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Abstract

Padé approximants are used to represent the total correlation functional EX p} and its kinetic-energy component T p],
where the parameter A is the electron—electron interaction coupling constant within the adiabatic connection formalism. The
exact relations between EX p]and T p] are employed to generate the associated T.*[ p] functional from its parent EX{ p]
functional. Numerical results (with A = 1) on the first 18 neutral atoms confirm the soundness of this procedure. It is proved
that no local representations of these functionals can be exact for the nonuniform electron gas. However, it is still useful to
design local functionals that are as accurate as possible.

1. Introduction whose kinetic-energy component T\[ p] and poten-
tial-energy component V[ p] are
Based on density scaling, coordinate scaling, ho- T p]l= (WNFWAY — (WA= F[rr=0)

mogeneity, and locality properties of density func- . .

tionals, several studies on the correlation-energy den- VAL p] = PV W) = (PA0V 0 2=0 0 (2)
sity functional E,[ p] and its kinetic-energy compo- Here, the antisymmetric N-electron wavefunction ¥ *
nent T,[ p] have been recently undertaken [1] '[2] * generates an N-representable electron density p(r)
[3]. Within the adiabatic connection formalism (see, and minimizes the generalized Hohenberg—Kohn
e.g. [5]), the correlation functional E p] is com- functional (¥ |T + AV, |¥) for a specific inter-elec-
monly defined as [6] tron interaction coupling constant A (which must be
EX p] = (1/0T p]+ VAL p]. (1) is::e:::;?clmt; 1 for real systems with a full Coulomb

It has been shown that if £2[ p] can be expanded
as a full Taylor series in powers of A, in the vicinity
of A=01[13,738],

"In this paper (according to the authors), the 4-term fitted EA[ P] = Z iA [p])\n (3)
results should be interpreted as assuming all species are in a large ¢ nt " ’

n=1
box of finite volume. The same for the 4-term results in Ref. [2).

For more discussion on this matter, see Ref. [3]. then, the A,[p] are homogeneous functionals of
? In this paper, according to Ref. [4] the value of the parameter degree (1 — n) in coordinate scaling [1,9]

x of Eq. (12) should be 2.8350, instead of 1.0910. Some of their o len

results might be affected by this error. An[ pv] =7 An[ P]’ (4)
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where the uniformly scaled density is defined as
[6,10]

p(r)=vyp(yr). (5)

The corresponding Taylor series expansion for 7,)[ p]
is [11,

x

1
T pl= X ——Ale]X"". (6)
n=1 (n - 1)'
Under an assumption of locality, the A,[p] are
homogeneous functionals of degree (4—n)/3 in
density scaling [1],

54, p]> 4—n

() | - Alpl (7)

3
Consequently [1], EN p] and T p] are combina-
tions of local functionals homogeneous in p(r) of
degrees: 1,2/3,1/3,0, —1/3, ---,

4—n

BLel= £ a(p(n) " ¥ ®)

n=1

(p(r)

4-n

Rlol= £ (- fon T @)

n=1

where {a,} are undetermined expansion coefficients
and { p(r)*) are simple integrals of p(r)*. Numeri-
cal results for atomic and molecular species based on
the first three terms in the local Taylor series expan-
sion are encouraging [1,2], albeit the Kohn—Sham
(KS) correlation potential [11]

OE,
o () - 22421 (10)
dp(r)
derived from Eq. (8) diverges asymptotically [3],
lim v (r)| =, (11)

for E [ p] expansions of any finite length longer than
1.

In an effort to diffuse this divergence problem of
the Taylor series expansion of EX p] in terms of
local homogeneous functionals, Wang et al. [3] intro-
duced general Laurent series expansions in powers
of A centered at A =0,

BN p]= LB, pIN. (12)

and
T pl= _Z(—n)Bn[p])t"“, (13)

where the B,[ p] possess the same scaling properties
as the A,[ p] displayed in Eqs. (4) and (7) under the
same conditions [3]. If the B,[p] are local, the
correct long-range behavior of v (r) [12,13] requires
a complete truncation of the positive terms (the
Taylor-like series), and the final surviving Laurent
series are combinations of local functionals homoge-
neous in p(r) of degrees: 4/3, 5/3,2,7/3, ---
(3],

Blp1= Talplr= T Cloh (14

4] x
M pl= _Z(—n)Bn[p]/\"+l = Z_Z nC,[pIX ™",
(15)
where
Cn[p]=3—n[p]=cn<p(r) ? > (16)

and {c,} are undetermined coefficients. With this
new truncated Laurent series, the short-range and
long-range properties of v (r) appear to be better
represented than by the Taylor series expansion in
Egq. (8). Although there are no clear indications as to
when such Laurent series are going to terminate and
as to how fast they converge, numerical results (with
only the first few terms of the truncated Laurent
series) on the first-eighteen neutral atoms are quite
satisfactory [3].

The Taylor series and the Laurent series are not
free of other difficulties [1,3]. For example, the
Taylor series expansion as shown in Eq. (8) does not
satisfy the low-y limit coordinate scaling conditions
[10], such as

lint) y~'E[ p,] = finite, (mn
Y

while interestingly, the truncated Laurent series ex-
pansion as shown in Eq. (14) does not agree with the
high-y limit coordinate scaling properties [10], in-
cluding

lim E[p,]> ~<. (18)
Y%
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The complementary scaling properties satisfied by
the Taylor series, Eq. (8), and the truncated Laurent
series, Eq. (14), argue for a general attractiveness of
the full Laurent series expansions, Egs. (12) and (13)
[3]. However, this contradicts the necessity of com-
pletely deleting the Taylor-like component from the
full Laurent series. In addition, the truncated Laurent
series, Eqs. (14) and (15), cannot recover their de-
fined null value at A =0[12,13): E}=%=T*=%=0.

In order to reconcile the various inconsistencies
mentioned above, Padé approximants [14] may be
used to re-express all the series. In consequence, the
Taylor series expansion and the truncated Laurent
series expansion become the high-density limit and
the low-density limit, respectively, of the functionals
defined with Padé approximants. More importantly,
the coordinate scaling properties of the low-y limit
and the high-y limit [10] can be both satisfied,
without either sacrificing the correct asymptotic be-
havior of v (r) or missing the defined null value at
A=0.

2. Theoretical formulation

For the sake of later use, one defines two new
variables

B(r)=p(r)?, x=B(r)/\, (19)
-and Padé approximants [14]
1+b,x+b,x*+ -+ +b x*

PX=[Kk,M]=
=l ] l+cx+c,x?+ - 4+ x™
K
Y b x*
k=0
= (20)
Y ¢, x"
m=0
Here, {b,, ---, by, ¢|, ~--, ¢} are coefficients

yet to be determined, and both of the denominator
and the numerator are polynomials of ascending
power series. Then, a straightforward but laborious
derivation [15] reveals that correlation-energy den-
sity functionals E} p] from the general Padé ap-
proximants P,

EN p]= —a{ B*PL), (21)

Table 1

Restrictions on the highest power of the numerator (K) and the
highest power of the denominator (M) of the Padé approximants
defined in Eq. (20).

Desired condition

Restriction on {K,M}

liinOE?[ pl=0 any {K,M}
pITOE*[ pl=0 any (K, M}
pli_x:anc"[ pl= finite( < 0) K>M-4
plilnxTc*[ p] = finite( > 0) K>M-4
plimouc‘(r) =0 any {K,M)
plim v2(r) = cons. K=M-1
Ef"[ pl=0 K<M

T2 pl=0 K<M+1
IEan?[ p,]= cons. K=M-1
;verall K=M-1

? See for example, Refs. [10], [12] and [13].

where {a} is a positive coefficient, are legitimate
solutions of the exact integro-differential relation for
EX pll6]

SE}
—<p(r)|("V)——°[—p]>,

dEN p]
dA Sp(r)
(22)

B pl=2

within a locality assumption. However, according to
further analysis, K has to be (M — 1) in order to
meet all the preconditions displayed in Table 1.

With a little more manipulation, one can readily
show that the defined representation,

E} pl=—al(B*Py ™", (23)

does indeed reproduce the Taylor series, Eq. (8), at
the high-density limit, and the truncated Laurent
series, Eq. (14), at the low-density limit. Except for
the case of M =1, Eq. (23) yields the full Laurent
series, Eq. (12), for intermediate density.

A direct utilization of the exact relation between
EX pland TN p][1.16],

4B p] _ dEX[ p]
daA d(1/x)

[ p]= -2 (24)
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yields a corresponding equation for T pl:

M-t M
ol =a B[( T ¥ mb)
k=0 m=1

- (Mil % kbkcmx“"“‘)]

k=1 m=0
-1

X ( % cmx"‘) , (25)
m=0

which stems from the Padé approximant P74}~ ".
The same result can also be achieved by using the
coordinate scaling relation

E p, ]
L e

which is the generalized version (for arbitrary posi-
tive A values) of the original Levy—Perdew equation
(with A = 1) [6].

T pl= —AE[p]+ A

3. Results and discussion

The effectiveness of the local functionals with
Padé approximants may be tested with M =1 and 2.
The simplest functionals of the form shown in Eqgs.
(23) and (25) are the Wigner-type correlation func-
tional [17-20] % and its associated kinetic-energy
correlation functional:

1
] (et B )

1 >
(1 +bx)2 -
(28)

Tc)‘[ p]Wigner = TCA[ p][o‘” = ab<ﬂ5

Increasing M by 1, one obtains the general P,
representations:
1+dx

, (29)

E} = —a{B*——
Lol a<B 1 + bx + cx?

*The conventional E, values of eight closed shell atomic
systems (He, Li*, Be?*, Be, BY, Ne, Mg, and Ar) are from Ref.
[21).

R | (b—d) +2cx+cdx’?
TNelia=alB . (30)

(1 +bx+cx2)2

Here, {a, b, ¢, d} are undetermined coefficients. If
the integrands and — v (r) are assumed to be every-
where positive and continuous, it is necessary for all
the coefficients and (b—d) to be positive.

For the sake of comparison, the Taylor series
expansions, Egs. (8) and (9), with the first three
terms [1,2]

3
Ec[P]TaylorE Z An[P]
n=1
=a(B>)+b{B*+c(B), (31)
3
Tc[F’]TaylorE Z (_")An[P]= —a{B?)

n=1

—2b(B?) —3c(B), (32)

have been reparameterized, and the truncated Lau-
rent series expansions, Egs. (14) and (15) [3], with
the first five terms

Ec[ p]Laurem
4
= Y. Clpl=alp*)
n=0

+b(B>)+ (B +d(B7) +e(B?),
(33)

4
Tc[ p]Laurent = Z ncn[ P]= b< 35>
n=0

+2c{B®) +3d(B7) +4e{B?),
(34)

are presented. Here, {a, b, ¢, d, ¢} are undetermined
coefficients.

Least-square fitting is employed to determine the
coefficients. The data for the conventional E_ of the
first eighteen atoms were taken from the latest ab
initio calculation by Chakravorty and Davidson [22];
for the Density Functional Theory (DFT) E_, from a
recent optimized-effective-potential (OEP) calcula-
tion by Grabo and Gross [23]; and for T, from
Morrison and Zhao [24]. Due to its peculiar value,
the T, value for Ar was excluded from the T, data
set used in the fitting. These data are enumerated in
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Table 2

Least-square-fitted coefficients *°

(Scheme)r, . a b d e

CES ) tayior -0.5966 % 10" 0.1781 x 10! -0.5722% 107

E2" ) tayior —0.6105 X 107! 0.1837 X 10™! -0.6123x 1073

(E, + T)rapior -0.5210x 107! 0.1106 X 107! —0.3181 x 1073

(E) L aurent -0.4433x 107! 0.1942x 107! ~0.6094 X 1072 0.8179 X 1073 -0.3531 x 1074
(CEP" ) suremt —0.3615x 107! 0.7976 X 107 ? —0.2129% 1072 0.3295Xx 1073 —0.1591 x 1074
(E. + T) L puwrem —-0.6398 X 107! 0.2348 % 10" ~0.3018 X 1077 0.1507 x 1073 -0.2720% 107°
(EE) wigner 0.5406 x 107! 0.6200

(EX M wigner 0.4762 X 107! 0.4580

(Ec + T)wigner 0.1010 1.6559

(EE" )1 0.6228 X 10! 1.2944 0.2047 0.3342

(E2")1 0.4717x 10" 0.6041 0.7636 X 10 0.1638

(E.+ Ty 0.1659 3.9971 0.3224x 1073 0.8854 x 107!

* All values in atomic units. £ — n indicates a number to be multiplied by 107",
® See text for functional forms in terms of the parameters {a, b, ¢, d, €}.

Tables 4-6. Densities were taken as the accurate
RHF results of Clementi and Roetti [4].

Three types of least-square fitting have been per-
formed for these two data sets. The E" and EPFT
schemes fit all the above E.[p] formulas to the
conventional E_ data set and the DFT E_ data set,
respectively; and the (E, + T,) scheme simultane-
ously fits these E[pl and T[ p] formulas to the
DFT E, data set and the T, data set. Results are
collected in Tables 2—6: Table 2 displays the fitted
coefficients, Table 3 compares the various
parametrizations of the E.[ plyign., functional [17-
20] and Tables 4-6 exhibit the fitted E, and 7,
values. Table 2 shows that with some minor devia-
tions in the expansion coefficients, the reparameter-
ized 3-term Taylor series expansions are essentially

the same as before [1,2]. Figs. 1 and 2 depict the
results from the functionals with the Padé approxi-
mant P,.

The first impression on viewing Tables 4 and 5 is
the closeness of the DFT E_ data and the conven-
tional E_ data, whose differences are less than 0.023
E,, despite the distinction in their definitions. Conse-
quently, the fitted E°" and EPFT data are also quite
similar. However, a close scrutiny of the mean abso-
lute deviations reveals that the EPFT scheme per-
forms much better than the EZ°" scheme, except for
the case with the Taylor series expansion. This is
more likely due to the inner coherence between the
definition of the DFT E, and its data [23], although
the conventional E_ data by Chakravorty and David-
son are much more reliable [22] and numerically

Table 3

Different parametrizations of the Wigner-type £, functional ab

Parameter Wigner ¢ McWeeny ¢ Brual-Rothstein Sille~Nagy * CEP™ )y igner CES ) wigner
a 0.7093 0.3394 0.04665 0.04398 0.04762 0.05406

b 12.5735 3.2763 0.4576 0.3527 0.4580 0.6200

# All values in atomic units.

® All the different formulas are brought into the same form as Eq. (27), in terms of the parameters {a, b).

¢ From Ref. [17].
4 From Ref, [18].
¢ From Ref. [19].
& From Ref. [20].
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Fig. 1. Least-square-fitted (EP"T), ) results (solid line) for the
DFT E, data set (O) for the first two-row neutral atoms.

close to the former ones. Therefore, the results of the
(E, + T.) scheme will be reported here only for the
DFT E_ data set.

Also from Tables 4-6, one sees that the Taylor
series expansions, Egs. (31) and (32), and the trun-
cated Laurent series expansions, Egs. (33) and (34),
are the poorest and the best, respectively, among the
four types of local functionals discussed heretofore.
Even worse, the Taylor series expansions do not

0.75

0.50

0.25

0.00

E and T_(a.u)

-0.25

-0.50

-0.75

4

Fig. 2. Least-square-fitted (E_ + T,), 5 results (solid line) for the
DFT E, and 7, data sets (O) for the first two-row neutral atoms.

predict a smoothly increasing trend in the T, values
as Z becomes larger [1]. For example, the trend of
the 7, values from Li to B, and from Na to Al is
unreasonable. Additionally, the negative T, value for
H is not acceptable. As was found previously [3], the
truncated Laurent series expansion Eq. (34) is an
especially good approximation for the T,[ p] func-
tional, with a mean absolute deviation of only 0.0087
E,.

Table 4

Fitted E, values (via the E" scheme) compared with previous published con-E, data ***

Atom z COI]—EC (Efon )Taylor (Eccorl )Laurem (Eccon)wigner (Eccon )[1,2]
H 1 0.0000 —0.0047 -0.0110 —-0.0129 -0.0137
He 2 —0.0420 —0.0490 —0.0398 —0.0449 —0.0459
Li 3 —0.0453 —0.0593 —0.0616 —0.0677 —0.0683
Be 4 —0.0944 —-0.0711 -0.0885 —0.0950 —0.0958
B 5 —0.1248 —0.1118 -0.1213 —0.1268 —0.1280
C 6 —0.1564 —0.1623 —0.1612 —0.1645 —0.1660
N 7 —0.1883 -0.2183 —-0.2074 -0.2076 —0.2090
O 8 —0.2580 —0.2760 —0.2573 -0.2541 —-0.2552
F 9 —0.3248 —0.3349 ~0.3110 —0.3051 —0.3055
Ne 10 -0.3912 —0.3951 -0.3674 ~0.3603 ~0.3596
Na 11 —0.3965 —-0.4143 —0.4054 -0.3975 -0.3962
Mg 12 —0.4394 —0.4252 —0.4424 —0.4370 —0.4356
Al 13 ~0.4706 —0.4574 —0.4766 —0.4767 —0.4754
Si 14 —0.5057 —0.4999 -0.5120 —0.5192 —-0.5183
P 15 —0.5409 —0.5509 —0.5508 —0.5644 —0.5641
S 16 —0.6062 —0.6011 —0.5962 ~0.6111 -0.6113
Cl 17 —0.6683 —0.6600 —0.6549 —~0.6605 —0.6612
Ar 18 -0.7261 -0.7194 —0.7351 —-0.7125 —0.7135
8 0.0117 0.0093 0.0108 0.0110

® All values in E,.
® Con-E, data from Ref. [22].

° 8 denotes the mean absolute deviation from corresponding literature values.
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Table 5

Fitted E, values (via the EXF” scheme) compared with previous published DFT-E, data *>*

Atom z DFT‘EC (ECDFT)Taonr (E?H)Laurem (EcDFT)Wigner (EcDFr)[ 1.2}
H 1 0.0000 —-0.0056 -0.0097 -0.0119 -0.0118
He 2 -0.0416 —0.0502 —-0.0376 —0.0429 —0.0428
Li 3 —0.0509 —0.0648 -0.0610 —0.0661 —0.0660
Be 4 —0.0934 —-0.0748 —0.0896 -0.0935 —-0.0935
B 5 —-0.1289 -0.1157 —-0.1229 —0.1254 —0.1254
C 6 —-0.1608 —-0.1666 -0.1623 —0.1633 -0.1633
N 7 -0.1879 —0.2235 —-0.2074 -0.2069 —-0.2069
(0] 8 —0.2605 —0.2823 —0.2563 —0.2543 -0.2543
F 9 —0.3218 —-0.3424 -0.3099 —0.3068 —0.3068
Ne 10 -0.3757 —0.4038 —-0.3677 —-0.3640 —0.3641
Na 11 —0.4005 —0.4278 —0.4089 ~-0.4042 —0.4043
Mg 12 —0.4523 —0.4374 -0.4497 —0.4463 —0.4465
Al 13 —0.4905 —0.4704 —0.4888 —0.4885 -0.4886
Si 14 —0.5265 —0.5129 —0.5294 -0.5334 —0.5335
P 1§ —0.5594 —0.5643 —-0.5731 -0.5810 —0.5811
S 16 -0.6287 -0.6152 -0.6214 —-0.6302 —-0.6302
Cl 17 —0.6890 —-0.6752 —0.6787 —0.6821 —0.6820
Ar 18 —0.7435 —0.7356 —0.7496 —-0.7367 ~0.7365
é 0.0160 0.0073 0.0079 0.0079

* All values in E,.
® DFT-E, data from Ref. [23].
€ & denotes the mean absolute deviation from corresponding literature values.

Table 6

Fitted £, and T, values (via the (E, + T,) scheme) compared with previous published DFT-E, and 7, data™"°

Atom z DFT'EC 7;: ( Ec )Taylor (7;: )Tay]or ( Ec )Laurcnl (Tc )Laurenl ( Ec)Wigner (Tc )W igner ( Ec )[ 1.2} (Tc )[ 1.2)
H 1 0.0000 0.000 -—0.0158 —0.0021 -00162 0.002i —0.0188  0.0064 -0.0215 0.0110
He 2  -00416 0037 -—-0.0593 0.0247 -0.0578  0.0166 —0.0568  0.0287 —0.0582 0.0371

Li 3 -0.0509 0038 -0.0736 0.0637 —0.0857  0.0377 —0.0803  0.0448 —-0.0814 0.0517
Be 4 -0.0934 0074 -0.0986 0.0388 —0.1159  0.0640 —0.1104  0.0625 -0.1129  0.0707
B 5 —0.1289 0.095 —0.1400 0.0602 -0.1491 0.0929 —0.1459  0.0838 —-0.1492  0.0944
C 6 —0.1608 0.12 —0.1875  0.0935 —0.1880  0.1242 —0.1871  0.1101 —0.1897 0.1226
N 7 -01879 0.15 —0.2382  0.1358 -0.2325 0.1580 -0.2326 0.1413 —0.2333  0.1541

o 8 —02605 0.19 —0.2893  0.1835 —0.2802  0.1932 —0.2798  0.1756 —0.2782  0.1869
F 9 -03218 0.24 —0.3414 0.2324 -0.3329 0.2315 -0.3299 0.2138 —0.3253 0.2216
Ne 10 -0.3757 030 —0.3941  0.2830 -0.3896  0.2734 —0.3822 02553 —-0.3744  0.2579
Na 11 -0.4005 0.31 -0.4132  0.3366 —-0.4218  0.3048 -0.4138  0.2831 —0.4063 0.2781

Mg 12 —-0.4523 0.34 —0.4368 0.3163 —0.4560  0.3313 —0.4499  0.3110 —0.4445 03012
Al 13 —0.4905 035 —0.4716 0.3363 —0.4901 0.3529 —0.4868  0.3387 —0.4839 0.3251

Si 14  —-0.5265 036 -0.5144  0.3584 —0.5282  0.3704 —0.5275  0.3682 -0.5273 0.3522
P 15 -0.5594 041 -0.5623  0.3920 -0.5705  0.3845 —0.5714  0.4000 ~0.5734 03818
S 16 —0.6287 0.39 —-0.6093  0.4272 -0.6157  0.3956 —0.6166  0.4332 —-0.6206 0.4126
Cl 17 —0.6890 0.41 —0.6615  0.4753 ~0.6656  0.4049 —0.6641  0.4688 —0.6697 0.4452
Ar 18 -0.7435 0.21 -0.7139  0.5233 —0.7201 0.4133 -0.7137  0.5067 —0.7205  0.4794
& 0.0197  0.0216 0.0180  0.0087 0.0167  0.0197 0.0162 0.0170

a .
All values in E,.

® DFT-E, data and 7, data from Refs. [23] and [24], respectively. The previous published 7, value of Ar has been excluded from the data

set due to its abnormal value.

¢ & denotes the mean absolute deviation from corresponding literature values.
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1t should also be noted that contrary to the results
of an earlier study [2], the present Wigner-type func-
tionals perform better than the Taylor series expan-
sions, for both of the EX°" and EPFT schemes. This
situation is probably due to the difference in the
fitted parameters [2,20]). An inspection on Table 3
verifies that the present parametrizations of the
Wigner-type functional, especially from the EPFT
scheme, are most compatible with the work of Brual
and Rothstein [19], which is the best [25] among all
the existing ones [17-20].

If one ignores the results from the Taylor series
expansion, Table 5 and Fig. 1 show that the E,
scheme faithfully reproduces the DFT-E_ data with a
mean absolute deviation of less than 0.0080 E, for
the remaining three types of functionals, although for
several atoms (e.g., Li, N, and P), better theoretical
understanding is needed. Compared to the
Ec[ p]Laurent’ both the Ec[ p]Wigner and the Ec[ plll]
perform comfortably well, with somewhat better re-
sults from the latter formula. There will not be much
benefit if the Padé approximants with larger M val-
ues are used to represent E,[ p].

However, as illustrated in Table 6 and Fig. 2, the
quality of fitting (especially the E, values for the
first-row atoms) deteriorates once the T, data set is
included. In addition, as shown in Table 2, when
going from the E_ scheme to the (E, + T,) scheme,
the fitted coefficients exhibit large changes. This is
probably due to the fact that the 7, data set is only
reliable with two significant figures and is less reli-
able for heavier atoms (see the fitted 7, results in
Fig. 2) which dominate the globe minimum search-
ing process [3]. Further studies toward improving the
literature E, and T data sets are needed.

4. Properties of local functionals

Table 1 also shows that the v (r) originating from
Eq. (23) will vanish asymptotically,

lim v (r) =0, (35)

and EX p] and T p] recover their defined value at
A=0. In opposite to an earlier claim [25], besides
holding {25,26] most of the uniform coordinate scal-
ing properties [10], the EN p] defined in Eq. (23)

indeed satisfies few nonuniform coordinate scaling
conditions [27-29], including

lim E.[ pf] =0. (36)
a-0

Here the nonuniformly scaled density is defined as
pa(r)=ap(ax,y,z). (37)

Another important conclusion can be drawn from
Table 1: v (r) will become a constant at high-density
limit (the same for different systems). This is satis-
fied by neither the Taylor series expansion nor the
Laurent series expansion. Moreover, the fact that
v.(r) derived from Eq. (31) or 33 is not single-sig-
ned may cause trouble if one tries to plug it into the
KS effective potential [11] and to solve the KS
equation [11] self-consistently. In contrast, the func-
tionals with Padé approximants will not suffer from
this problem as long as all the coefficients, as listed
in Table 2, are positive.

More interestingly, it can be easily shown [14]
that the truncated Laurent series expansions, Egs.
(14) and (15), and the Taylor series expansions, Eqgs.
(8) and (9), are actual functional expansions [20] (in
terms of homogeneous functionals { 8%x") and
{ B*x™"), respectively) of the local functionals, Eqs.
(23) and (25), with the Padé approximants. The
above-stated arguments imply strongly that a combi-
nation of finite terms of such a homogeneous func-
tional expansion will lose many merits (e.g., the
coordinate scaling properties) of the original inho-
mogeneous functional. For instance, Egs. (14) and
(15) become singular at A =0 [3].

On the other hand, the good performance of these
local functionals with Padé approximants should not
make one over-optimistic about their correctness.
Not long ago, Levy and Ou-Yang [27,28] showed
that the local-density approximation to the E[ p]
functional is independent of the direction of the
nonuniform coordinate scaling in Eq. (37), while the
exact E[ p] functional might not be so in general.
However, as shown in Eq. (36), this statement does
not preclude local functionals satisfying some of the
nonuniform coordinate scaling conditions [29]. The
following general theorem may help settle this issue.

Theorem: For the nonuniform electron gas, the
exact E[ p] functional cannot be a local functional
nor a product [30] of local functionals, if the local
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functional is defined as {f( p)), where f(p) is a
suitable function of p(r), without any explicit de-
pendence on r and the gradients (of any order) of
p(r).

Proof: With the nonuniformly scaled density is
defined as [29]

Pai(r) = aép(ax.éy.z), (38)
one has the identity for the local functional

o _ [f(aép)
Aoy = (122). &
On setting £ to 1/a, one then has an invariant
S patsa ) =<fP)), (40)

for the local functional. Thus, the exact nonuniform
coordinate scaling conditions [29]

lim Ec[ paxly/a]
a—0 [4

5im E[ pit/a]

lim E,[ 27,.]

Il

lim aE[pit,] =0 (4D
will never be satisfied by such a local functional
with the invariance property. Similar conclusions
hold for the product of local functionals [30]. There-
fore, local functionals and the products of local
functionals cannot be exact [QED]. One can further
show that any functional (including product) of the
basic form {f(p, r- Vp)) cannot be the correct
E[ p] functional either. Here, the function f(p,
r- Vp) does not contain higher-order gradients of
p(r).

Of course, the exactness of the local-density ap-
proximation for the uniform electron gas is well
known [12,13]. The high- and low-density limits for
this system [31] cannot be correctly described by
Egs. (21) and (23), and the exact E, and 7, data of
the uniform electron gas were also extracted from
local and gradient-corrected density functionals [32].

Nonetheless, one should not be too pessimistic
about the performance of the local functionals. Even
though local functionals can never be exact for the
nonuniform electron gas, they can be designed to be
quite accurate as shown by this work and previous
works [1-3,30,33-35]. There is a good feeling about
the simplicity of the functional forms proposed in

this work, and they can serve as the seeds to generate
more accurate and rational nonlocal functionals
[25,26,34,36]. Based upon past experience [2,35], it
is reasonable to hope that such functionals will yield
satisfactory results in molecular applications.
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The following corrections to the above-mentioned article have to be made:

(1) On page 76, in footnote 2, ‘‘Ref. [4]"’ should read ‘‘Ref. [20]".

(2) On page 79, footnote 3 is only directed to Ref. [20], not for Refs. [17-20] as published.

(3) On page 80, in footnote a of Table 2, ‘‘E — n indicates a number to be multiplied by 10™""" should be
eliminated, since the numbers are already in this format in the final publication.

(4) On page 83, in the 6th line after Eq. (37), ‘‘Eq. (31) or 33"’ should read ‘‘Eg. (31) or (33)"".

(5) On page 83, in the 16th line after Eq. (37), <“[20]’ should be “‘[30]"".

(6) Some references can be updated:
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