
possible when the ratio γ of elastic scattering cross sections
and cross sections for inelastic collisions exceeds 100.

Figure 5 presents the magnetic field dependence of γ

for 15NH-15NH collisions computed for several collision en-
ergies with the largest possible basis set including seven
rotational states for each molecule. In the limit of low col-
lision energies, the elastic cross sections are energy indepen-
dent and the inelastic cross sections are inversely proportional
to the collision velocity.59 Therefore, γ must decrease when
the collision energy decreases. At the same time, the rate of
spin relaxation tends to zero when the magnetic field lift-
ing the degeneracy of the Zeeman levels vanishes.39, 60 The
results of Figure 5 show that γ for 15NH-15NH collisions
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FIG. 5. The ratios of the cross sections for elastic scattering and Zeeman
relaxation in 15NH–15NH collisions as functions of the magnetic field at dif-
ferent collision energies: 10−6 cm−1, 10−3 cm−1, and 0.1 cm−1. The basis set
includes the rotational states up to Nmax = 6 and the total angular momentum
states up to Jmax = 4.

remains ≥100 for all magnetic fields at collision energies
above 10−3 cm−1. These results indicate that the evaporative
cooling of rotationally ground 15NH molecules in a magnetic
trap is likely to be feasible even in the presence of a strong
magnetic field. At very low collision energies, γ increases
dramatically with the field strength, so evaporative cooling to
ultracold temperatures would only be possible at B ≤ 10−3 T.
Overall, the present results support the conclusion of Janssen
et al.38 that the evaporative cooling of rotationally ground
15NH molecules in a magnetic trap has a prospect of success.

IV. SUMMARY

The present work considers the problem of Zeeman re-
laxation in molecule-molecule collisions in a magnetic field.
Accurate calculations of cross sections for elastic scattering
and Zeeman relaxation in molecule-molecule collisions are
much needed for understanding the prospects of evaporative
cooling of molecules in a magnetic trap to ultracold temper-
atures. Although the theory of molecular scattering in exter-
nal fields was previously developed,39, 40 the uncoupled space-
fixed basis used in all previous studies leads to a prohibitively
large number of coupled differential equations. In this work,
we show that the cross sections for molecule-molecule colli-
sions can be computed more efficiently using a total angular
momentum basis, defined either in the body-fixed frame or in
the space-fixed coordinate system. The total angular momen-
tum representation allows for a more physical truncation of
the basis set than the fully uncoupled representation, permit-
ting more relevant basis functions to be included in the ba-
sis. The fully uncoupled representation40 became popular for
the theoretical description of molecular collisions in external
fields because it leads to simple expressions for the Hamilto-
nian matrix elements that are easy to evaluate. In the present
work, we show that compact expressions for the Hamiltonian
matrix elements can also be derived in the space-fixed total
angular momentum representation.

We repeated the previous calculations of cross sections
for elastic scattering and Zeeman relaxation in 15NH-15NH
collisions using the total angular momentum representation
leading to a larger basis set. Our results demonstrate that the
probability of elastic 15NH-15NH scattering remains >100
times greater than the probability of Zeeman relaxation at
magnetic fields between 10−4 and 0.1 T and collision energies
above 10−3 cm−1. For collision energies below 10−3 cm−1, γ

displays a strong magnetic field dependence and evaporative
cooling appears to be feasible only at B ≤ 10−3 T. These re-
sults support the conclusions previously reached by Janssen
et al.38 and remove the uncertainty of the basis set truncation
error that constrained the previous results.

It is well established that low-temperature molecule-
molecule scattering properties are extremely sensitive to small
variations in the interaction PES. Therefore, while the results
presented in Figs. 3 and 5 can be considered close to con-
verged for a given interaction potential, they are likely far
from being quantitatively accurate. A more careful theoreti-
cal analysis is in order to assess the prospects of evaporative
cooling of 15NH in a magnetic trap. Such an analysis would
require extensive computations of thermally averaged ratios
of elastic to inelastic collision rates over a wide range of mag-
netic fields and potential scaling parameters, as was done, for
example, in Ref. 38 using a more restricted basis set. The
computations as a function of the potential scaling parameter
would reveal the uncertainties of the results due to inaccuracy
of the potential energy surface. However, as the present work
demonstrates, such computations for molecule-molecule col-
lisions are still out of reach of the numerical analysis, if full
converence of the basis sets is required. The ultimate goal of
the theoretical analysis of 15NH-15NH collisions should be to
constrain the molecule-molecule interaction potential based
on future experimental measurements of 15NH-15NH scatter-
ing cross sections, as often done for ultracold atoms.61 This
will be an even more challenging task requiring efficient iter-
ative calculations of molecule-molecule scattering cross sec-
tions in a magnetic field. Our work thus underlines the impor-
tance of developing more efficient methods for computations
of molecule-molecule collision properties in the presence of
external fields. We believe that the methodology presented
here is the most efficient rigorous approach for computations
of molecule-molecule scattering in external fields so the fu-
ture developments must explore decoupling approximations.

Molecule-molecule scattering properties determine the
possibility of the creation and manipulation of cold molec-
ular gases. Recent theoretical work on dipolar collisions and
chemical reactions of ultracold molecules62–64 began to un-
cover the universal properties of molecule-molecule scat-
tering in the quantum regime. However, not all regimes of
molecular collisions are universal, and details of collision dy-
namics often depend on the intricate interplay between inter-
molecular and intramolecular interactions at short range. Our
work complements recent theoretical efforts62–64 by providing
an efficient numerical technique for computing the collision
properties of polar molecules for arbitrary collision energies,
external field strengths, and interaction potentials. Our pro-
posed methodology can be extended to include the effects of
external electric fields, multiple potential energy surfaces and
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non-adiabatic couplings, and hyperfine interactions, provid-
ing a valuable numerical tool for future exploration of molec-
ular collision dynamics in the quantum regime.
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