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We show that cross sections for inelastic collisions of ultracold atoms or molecules confined by a
harmonic potential have the same energy dependence as in pure 2D geometry. This indicates that chemical
reactions and inelastic collisions may be suppressed in an ultracold gas under strong confinement in one
dimension. We present a numerical proof of the threshold collision laws in 2D. Our results indicate that
inelastic collisions in weak electromagnetic fields may be controlled by varying the orientation of the
external field axis with respect to the plane of confinement.
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The creation of low-dimensional quantum gases has
opened up exciting possibilities for new research with
ultracold atoms and molecules on problems in several
different areas of physics [1]. For example, metastable
alkaline earth atoms or polar molecules confined in two
dimensions (2D) may repel each other at long range, which
leads to the formation of self-organizing crystals at ultra-
cold temperatures [2,3] or the possibility to design spin
lattice models [4]. Bose and Fermi gases exhibit unusual
properties in 2D [5–7] and confining atoms in 2D may
result in interesting decoherence dynamics of quantum
gases [8]. Low-dimensional quantum systems may be
used as controllable models for a variety of phenomena
in condensed-matter physics [9,10]. Collision properties of
atoms and molecules confined in 2D are different from
those in three dimensions [11,12]. Sadeghpour and co-
workers [13] have, for example, shown that the energy
dependence of cross sections for elastic and inelastic col-
lisions near threshold depends on the dimensionality of the
system. Confinement may therefore modify chemical re-
actions and inelastic collisions of molecules at ultralow
temperatures.

The low-dimensional gases are produced by confining
3D systems in one or two dimensions by a harmonic force,
which leads to the formation of quasi-2D and quasi-1D
gases [1,11,14]. Chemical reactions and inelastic collisions
in such systems will generally lead to loss of confinement.
Petrov and Shlyapnikov [11] demonstrated that the rates of
elastic collisions and inelastic transitions induced by weak
perturbative interactions have the same energy dependence
in quasi-2D and purely 2D geometries. Here, we generalize
the results of Refs. [11,13] to show that reaction processes
of atoms and molecules in quasi-2D gases are suppressed,
even if the interaction forces are strong and the reactions
result in loss of confinement. We derive the expressions
that specify the energy dependence of the cross sections for
elastic and inelastic scattering involving angular momen-
tum transfer in 2D and quasi-2D geometries and present a
rigorous quantum calculation of cross sections for ultra-
cold collisions in 2D. Based on our derivation and the
numerical analysis, we show that inelastic collision pro-

cesses of atoms or molecules in the presence of a weak
external electromagnetic field may be controlled by vary-
ing the orientation of the external field axis with respect to
the plane of confinement.

Wigner showed that the energy dependence of the scat-
tering cross section near threshold is determined by the
values of the orbital angular momentum of the collision
complex before and after the collision [13,15]. In particu-
lar, he demonstrated that the elastic scattering cross section
varies near threshold as k2l�2l0 , where k is the collision
wave number, and l and l0 are the orbital angular momenta
before and after the collision. He also showed that the cross
sections for inelastic or reactive scattering vary near
threshold as k�2l�1�. The relative motion of two particles
confined in a plane is described by the Hamiltonian (in
atomic units)
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where � is the center-of-mass separation and � is the
reduced mass of the colliding particles, lz is the operator
describing the rotation of the collision complex about the
quantization axis, � is the angle specifying the orientation
of the vector �, Has is the Hamiltonian describing the
separated atoms or molecules, and V is the interparticle
interaction potential. The quantization axis is directed
along the normal to the confinement plane.

The total wave function can be expanded in a basis of
product wave functions Rsm����m��� s, where  s repre-
sent the eigenfunctions of Has and �m��� � eim�=

�������
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p

are the eigenfunctions of the lz operator. The eigenvalues
�s of the Hamiltonian Has correspond to the asymptotic
energies of the interacting particles. The collision channels
are specified by the quantum numbers s and m. The colli-
sion channels with the same value of s are degenerate. The
collision process is described by the coupled differential
equations of the form
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where k2
s � 2��E� �s�, E is the total energy of the sys-

tem, and Vsm;s0m0 denote the matrix elements of the inter-
action potential. If the interaction potential between the
colliding particles vanishes faster than / 1=�2 as �! 1,
the solutions to Eqs. (2) can be written as superpositions of
Hankel functions of the first H�1�m �ks�� and second
H�2�m �ks�� kind. Following Wigner and Eisenbud [16], we
define the solutions corresponding to the incoming part
Ism�ks�� and the outgoing part Esm�ks�� of the collision
wave function in channel (sm) as
 

Ism�ks�� �
��������
��
2

r
��i�me�i��=4�H�2�m �ks���m��� s

Esm�ks�� �
��������
��
2

r
�i�mei��=4�H�1�m �ks���m��� s:

(3)

If the collision flux is prepared in a single quantum channel
(sm), the collision wave function has the form

 Ism �
X
s0m0
Usm;s0m0Es0m0 ; (4)

which defines the collision U matrix [16]. The integral
scattering cross sections are given in terms of the matrix
elements of U by [17,18]

 �sm;s0m0 �
1

ks
j��1�m�1ei��=2�Usm;s0m0 � �s;s0�m;m0 j

2: (5)

The formulation of the collision problem as described
above allows us to determine the dependence of the 2D
scattering cross sections on the collision energy in the limit
of small collision velocities using the formalism of Wigner
[15] directly. Wigner showed that the U matrix entering
Eq. (4) can be represented as U � !�1� ij�q� R��1j�!,
where R is the Wigner’s R-matrix, q is a matrix of the
logarithmic derivatives of Esm from Eq. (3) qsm �
Esm=esm, esm � �1=2��dEsm=d�, and ! and jsm are di-
agonal matrices defined in Ref. [15].

The value of m � 0 corresponds to s-wave scattering in
2D. In the limit of small argument � � ks�, the Hankel
function H�1�0 approaches the following function of �
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The derivative of the Hankel function is

 �H�1�0 ����
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(7)

Using these expressions, we find that j2
s0 / const and the

matrix elements ��q� R��1�sm;sm0 with one or both of m
and m0 equal to zero vanish as 1= ln��� as �! 0.

Using Eqs. (4) and (5), the elastic scattering cross sec-
tion can be written as

 �s0;s0 �
1

ks
j1� i!2

s0 � i!
2
s0j

2
s0��q� R�

�1�s0;s0j
2: (8)

The term (1� i!2
s0) is proportional to k2

s so it can be
omitted at small ks by comparison with the third term
and we find that the energy dependence of the elastic cross
section for s-wave scattering is given by

 �s0;s0 /
1

ksln
2ks

: (9)

This result agrees with the expression for the scattering
amplitude presented by Landau and Lifshitz [19],
Sadeghpour and co-workers [13], and Petrov and
Shlyapnikov [11].

For collision processes that change the projection of the
orbital angular momentum (s0! sm), the cross section
can be written as [15]

 �sm;sm0 �
1

ks
jjsmjsm0 ��q� R�

�1�sm;sm0 j
2: (10)

To determine the threshold behavior of the cross sections
for scattering in collision channels with jmj> 0, we ex-
press the Hankel functions in Eq. (3) in terms of the Bessel
and Neuman functions. Using the asymptotic expansions
of the Bessel and Neuman functions, we find that j2

sm /

k2jmj
s as ks ! 0. This yields the following energy depen-

dence of the cross section near threshold:

 �s0;sm / k
2jmj�1
s

1

ln2ks
: (11)

It is also necessary to consider transitions between states
of nonzero angular momentum m. Such transitions deter-
mine collision properties of fermionic atoms and mole-
cules confined in 2D. Using the above result j2

sm / k
2jmj
s

and noting that ��q� R��1�sm;sm0 / const as ks ! 0, we
find the following energy dependence of the scattering
cross sections:

 �sm;sm0 / k
2jmj�2jm0j�1
s : (12)

When collisions release energy, the energy dependence
of the scattering cross sections near threshold does not
depend on the angular momentum in the final collision
channel [15]. For reactive or inelastic collisions changing
the quantum number s, the off-diagonal matrix elements
��q� R��1�sm;s0m0 in Eq. (10) are independent of energy at
small collision energies if m � 0. For m � 0, we obtain
��q� R��1�sm;s0m0 / 1= lnks so the energy dependence of
the inelastic s-wave scattering cross section is the same as
that of the elastic cross section given by Eq. (9):

 �s0;s0m0 /
1

ksln2ks
: (13)

This result agrees with the analysis of Petrov and
Shlyapnikov [11] and Sadeghpour and co-workers [13].

When jmj> 0, the energy dependence of the scattering
amplitude is determined by the term j2

sm / k
2jmj
s so the

inelastic scattering cross section for collisions with angular
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momentum m is given by

 �sm;s0m0 / k
2jmj�1
s : (14)

Mies and Raoult [20] have shown that Wigner’s thresh-
old laws for transitions changing the orbital angular mo-
mentum of the colliding particles in 3D are modified by the
long-range 1=R3 interaction. We repeated their analysis for
collisions in 2D and found that the cross sections for elastic
scattering changing the value of m (such as the s-wave to
d-wave transitions) or elastic scattering in states with non-
zero partial waves mediated by the long-range interaction
potential 1=R
 are �sm;sm0 / k

2
�5
s and independent of m

and m0, providing m�m0 � 
� 2> 0. We have verified
by numerical calculations described below that the m �
0! m0 � 2 and m � 2! m0 � 2 cross sections in 2D
scattering induced by the dipole-dipole interaction 1=�3

vanish as �sm;sm0 / ks.
The analysis above can be generalized to describe colli-

sions in quasi-2D geometry with harmonic confinement in
one dimension. The Hamiltonian of the collision system
can be written as

 H � �
1

2�
�� V �Has � Vz; (15)

where the confining potential Vz � az2 acts only on the
colliding particles in the initial state s and can be ignored at
short range [11]. The collision dynamics at finite inter-
atomic distances is then described by a system of coupled
differential equations in 3D Jacobi coordinates presented,
for example, in Ref. [21]. When the atoms or molecules
react to produce other particles or change their internal
state s, their translational energy becomes much larger
than Vz so they are no longer confined. At infinite inter-
particle separation, the interaction potential V vanishes,
and Eq. (15) can be written as a sum of Eq. (1) and a
Hamiltonian describing the motion along the z coordi-
nate. The total wave function should now be expanded in
a basis of product states Fs;
�x; y; z� s. For the initial
channel s, the function Fs;
�x; y; z� can be represented as
Rsm����m�����z�, where ��z� describes the harmonic
motion of the particles along z, and Rsm��� can be ex-
pressed as a superposition of the functions defined in
Eq. (3). For all other channels s0 � s, the functions
Fs0;
�x; y; z� � Fs0lm�R�Ylm�R̂�, where R is the center-of-
mass separation between the colliding particles and Ylm are
spherical harmonics. The functions Fs0lml

can be written as
superpositions of spherical Hankel functions. They are
properly normalized and correspond to Wigner’s functions
Es0;lm [16]. For elastic scattering, we have to consider only
the initial channel and Eq. (5) applies, leading to the result
(9). For reactive scattering, Eq. (10) must be modified to
include js0lm0 and ��q� R��1�sm;s0lm0 expressed in terms of
the functions Fs0lm0 at infinite interatomic separation. This
modification, however, does not change the energy depen-
dence of the cross section (13) determined by jsm and the

leading term in the expansion of ��q� R��1�sm;s0lm0 from
Eqs. (3). The results (9), (13), and (14) thus apply to
scattering in quasi-2D geometry accompanied with loss
of confinement.

In order to verify the validity of the threshold laws for
collisions in 2D, we solved the coupled equations (2) for a
collisions system of Li and Cs atoms in a magnetic field of
100 G numerically. Figure 1 presents the computed cross
sections for elastic scattering and inelastic Zeeman relaxa-
tion in s-wave and p-wave collisions and the spin-
depolarization s-wave to d-wave transition induced by
the 1=�3 magnetic dipole-dipole interaction at zero mag-
netic field. The results follow the predicted behavior with
small deviations for s-wave scattering. We found that the
accurate representation of the s-wave cross sections (dia-
monds and squares) requires the addition of constant terms
in the denominator as in Eq. (6) from Ref. [11], even at
extremely low collision energies. Eq. (6) of Ref. [11]
should therefore be used for the analysis of future experi-
mental data on s-wave collisions in 2D.

Equations (9) and (11) demonstrate that s-wave colli-
sions of ultracold molecules in a 2D gas accompanied by
angular momentum change are suppressed by a factor
k2jmj
s . Typical temperatures of ultracold gases are about

10�7 K [1] so collisions involving transitions to m � 1
channels should be several orders of magnitude less prob-
able than collisions conserving m. Certain collision pro-
cesses are, however, forbidden unless the angular
momentum of the collision complex changes. Consider,
for example, s-wave collisions of spin-1=2 2� molecules in
the rotationally ground state. In the presence of a magnetic
field, molecular energy states split into Zeeman sublevels.
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FIG. 1 (color online). Threshold dependence of cross sections
for collisions of Li and Cs atoms in 2D: diamonds—s-wave
elastic collisions; squares—s-wave inelastic collisions; triangles
up—p-wave inelastic collisions; triangles down—p-wave elas-
tic collisions; circles—s-to-d-wave transition. Symbols—nu-
merical calculations; lines—analytical forms. The initial states
are mfLi

� �2 and mfCs
� 2; the s-to-d-wave transition is

calculated for the maximally stretched states.
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We assume that magnetic field is weak so that the release of
Zeeman energy into the translational motion of the mole-
cules does not result in loss of molecules from the 2D
confinement. If the magnetic field axis is directed along the
z axis, i.e., perpendicularly to the confinement plane, col-
lisions may change the population of the Zeeman levels,
only if they change the angular momentum m of the
collision complex. This follows from the conservation of
the total angular momentum projection on the quantization
axis. Before the collision, the projection of the total elec-
tron spin of the combined system on the z axis is 1 and after
the collision it is �1 so m must change from 0 to 2.
According to Eqs. (9) and (11) and Fig. 1, such a process
at zero magnetic field is strongly suppressed. The threshold
laws for transitions changing energy are modified
[cf. Eq. (13)]; however, the limiting zero-field value deter-
mines the absolute magnitude of the cross section in weak
fields [22], and Eqs. (9) and (11) and Fig. 1 indicate that
collisional spin relaxation of ultracold molecules initially
in a maximum spin state will be strongly suppressed. This
suppression of collisional energy transfer in 3D has been
observed by Volpi and Bohn [22].

The symmetry of the problem changes dramatically, if
the magnetic field axis is rotated with respect to the con-
finement plane normal. The interaction potential matrix
that drives spin-depolarization transitions remains diago-
nal in the total angular momentum projection [21]. The
electron spin is, however, no longer projected on the quan-
tization axis. The Zeeman states become superpositions of
different projection states in the coordinate system defined
by the confinement and transitions from the maximally
stretched Zeeman state no longer have to change the orbital
angular momentum m. We conclude that Zeeman transi-
tions in collisions of molecules or atoms in states with
maximum spin projections on the magnetic field axis must
be suppressed if the magnetic field axis is perpendicular to
the plane of confinement and enhanced if the magnetic
field axis is directed at a nonzero angle with respect to the
confinement plane normal.

In conclusion, we have presented an analysis of elastic
and inelastic collisions of ultracold atoms or molecules
confined in 2D and quasi-2D geometries in the limit of
s-wave scattering as well as in scattering states with non-
zero angular momenta. Our derivation and numerical cal-
culations demonstrate that ultracold collisions accom-
panied with changes of angular momentum m in 2D will
be suppressed by the same factor as in 3D. This has im-
portant consequences for angular momentum transfer in
2D collisions of ultracold atoms or molecules. For ex-
ample, this indicates that Zeeman or Stark transitions in
collisions of atoms or molecules in maximally stretched
states will be suppressed at low external fields as in 3D
collisions, if the external field is oriented perpendicularly

to the plane of confinement. The symmetry of the collision
problem in 2D may, however, be broken by titling the
external field axis with respect to the confinement plane
normal, which should result in dramatic enhancement of
angular momentum transfer at ultralow collision energies.
In 3D, the cross section for elastic collisions in the limit of
s-wave scattering is independent of the collision energy
and the s-wave cross section for inelastic energy transfer is
inversely proportional to the collision velocity. Our work
shows that the cross sections for inelastic s-wave collisions
have the same energy dependence in 2D and quasi-2D
gases. This indicates that ultracold chemical reactions
and inelastic collisions may be suppressed in a quasi-2D
gas. The confinement does not change the energy depen-
dence of inelastic collisions for scattering in states of
nonzero partial waves.
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