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Abstract
Weconsider the dynamics of rotational excitations placed on a singlemolecule in spatially disordered
one-dimensional (1D), two-dimensional (2D) and three-dimensional (3D) ensembles of ultracold
molecules trapped in optical lattices. The disorder arises from incomplete populations of optical
lattices withmolecules. This leads to amodel corresponding to a quantumparticle with long-range
tunnelling amplitudesmoving on a lattice with the same on-site energy butwith forbidden access to
random sites (vacancies).We examine the time and length scales of Anderson localization for this type
of disorder with realistic experimental parameters in theHamiltonian.We show that for an
experimentally realized systemofKRbmolecules on an optical lattice this type of disorder leads to
disorder-induced localization in 1D and 2D systems on a time scale t 1∼ s. For 3D lattices with 55
sites in each dimension and vacancy concentration 90%, the rotational excitations diffuse to the edges
of the lattice and showno signature of Anderson localization.We examine the role of the long-range
tunnelling amplitudes allowing for transfer of rotational excitations between distant lattice sites. Our
results show that the long-range tunnelling has little impact on the dynamics in the diffusive regime
but affects significantly the localization dynamics in lattices with large concentrations of vacancies,
enhancing thewidth of the localized distributions in 2D lattices bymore than a factor of 2.

1. Introduction

Scattering of electrons by impurities in disordered crystals leads to Anderson localization [1, 2], which
determines the conductor—insulator transitions inmetals [3], quasi-crystals [4] and granularmetalfilms [5],
and is associatedwithmany interesting phenomena, such as the quantized phases of the integerHall effect [2, 6].
If written in a second-quantized form, theHamiltonian of an electron in a disordered lattice can bemapped onto
theHamiltonians for a variety of systems [7]. Thismapping can be used to study transport properties of
electrons in disordered lattices by examining the properties of other quantumparticles and quasi-particles. For
example, disordered-induced localization has been studiedwithmicrowaves in a tubular waveguide [8, 9],
optical photons in opaquemedia [10, 11] and ultracold atoms in optical lattices [12–15]. Despite these studies,
there are stillmany open questions aboutAnderson localization. For example, the scaling hypothesis providing
the relation between quantum localization in systems of different dimensionality [16] still awaits experimental
confirmation. Equally important andwidely debated are the effects of inter-particle interactions [17] and
dissipative forces [18] on localization in far-from-equilibrium systems or the role of long-range tunnelling
amplitudes [19–22] allowing particles to transition between distant lattice sites.

The development of experimentalmethods for producingmolecules at ultracold temperatures has created
newpossibilities for studying disorder-induced localization. As demonstrated in recent experiments [23–27], an
ensemble of ultracoldKRb diatoms, produced by linking ultracoldK andRb atoms and trapped in an optical
lattice, forms a random spatial distribution of KRbmolecules in the ro-vibrational ground state. If the trapping
field of the optical lattice has high intensity, themolecularmotion is strongly confined and the spatial
distribution is quasi-stationary, eliminatingmolecule–molecule collisions. The excitation ofmolecules from the
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rotational ground state to the lowest rotationally excited state leads to the formation of delocalized excitations
[26, 27], representing thewave packets of rotational Frenkel excitons [28, 29]. The purpose of the present work
is to explore if thesewave packets can be used as probe particles to study dynamics of localization induced by the
disorder potential stemming from the randomness of themolecular positions.

The rotational excitations in an ensemble of polarmolecules randomly distributed on an optical lattice
possess several unique properties:

• The rotationally excited states ofmolecules have long radiative lifetimes ( 1 10> − s), allowing one to probe
coherent dynamics over long time scales.

• The rotational excitations can be placed onmolecules inwell defined lattice sites. This can be achieved by
applying a spatial gradient of an electric field and amicrowave field pulse resonant with rotational transitions
formolecules in the desired part of the lattice [30]. The rotational excitations thus produced form spatially
localizedwave packets [29]. Once the gradient of the field is removed, thesewave packets can travel
throughout lattice due to resonant energy transfer betweenmolecules, undergoing quantumwalk [31, 32]
and scattering by empty lattice sites. By shaping the gradient of the field, itmay be possible to prepare the
excitationwave packets representing superpositions of excitations in spatially separated lattice sites, thus
enabling the controlled study of the role of initial conditions and entanglement between spatially separated
particles on the dynamics of quantumwalk.

• The interactions between the rotational excitations can be tuned by applying a dc electricfield [33].

• The transfer of rotational excitations betweenmolecules is enabled by long-range dipole–dipole interactions,
leading to long-range transfer of excitations between distant lattice sites. This can be used to study the effects
of long-range tunnelling on disorder-induced localization.

• The translationalmotion ofmolecules can be controlled by varying the strength of the optical lattice potential.
As shown in [34, 35], the translationalmotion ofmolecules can be coupled to the rotational excitations. This
can be used to study disorder-induced localization and diffusion of quantumparticles in the presence of
controlled coupling to a dissipative environment.

• The optical lattice potential can be designed to produce a three-dimensional (3D) finite lattice ofmolecules or
to separatemolecules in one or two dimensions, effectively confining the rotational excitations to one-
dimensional (1D) or two-dimensional (2D) disordered lattices [36].

These propertiesmake the rotational excitations in spatially disordered ensembles of ultracoldmolecules a
unique new platform for the study of quantumwalk and disorder-induced localization. In particular, the ability
to change the dimensionality of the optical lattice potential opens up a unique possibility to verify the
universality of Anderson localization in different dimensionalities [16] and the ability to tune the interactions
between the rotational excitations [28] suggests a newway to study the effects of particle interactions on
Anderson localization.However, themicroscopicHamiltonian describing rotational excitations in an optical
lattice leads to a specificmodel corresponding to a quantumparticlemoving on a latticewith the same on-site
energy butwith forbidden access to random sites, with the tunnelling amplitudes decaying as the inverse cube of
the hopping distance.Whether or not such amodel can be used to observe Anderson localization infinite, or
even infinite [37]1, 2D systems andwhether or not such amodel allowsAnderson localization in 3D systems of
any size [38] has—to the best of our knowledge—not been demonstrated.

The specific goal of this work is to consider the following questions:

(i) While quantum particles placed in a 2D disordered potential are generally expected to undergo Anderson
localization [16, 37] (see footnote 1), the localization length is sensitive to themicroscopic details of the
particle—disorder interactions and can be very large. Given that the experiments with optical lattices
employ finite ensembles ofmolecules, typically with less than 100 sites per dimension, is the disorder
potential for rotational excitations in a partially populated optical lattice strong enough to allow for
observations of Anderson localization in 2D systems on the length scale of 100 lattice sites?

(ii) If the disorder potential is strong enough to induce Anderson localization in finite 2D arrays, what is the
minimumconcentration of lattice vacancies leading to localization lengths less than 100 lattice sites?

1
Quantumparticles in a 2Ddisordered potential are expected to undergoAnderson localization, provided theweak-localization correction

isfinite and negative. Depending on themiscrocopic details of the disorder potential, thismay ormay not be the case. Quoting from [37]:
‘scaling theory does not pretend to be an exact theory, there is thus real interest in knowingwhether there is localization in two-dimesions for
specific systems’.
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(iii) Quantum particles placed in a 3D disordered potential may or may not undergo Anderson localization
[16], depending on themicroscopic details of the particle—disorder interactions. Is the disorder potential
for rotational excitations in 3Ddisordered ensembles strong enough to induce Anderson localization?

(iv) What is the effect of the long-range tunnelling amplitudes on the dynamics in the disordered system of this
specific kind?

(v) What is the time scale of the disorder-induced localization, if any, for excitations placed in specific lattice
sites? If the disorder potential is tooweak, the localization dynamicsmay not be observable over
experimentally feasible time scales. If the disorder potential is too strong, localized rotational wave packets
may remain pinned to their original location and not exhibit any dynamics of quantumwalk over
experimentally feasible time scales.

Questions (i)–(iv) are general for the latticemodel with tunnelling amplitudes randomly omitted and the
results pertaining to question (v) can be renormalized for a particular systemby re-scaling the time dependence
of observables. To answer these questions, we consider the dynamics of rotational excitations placed in
individual sites of an optical lattice partially populatedwithKRbmolecules. To simulate an experiment with
destructivemeasurements, we average the dynamics of rotational energy transfer betweenmolecules in the
disordered ensembles overmultiple disorder orientations and examine the time scales of the formation of
disorder-induced distributions of rotational excitations in lattices of various dimensionality.We examine the
effects of the long-range tunnelling amplitudes in lattices of various dimensionality and discuss the effect of
disorder on diffusion of rotational excitations in lattices of various dimensionality.

2.Methodology

TheHamiltonian for an ensemble ofmolecules on an optical lattice of arbitrary dimensionality can bewritten as

H H Vˆ ˆ ˆ , (1)
n

n

n n n

n n,∑ ∑ ∑= +
′≠

′

where Ĥn is theHamiltonian of an isolatedmolecule placed in lattice site n positioned at r na= , a is the lattice
constant, and V̂n n, ′ is the dipole–dipole interaction betweenmolecules in sites n and n′. The vector index is
n nx= for 1D lattices, n n n( , )x y= for 2D lattices and n n n n( , , )x y z= for 3D lattices, with each of nx, ny and

nz running from N− toN, so that N2 1 = + is the number of lattice sites per dimension.We assume that the
translationalmotion ofmolecules can be neglected. This approximation is valid for the trapping field potential
with the trapping frequency exceeding 100 kHz [34].

Following the experimental work in [26], we assume that eachmolecule is initially in the lowest eigenstate of
Ĥn, corresponding to zero rotational angularmomentum j=0of themolecule. Some of themolecules are
subsequently excited to an isolated hyperfine state within the triplet of the hyperfine states corresponding to the
rotational angularmomentum j= 1 and the projection of j on the space-fixed quantization axis m 1j = − . The

lowest energy state and this specific excited state for themolecule in site n are hereafter denoted as gn∣ 〉 and en∣ 〉.
The states g∣ 〉 and e∣ 〉have the opposite parity.

Since the dipole–dipole interaction operator can bewritten as a sumover products of rank-1 spherical
tensors acting on the subspace of the individualmolecules, thematrix elements g g V g gˆ

n n n n n n,〈 ∣〈 ∣ ∣ 〉∣ 〉′ ′ ′ vanish so
themolecules are non-interactingwhen in the ground state. However, the dipole–dipole interaction has non-
zeromatrix elements between the product states g en n∣ 〉∣ 〉′ and e gn n∣ 〉∣ 〉′ . Thematrix elements

t g e V e gˆ (2)n n n n n n n n, ,=′ ′ ′ ′

stimulate resonant energy transfer of the g e∣ 〉 → ∣ 〉 excitation betweenmolecules in sites n and n′. For the
specific states g j 0∣ 〉 = ∣ = 〉 and e j m1, 1j∣ 〉 = ∣ = = − 〉, thematrix elements (2) have the following form:

n n
t

d d

a

1

4
·

6
(3 cos 1), (3)n n

n n
nn,

0
3 3

2

πϵ
θ=

− ′
−′

′
′

where d d 0.57n n= =′ Debye is the permanent dipolemoment of KRbmolecules [26], nnθ ′ is the angle between
the intermolecular axis joining themolecules in lattice sites n and n′ and the z-axis.We assume that 2nnθ π=′
for 1D and 2D lattices. Themolecules are trapped in a lattice with lattice constant a=532 nm [26]. For the
specific system considered here, the value of thesematrix elements is

n n
t

(3 cos 1)
. (4)n n

nn
,

2

3
α

θ
= ×

−
− ′

′
′

with 52.12α = Hz.
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Thematrix elements (2) also lead to the delocalized character of the rotational excitations. In general, the
g e∣ 〉 → ∣ 〉 excitation generates the followingmany-body excited state:

C e g . (5)
n

n

i n
inexc ∑ ∏ψ =

≠

In an ideal lattice, the coefficients C en
p nai · = and p( )exc excψ ψ∣ 〉 ⇒ ∣ 〉 represents a rotational Frenkel

excitonwithwave vector p [41] , i.e. a rotational excitation completely delocalized over the entire lattice. If the
lattice is disordered, the excited state is a localized coherent superposition of the Frenkel excitonswith different
p [29].

When the lattice is partially filledwithmolecules, the excitation energy of themolecular ensemble depends
on the location ofmolecules in the excited state. The excited states of themany-body systemofmolecules in a
disordered lattice are the eigenstates of the followingHamiltonian:

H w c c t c cˆ , (6)
n

n n n

n n n

n n n n
†

,
†∑ ∑ ∑= +

′≠
′ ′

where the operator cn removes an excitation from site n, wn is the excitation energy of amolecule in site n, if the
site is populated, and zero otherwise. The transition amplitudes tn n, ′ are given by equation (2) if both of the sites
n and n′ are populated bymolecules and zero otherwise. It is this disorder in the transition amplitudes tn n, ′ that
localizes the delocalized excitations.

In order to compute the time-evolution of the rotational excitations, we diagonalize thematrix of the
Hamiltonian (6) in the site-representation basis n c 0n

†∣ 〉 ≡ ∣ 〉, where the vacuum state is

g0 , (7)
m

m∏=

with both m and n running only over the lattice sites populatedwithmolecules.
The eigenstates of the full Hamiltonian (6),

nC , (8)
n

n∑λ = λ

are then used to compute the time evolution of the excitationwave packet as follows

nt C f t( ) e ( ) , (9)
n

n
E ti∑ ∑ψ λ= =

λ
λ

− λ 

where Eλ are the eigenvalues of theHamiltonian (6), the coefficients

f t C C( ) e , (10)n n
E ti∑=

λ

λ
λ

− λ 

and the coefficients Cλ are the projections of the excitationwave packet at t=0onto the eigenstates of the
Hamiltonian,

C t( 0) . (11)λ ψ= =λ

The quantities f t( )n
2∣ ∣ are averaged overmultiple calculations with different realizations of disorder (i.e.

different randomdistributions of empty lattice sites).
Aswill be demonstrated in the following section, the rotational excitations scatteredby the empty lattice sites

formpeakeddistributions. In this article,wewill use twomeasures of distributions: thedistributionwidthL and
the standarddeviation rσ . ThedistributionwidthL is defined as the lengthof the lattice (for a 1D lattice), the
radius of a circle (for a 2D lattice) or the radius of a sphere (for a 3D lattice) containing 90%of the excitation

probability. The standarddeviation is defined as r rr
2 2σ = 〈 〉 − 〈 〉 , where r x2 2= for a 1D lattice, r x y2 2 2= +

for a 2D lattice and r x y z2 2 2 2= + + for a 3D lattice. Thedistributionwidth characterizes thephysical spreadof
the rotational excitationover themolecular ensemble.However, this quantitymaybe significantly affectedby
fluctuations due to specific disorder realizations. The standarddeviationdepends on the shapeof thedistribution
but is less affected by thefluctuations.Wewill use the standarddeviation inorder to characterize non-
ambiguously thedynamical properties such as the timedependence of thedistributions.

3.Quantumwalk of rotational excitations

As originally proposed byDeMille [30], ultracoldmolecules trapped in an optical lattice can be selectively
excited by applying a gradient of a dc electricfield that separates the rotational energy levels ofmolecules in
different lattice sites by a differentmagnitude. Thismethod can, in principle, be used to excite rotationally a
singlemolecule in a specific lattice site. If the gradient of the field is removed, the rotational excitation thus
generatedmay be transferred tomolecules in other lattice sites by resonant energy transfer. The dynamics of this
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energy transfer can be probed by applying another gradient of the dc electric field at time t and detecting either
the excitedmolecules ormolecules remaining in the ground state using resonantly-enhancedmultiphoton
ionization (REMPI). The REMPI detection is a destructivemeasurement. If the optical lattice is partially
populatedwith randomly distributedmolecules, repeating the experimentmultiple times to determine the
dependence of rotational energy transfer on t is equivalent to averaging over different realizations of disorder
(i.e. different distributions of empty lattice sites).

In order to simulate the outcome of suchmeasurements, we consider an optical lattice partially populated
with randomly distributed KRbmolecules.We compute the time evolution of a rotational excitation placed in a
single lattice site at t= 0 and average the results at each t overmultiple randomdistributions of empty lattice sites
with afixed concentration of vacancies. Figures 1, 2 and 3 illustrate the characteristic distributions of rotational
excitations as a result of quantumwalk of a single rotational excitation initially placed in the centre of a 1D, 2D
(square) or 3D (cubic) lattice, respectively. In the following sections, we explore the detailed dynamics of how
these distributions are formed and the role of long-range tunnelling effects in determining the quantumwalk
dynamics.

3.1. Localization dynamics in 1D lattice
Aquantumparticle placed in a 1Ddisordered latticemust undergoAnderson localization [1].Mapped onto a
rotational excitation travelling in a disordered ensemble ofmolecules, this well-known result is reflected in the
formation of the exponentially localized distributions shown infigure 1. These distributions characterize the
probability ofmolecules in the corresponding lattice sites to be in the rotationally excited state. Figure 1
illustrates that rotational excitations in an optical lattice partially populatedwithmolecules behave as quantum
particles in a disordered lattice. It is important to note that the distributions presented in figure 1 are time-
independent. Although the rotational excitation initially placed in a specific lattice site represents awave packet
that, given sufficient time, can potentially explore the entire lattice and exhibit revivals, the averaging over
disorder realizations leads to stationary distributions in the limit of long time. In order to illustrate this, we
present infigure 4 the distributions of the rotational excitation computed at different times.

The lower panel offigure 4 illustrates the time dependence of the distributionwidth L in a 1D latticewith the
vacancy concentrations 10 and 20%.The results show that for the parameters representing rotational excitations
in an ensemble of KRbmolecules, the averaged excitation probability distributions changemost significantly at t
between zero and 100–300ms. The distributionwidths exhibit a temporary peak at short times. This oscillation
survives the averaging over disorder realizations and is present in the results for different concentrations of
vacancies. Since the distributionwidth presented infigure 4 ismuch smaller than the lattice size ( a1001 × ), this
short-time oscillation cannot be due to reflection from the lattice boundaries and is likely the result of
constructive interference due to back-scattering of the rotational excitation from the empty lattice sites.

Figure 1.Averaged rotational excitation probability distributions formed at t=2 s by a single rotational excitation placed at t=0 in site
n=0 of a 1D lattice of KRbmolecules with randomly distributed empty sites. The concentration of vacancies is zero (a), 1% (b), 10%
(c), 20% (d), 50% (e) and 70% (f). The results are averaged over 100 realizations of disorder.
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As indicated by the results in the lower panel offigure 4, the approach to the stationary distributions is
determined by the strength of the disorder potential, i.e. the concentration of lattice vacancies. This is illustrated
more clearly in the upper panel offigure 5 showing the time dependence of the standard deviations rσ for
different concentrations of vacancies. Figure 5 demonstrates that the rotational excitations in a 1D lattice of KRb
molecules reach the time-independent distributions in less than one second, provided the vacancy
concentration is 3%> .

It is instructive to examine the dependence of theminimum time required to form the stationary
distributions on the concentration of vacancies. Figure 6 shows the time τ required for a rotational excitation
initially placed in the center of a lattice to form a time-independent distribution as a function of vacancy
concentration in lattices of different dimensionality. Interestingly, figure 6 reveals that the dependence of τ on
the vacancy concentration is qualitatively different for lattices of different dimensionality. In 1D lattices, τ is a
monotonically decaying function of the vacancy concentration. This illustrates that increasing the disorder of
1D lattices impedes the dynamics of quantumwalk leading to narrower distributions of the rotational excitation
(cf,figure 1) and decreases the time required to reach the stationary distributions (less time since the quantum
walker has less space to explore). The calculations shown infigure 6 have two implications: (i) the time evolution
of the rotational excitations in 1Ddisordered lattices can be used as a probe of the disorder strength; (ii) the
mechanisms for the formation of the distributions shown infigures 1–3 are different for lattices of different

Figure 2.Averaged rotational excitation probability distributions formed at t=5 s by a single rotational excitation placed at t=0 in
site n n0, 0x y= = of a 2D lattice of KRbwith a total of 51× 51 sites containing a randomdistribution of empty sites. The
concentration of vacancies is zero (a), 10% (b), 20% (c), 50% (d), 70% (e) and 85% (f). The results are averaged over 100 realizations
of disorder. For better visualization, the probability values in the two-dimensional plots aremagnified by the indicated factor.
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dimensionality. In the following section, we correlate the rising or falling dependence of τ on the concentration
of vacancies with the regime of classical diffusion or sub-diffusion, arguing that the sign of the gradient of τ can
be used as a signature of sub-diffusion stimulated byAnderson localization.

3.2. Localization and diffusion in 2D and 3D lattices
As can be seen from figures 2 and 3 and the comparison of the different curves infigures 5 and 6, the dynamics of
rotational energy transfer betweenmolecules trapped in 2D and 3D lattices is quantitatively and qualitatively
different from the localization dynamics in 1D lattices. It is apparent that the formation of localized distributions
requires higher concentrations of vacancies and the approach to time-independent distributions takes longer
time in lattices of higher dimensionality. In particular, figure 6 reveals that the dependence of the time τ required
to reach a stationary distribution on the vacancy concentration is qualitatively different for lattices of different
dimensionality. In 1D lattices, τ is amonotonically decaying function of the vacancy concentration. In 2D
lattices, τ exhibits amaximumas a function of the vacancy concentration. In 3D lattices, τ increases
monotonically with the disorder strength.

In order to elucidate the dynamics of quantumwalk in higher dimensions and the implications offigure 6,
we present infigure 7 the time dependence of the distributionwidths L computed for a rotational excitation in
2D and 3D lattices of varying size with varying concentrations of vacant sites. The results for the 2D lattices
illustrate that at low concentration of vacancies (20%) corresponding to the range, where the dependence of τ on
the disorder strength rises, the rotational excitationwidth approaches the size of the lattice in the limit of long
time. This shows that the localization length of the excitation for this concentration of vacancies is greater than
the size of the lattice.When the concentration of empty sites is 70%, the rotational excitation in a 2D lattice is
well localized and the different curves shown infigure 7 converge to the same value in the limit of long time. This
localization regime corresponds to the range infigure 6, where τ decreases with the disorder strength.

Since the experiments with ultracoldmolecules on optical lattices employ finite samples ofmolecules,
typically∼100 per dimension [26], it is important tofind the threshold concentration of vacancies that leads to

Figure 3.Averaged rotational excitation probability distributions formed at t=5 s by a single rotational excitation placed at t=0 in
site n n n0, 0, 0x y z= = = of a 3D lattice of KRbmolecules with a total of 31 51 31× × sites containing a randomdistribution of
empty sites. The concentration of vacancies is 50% (left panels), 70% (middle panels) and 85% (right panels). The results are averaged
over 300 realizations of disorder. The upper panels show the part of the distributions for x 0⩽ and y 0⩾ . For better visualization, the
probability values in the three-dimensional plots aremagnified by a factor of 27 (left), 10 (middle), and 2.5 (right).
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localized states in 2D lattices with dimension 100 100< × . By repeating the calculation of figure 7 for different
concentrations of vacancies, wefind that L t( ) 100→ ∞ < , when the concentration of vacancies exceeds 50%.
This is consistent with the results infigure 6, which shows that the dependence of τ on the vacancy concentration
exhibits amaximumat the concentration of vacancies between 40 and 50%.We conclude that the rotational
excitations can be localized in 2Ddisordered lattices ofmolecules with 100× 100 lattice sites, provided the
concentration of vacancies is 50%> .

The calculations for the rotational excitation dynamics in 3D lattices (lower panel offigure 7) show that, for
each of the lattices considered, the distributionwidth approaches the size of the lattice in the limit of long time,
even for the concentration of empty sites as large as 90%. This indicates that the rotational excitation in 3D
lattices with 90%of empty sites is allowed to diffuse to the edges of the lattice. This is also consistent with the
results infigure 6 showing that τ risesmonotonically for 3D lattices. This indicates that the rotational excitations
do not exhibit Anderson localization on the length scale considered. To prove this, we compare the dynamics of
the spatial expansion of the rotational excitations in 3Ddisordered lattices with classical diffusion.

The diffusion of quantumparticles in disordered lattices can be examined for an alternative signature of
Anderson localization. A quantumparticle with cosine dispersion placed in an individual site of an ideal lattice
expands ballistically to form a distributionwith the standard deviation r r tr

2 2 2 2σ = 〈 〉 − 〈 〉 ∝ [40, 41]. In

contrast, the diffusion of a classical particle in Brownianmotion is characterized by tr
2σ ∝ . In the presence of

Anderson localization, the diffusive dynamicsmust be suppressed. The time-dependence of rσ can thus be used
as a quantitativemeasure of quantum interference, constructive or destructive, on particle propagation in
disordered lattices.

The upper panels offigures 8 (2D lattices) and 9 (3D lattices) show the time dependence of r
2σ computed for

2D and 3D lattices with various concentrations of empty lattice sites. As expected, we find that tr
2 2σ ∝ for ideal

lattices, both in 2D and 3D.However, the time-dependence of r
2σ is dramaticallymodified by the presence of

Figure 4.Upper panel: time dependence of the rotational excitation probability distributions formed fromone rotational excitation
placed at t=0 in the lattice site n=0 of a 1D lattice of KRbmolecules with 20%of vacancies. Lower panel: time dependence of the
distributionwidth L (in units of the lattice constant a) defined as the range of the lattice containing 90%of the rotational excitation
probability: squares—vacancy concentration 10%; circles—vacancy concentration 20%.The results at each time are averaged over
1000 random realizations of the vacancy distributions.
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vacancies. In particular, figure 8 illustrates that the rotational excitation in disordered lattices expands
ballistically at short timeswith tr

2 2σ ∝ and exhibits the dependence tr
2σ ∝ , characteristic of the diffusive

regime, at later times. That r
2σ becomes a linear function of time illustrates that the presence of vacancies

destroys interferences accelerating diffusion of quantumparticles [42–45]. At even later times (t 300> ms), the
dependence of r

2σ on time departs from linearity and the propagation of the rotational excitations enters a sub-

diffusive regime ( tr
2σ ∝ γ with 1γ < ). This can happen either because of Anderson localization or because of the

reflection from the boundaries.

Figure 5.Time dependence of the standard deviations rσ of the rotational excitation probability distributions formed fromone
rotational excitation placed at t=0 in the centre of a lattice partially populatedwithmolecules. Upper panel: 1D latticewith 1001 sites;
middle panel: 2D square lattice with 51× 51 lattice sites; lower panel: 3D cubic lattice with 31× 31×31 lattice sites. The results at each
time are averaged over 100> random realizations of disorder. The different sets of data correspond to different concentrations of
empty lattice sites.

Figure 6.Minimum time τ required for a single rotational excitation to form a time-independent averaged distribution as a function
of vacancy concentration in 1D (circles), 2D (squares) and 3D (triangles) disordered lattices as a function of vacancy concentration.
The results at each vacancy concentration are averaged over 100> realizations of disorder.

9

New J. Phys. 17 (2015) 065014 TXu andRVKrems



Since the calculations offigures 8 and 9 are performed forfinite lattices, it is important to examine the effects
of the boundaries. In particular, it is important to determine if the departure of r

2σ from linearity is due to
disorder or due to thefinite size effects. In order to do this, wefirst consider the ballistic expansion of the
rotational excitations in ideal lattices of varying size (upper right panels offigures 8 and 9).We observe that, for
each lattice size, r

2σ increases as a quadratic function of time at t t1< , until the reflection from the boundaries

slows down the ballistic expansion.We denote by t1 the time, at which the dependence of r
2σ on time in an ideal

lattice departs from the quadratic function due to the reflection from the boundaries. The insets offigures 8 and

Figure 7.Time dependence of thewidth L (in units of the lattice constant a) of the averaged rotational excitation distributions formed
by one rotational excitation placed at t=0 in the centre of 2D and 3D lattices with different size. The upper and the lower panels show
that the excitations diffuse to the edges of the lattice, while themiddle plane illustrates that the excitation is localizedwithin the lattice
and is not affected by the lattice boundaries.
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9 show the dependence of t1 on the lattice size. In the presence of disorder, the expansion is significantly slower
and the reflection from the boundariesmust occur at times later than t1. Therefore, we can use the time t1 as the
lower limit for the onset of the boundary effects and conclude that the dynamics, whether in disordered or ideal
lattices, is not affected by the boundary effects at t t1< .

The lower panel offigure 8 shows that the dynamics of rotational excitations in 2D lattices with the disorder
concentration 50%> enters the sub-diffusive regime at times t t1< . This proves that the transition to the sub-
diffusive regimes at these concentration of vacancies is due to disorder-induced localization, and not due to the
boundary effects. For the disorder concentration 20%, we observe that the departure of r

2σ from linearity occurs
at t t1> . These observations are consistent with the results offigures 6 and 7.We thus conclude that the increase
of the time required for the formation of the stationary distributions shown infigure 6 reflects that increasing the
disorder strength slows down the diffusion of rotational excitations to the lattice boundaries, hence the
dramatically different dependence of τ on the disorder strength for 2D (at low vacancy concentrations) and 3D
lattices from that in 1D lattices.

For 3D lattices, the transition to the sub-diffusive regimes always occurs at t t1> , indicating (but not

proving) that the departure of r
2σ from linearity is due to the finite size of the system, and not the scattering by

disorder. The lower panel offigure 9 shows the results for an extreme case of a 3D latticewith 90%of the lattice
sites vacant. To prove that the disorder does not lead to the sub-diffusive regime in 3D lattices, we perform the
calculations illustrated in the lower panel offigure 9 for different lattice sizes. For each lattice size, we determine
the time t2, at which the expansion of r

2σ undergoes the transition to the sub-diffusive regime.Wefind that the
dependence of t2 on the lattice size is a linear function of the lattice size for extended 3D lattices (313 –553 sites),
as expected for a particle in the diffusive regime. This proves that there is noAnderson localization in 3D lattices
on the length scale of 553 lattice sites for the disordered system considered here.

Figure 8.Time dependence of r rr
2 2 2σ = 〈 〉 − 〈 〉 for a rotational excitation initially placed in themiddle of a 2D lattice. upper left

panel: circles—ideal lattice; squares—lattice with 20%of vacancies; triangles—lattice with 50%of vacancies. Upper right panel: ideal
lattice with size 51× 51 (diamonds); 101 × 101 (circles); 151× 151 (triangles); 201 × 201 (squares). Inset: lattice size dependence of
time t1marking the deviation of thewave packet dynamics from that in an ideal infinite lattice due to the boundary effects. Lower
panel: 2D latticewith 20%of vacancies (squares); 50%of vacancies (circles); 70%of vacancies (triangles). The symbols represent the
numerical calculations; the full curves are the analytical fits Dtr

2 2σ = ; the dashed curves are the linearfits bt cr
2σ = + . The size of the

lattice for the results in the upper left panel and the lower panel is 101 × 101.
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3.3. Effect of long-range tunnelling
Mostmodels of quantumparticles in disordered lattices are based on the nearest neighbour (tight-binding)
approximation assuming that the tunnelling amplitudes tn n, ′ in equation (6) are non-zero onlywhen n and n′
are adjacent lattice sites. However, the tunnelling amplitudes (2) responsible for rotational energy transfer
betweenmolecules decay as n n1 3∝ ∣ − ′∣ functions of the lattice site separation. Thismakes the rotational
excitations in an ensemble of polarmolecules a newplatform for the experimental investigation of long-range
tunnelling effects on the formation of localized states. The n n1 3∣ − ′∣ dependence of the tunnelling amplitudes
is particularly interesting [20]. Beyond allowing for direct transitions between distant lattice sites, it leads to non-
analyticity of particle dispersion at low particle velocities [21]. Itmay also lead to interesting long-range
correlations in the localization dynamics ofmultiple interacting particles [46, 47].

The effect of the long-range character of the tunnelling amplitudes tn n, ′ can be—in principle—investigated
by comparing the dynamics of rotational excitations in ensembles of polarmolecules with those in ensembles of
homonuclear diatomicmolecules. Ultracold homonuclearmolecules have been produced inmultiple
experiments worldwide [48]. The rotational excitations in an ensemble of non-polarmolecules can be
resonantly transferred betweenmolecules due to quadrupole–quadrupole interactions, the leading term in the
multipole expansion of the interaction between non-polarmolecules separated by a large distance. The
quadrupole–quadrupole interaction decays as a R1 5∝ function of themolecule–molecule separationR.
Therefore, the rotational excitations in an ensemble of homonuclearmolecules trapped in an optical lattice
should be expected to undergo quantumwalks governed by theHamiltonian (6) with n nt 1n n,

5∝ ∣ − ′∣′ .
In this section, we compare the localization dynamics of particles with the tunnelling amplitudes

n nt 1n n,
3∝ ∣ − ′∣′ and n nt 1n n,

5∝ ∣ − ′∣′ . To remove ambiguity associatedwith the differentmagnitudes of
the dipole and quadrupolemoments, we compare the dynamics of rotational excitations stimulated by the
tunnelling amplitudes as given in equation (2) and the tunnelling amplitudes n nt bñ n,

5= ∣ − ′∣′ , where the

Figure 9.Time dependence of r rr
2 2 2σ = 〈 〉 − 〈 〉 for a rotational excitation initially placed in themiddle of a 3D lattice. Upper left

panel: 3D ideal lattice (circles), disordered lattice with 50%of vacancies (squares) and disordered latticewith 85%of vacancies with
size 31 31 31× × sites. Upper right panel: 3D ideal lattice with size 21× 21× 21 (squares); 25 × 25× 25 (triangles); 31 × 31× 31
(circles); 35 × 35× 35 (diamonds). Inset: lattice size dependence of time t1marking the deviation of thewave packet dynamics from
that in an ideal infinitely lattice due to the boundary effects. Lower panel: 3Ddisordered lattice of size 55 55 55× × with 90%of
vacancies. The symbols represent the numerical calculations; the full curves are the analyticalfits Dtr

2 2σ = ; the dashed curves are the
linear fits bt cr

2σ = + .
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constant b is chosen such that t tñ n n n, ,=′ ′ for n n 1∣ − ′∣ = . In other words, we enhance the quadrupole–
quadrupole interaction to be the same as the dipole–dipole interaction betweenmolecules in adjacent lattice
sites so that the difference between the calculations with t̃n n, ′ and tn n, ′ arises solely from the different radial
dependence of the tunnelling amplitudes.

The results presented infigure 10 illustrate that the long-rangematrix elements tn n, ′ lead to less localized
distributions in all dimensions. The effect of the long-rangematrix elements appears to depend both on the
strength of the disorder potential and the dimensionality. To elucidate these dependencies, we present in
figure 11 the ratio of the distributionwidths computed in the limit of long timewith the long-range amplitudes

n nt 1n n,
3∝ ∣ − ′∣′ and the short-range amplitudes n nt̃ 1n n,

5∝ ∣ − ′∣′ . The long-rangematrix elements appear
to have little effect at low concentrations of empty sites, but increase the distributionwidths by a factor of 2 or
more at large concentrations of vacancies.

The results presented infigure 11 indicate that the long-range tunnelling amplitudes tn n, ′ play little role at
lowdisorder strengths in lattices of higher dimensionality, i.e. when the dynamics is expected to bemore
dominated by diffusion. At the same time, figure 11 shows that the long-rangematrix elements become
exceedingly important in the regimewhere disorder-induced localization is expected to dominate. In order to

Figure 10.Averaged rotational excitation probability distributions formed at t=2 s (for 1D lattices) and t=5 s (for 2D and 3D
lattices) by a single rotational excitation placed at t=0 in the center of the lattices. The solid curves are the results of the calculation
with the tunnelling amplitudes tn n, ′ as defined in equation (2). The dashed curves are the result of the calculationwith the tunnelling
amplitudes n nt̃ 1n n,

5∝ ∣ − ′∣′ . Themiddle and lower panels show the cross sections of the 2D and 3Ddistributions along the x-axis.
The vertical dotted lines show the distributionwidths containing 99%of the rotational excitation. The dimensions of the lattices are
1001 sites for 1D; 51× 51 sites for 2D; and 31 31 31× × sites for 3D.
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Figure 11.The ratio of thewidths of the rotational excitation distributions L LS L. The distributionwidths LL are computedwith the
long-range amplitudes tn n, ′ as defined in equation (2). The distributionwidths LS are computedwith the short-range amplitudes

n nt̃ 1n n,
5∝ ∣ − ′∣′ . The results at each vacancy concentration are averaged over 100> realizations of disorder.

Figure 12.Time dependence of thewidth L (in units of the lattice constant a) of the averaged rotational excitation distributions
formed by one rotational excitation placed at t=0 in the centre of 2D lattices with different concentrations of empty lattice sites: circles
—the results computedwith the long-range amplitudes tn n, ′ as defined in equations (2) and (3); squares—the results computedwith
the short-range amplitudes n nt̃ 1n n,

5∝ ∣ − ′∣′ .
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illustrate thismore clearly, we show infigure 12 the distributionwidths L computed as functions of time for 2D
lattices with two concentrations of vacancies: 20%corresponding to the regime dominated by diffusion (cf
figures 6 and 8) and 70% corresponding to the regime, where the rotational excitations in 2D lattices are well
localized. The results show that the long-range tunnelling amplitudes insignificantly accelerate the expansion
dynamics of the rotational excitation in the diffusive regime, enhancing the distributionwidths at short times by
about 20%or less (upper panel offigure 12). In stark contrast, the distributionwidths obtainedwith the two
types of tunnelling amplitudes are dramatically different in the regime of strong localization (lower panel of
figure 12).

4. Conclusion

In this work, we study the dynamics of quantumwalk of rotational excitations infinite disordered 1D, 2D and
3D ensembles of ultracoldmolecules trapped in optical lattices. The disorder arises from incomplete
populations of optical lattices withmolecules. Thus, the rotational excitations travelling betweenmolecules in a
partially populated optical lattice are described by theHamiltonian (6), which can be obtained from the tight-
binding latticemodel by omitting the tunnelling amplitudes connecting to randomly chosen lattice sites and
extending the remaining tunnelling amplitudes to decay as n n 3α∝ ∣ − ′∣ .While the dynamics of particles
described by such aHamiltonian should be expected to exhibit the general features of quantumparticles in a
disordered potential, whether or not such amodel can be used to observe Anderson localization infinite 2D
systems andwhether or not such amodel can be used to observe Anderson localization in 3D systems (finite or
infinite), depends on themicroscopic details of particle—disorder interactions.We note that there are only two
free parameters in thisHamiltonian: themagnitude of the constant α in equation (4) and the concentration of
empty lattice sites.While themagnitude ofα determines the time scales of quantumwalk and localization
dynamics, the localization length in 1D and 2D systems and the presence or absence of Anderson localization in
3D systems is entirely determined by the concentration of vacancies.

In order to guide the ongoing experiments with ultracoldmolecules, we chose the value ofα to correspond to
a specific experimentally realized systemofKRbmolecules on an optical lattice with lattice constant a=532 nm.
Wehave confirmed that increasing the value of α accelerates the time evolution of the dynamics but leads to the
same results in the limit of long time. The qualitative features of the time-dependent results and the results in the
limit of long time are, therefore, general for any systemdescribed by theHamiltonian considered here. The time-
dependent results can be renormalized for other systems by changing the value of the coupling constant in
equation (2), which controls the time-evolution of the system.

Themain results of this work can be summarized as following:

• For the specific systemof 1D arrays of KRbmolecules on an optical lattice with lattice constant a=532 nm,
the rotational excitations placed in individual lattice sites form localized distributionswithin t 1∼ s.With
only 10%of vacancies, thewidth of the exponentially localized distributions is 40< a. This indicates that
Anderson localization can be studiedwith rotational excitations in 1D arrays ofmolecules, providing
coherence can be preserved for longer than 1 s.

• In 2D, this particular type of disorder requires concentrations of empty lattice sites 50%> in order to localize
the rotational excitations within 100× 100 sites.

• For 3Ddisordered arrayswith 55 sites in each dimension, we observe no localization at vacancy
concentrations 90%⩽ , i.e. the rotational excitations generated in themiddle of the lattice diffuse to the edges
of the lattice as classical particles.We note that the results of [38] indicate that themodel for the particle with
nearest-neighbour hopping on a latticewith randomon-site energies and substitutional disorder does allow
quantum localization in 3D. Figure 5 of [38] suggests that quantum localization is present in a systemwith
substitutional disorder even in the absence of disorder in the on-site energies. Our results thus indicate (but
not yet prove) that the interval of quantum localization infigure 5 of [38] between the regimes of diffusion
and classical localizationmay be reduced to zero due to long-range tunnelling. This is consistent with the
results of [19], where the authors considered disorder-induced localization of excitons with long-range
hopping in topologically disordered lattices.

• Our results show that the long-range character of the tunnelling amplitudes in theHamiltonian (6) has little
impact on the dynamics of particles in the diffusive regime (i.e. in 2D and 3D lattices with low concentrations
of vacancies) but affects significantly the localization dynamics in lattices with large concentrations of
vacancies, enhancing thewidth of the localized particle distributions in 2D lattices by a factor of 2.

15

New J. Phys. 17 (2015) 065014 TXu andRVKrems



• Our results show that the diffusive vs localization regime can be identified bymeasuring the dependence of
theminimum time τ (cffigure 6) required for a particle placed in a specific lattice site to form a time-
independent averaged distribution as a function of vacancy concentration.

• Our calculations illustrate that the diffusion of rotational excitations placed in 2D lattices with disordered
tunnelling amplitudes has three distinct time scales, which can be varied by changing the concentration of
empty lattice sites. At short times, the dynamics is characterized by the quadratic time dependence of

r rr
2 2 2σ = 〈 〉 − 〈 〉 , characteristic of quantumparticles with cosine dispersion. The rise of r

2σ is suppressed by

the disorder at later times. This suppression leads to an extended time interval, where r
2σ exhibits a linear

dependence on time, characteristic of classical diffusion. This interval of time increases with decreasing
disorder strength and can be as long as∼100ms for the dynamics in a 2D latticewith 50%of empty sites. At
still longer times, the dependence of r

2σ on time is sub-diffusive, i.e. slower than linear. This suggests that
rotational excitations in 2Ddisordered ensembles of polarmolecules can be used to study the crossover from
ballistic expansion to classical diffusion, where quantum interferences enhancing diffusion are suppressed.
At longer times, the dynamics of rotational excitations in 2D lattices can be used to study the crossover from
classical diffusion to a sub-diffusive regime, where quantum interferences leading to localization become
important.

In our previous work [34], we showed that the rotational excitations ofmolecules on an optical lattice can be
coupled to the translationalmotion ofmolecules, leading to the formation of polarons with awide range of
tunable properties [35].We also showed that, if themolecules on an optical lattice are subjected to a dc electric
field, the rotational excitations exhibit strong interactions thatmay—depending on the electric field strength—
lead to the formation of quasi-particle bound pairs [33]. In combinationwith this previous work, the present
results suggest an exciting research avenue for the study of quantumdiffusion through disordered lattices in the
presence of dissipation and the role of inter-particle interactions onAnderson localization.
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