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Local density approximation �LDA�, several popular general gradient approximation �GGA�, hybrid
module based density functional theoretical methods: SVWN, BLYP, PBE, HCTH, B3LYP,
PBE1PBE, B1LYP, and BHandHLYP, and some nonstandard hybrid methods are applied in
geometry prediction for C60 and C70. HCTH with 3-21G basis set is found to be one of the best
methods for fullerene structural prediction. In the predictions of relative stability of C50 isomers,
PM3 is an efficient method in the first step for sorting out the most stable isomers. HCTH with
3-21G predicts very good geometries for C50, similar to the performance of B3LYP/6−31G�d�. The
gap between the highest occupied molecular orbital and the lowest unoccupied molecular orbital
from the predictions of all the density functional theory methods has the following descending
order: Egap�half-and-half hybrid��Egap�B3LYP��Egap�HCTH��GGA��Egap�SVWN��LDA�.
© 2006 American Institute of Physics. �DOI: 10.1063/1.2335436�
I. INTRODUCTION

Since the discovery1 of the first fullerene member, C60,
studies on fullerenes have grown rapidly into an exciting
interdisciplinary field, attracting attentions from physics,2

chemistry,3 materials science,4,5 and biology.6,7 Detailed
studies on the electronic structure of fullerenes8,9 certainly
help us to understand the physicochemical properties of
fullerenes and to facilitate experimental identification of new
fullerene compounds.10–12 Efficient and reliable electronic
structure methods are prerequisite for accurate predictions of
the structures of fullerenes. Since the number of fullerene
isomers increases drastically with the increases of the size of
fullerene,8 the most sophisticated and accurate theories �e.g.,
coupled cluster� are far beyond the affordability for the stud-
ies of fullerenes even with the rapid growth of computing
resources. To search for suitable methods to study fullerenes,
we perform benchmark calculations with some density func-
tional theory �DFT� based methods with minimum and mod-
erate basis sets on C60 and C70 with respect to available
experimental data or other high-level theoretical calculations.

According to the isolated pentagon rule �IPR�,13 the IPR
fullerene isomers are more stable than the non-IPR isomers
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of the same size. Thus far, IPR fullerene isomers with size up
to C100 have been well studied.14 The smallest IPR fullerene
is C60 with Ih symmetry and the next one is C70 with D5h

symmetry. There is no IPR isomer from C62 to C68. Because
of the large number of isomers consisting of only hexagons
and pentagons, a few studies have been carried out on
fullerenes from C62 to C68 and from C52 to C58. We perform
extensive studies on the relative stability of C50 within DFT
to search efficient and reliable methods for structural and
relative stability characterizations particularly for fullerenes
from C52 to C68, ahead of their experimental identification.

As the fullerene size gets bigger, the factors controlling
the relative stability of fullerene isomers, such as steric effect
and � electron conjugation, change. Thus, theoretical meth-
ods suitable for small carbon clusters or small fullerenes may
not be applicable to large fullerenes. There are several inves-
tigations to evaluate the methods used in fullerene
characterization.15 However, no study has focused on the ac-
curacy of the prediction on the relative stability of the
fullerene isomers of the same size and the geometric effect
on the prediction of relative stability of fullerence isomers.
Because of their similar sizes and the non-IPR nature of the
fullerenes from C50 to C68 and the relatively small number of
isomers of C50, C50 is chosen as the first test system for the

studies of fullerenes from C50 to C68. Because C60 and C70
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are the two most abundant fullerenes whose experimental
structures are readily available,16–19 we thus use the experi-
mental geometries of C60 and C70 to benchmark the perfor-
mance of some DFT methods.

II. COMPUTATIONAL DETAILS

Because of the favorable computational scaling factor
��N3, for the system size N� and predictive accuracy of the
generalized gradient approximation �GGA� based DFT
methods,20–22 we concentrate our efforts on the most popular
GGA based DFT methods: BLYP,23,24 PBE,25 and HCTH,22

for geometry optimization. Though the higher formal scaling
factor ��N4, because of the exact exchange� makes the hy-
brid DFT methods unfavorable for large systems, the hybrid
DFT methods are the proper choices for thermochemistry
and geometry predictions.21,26 We apply the hybrid DFT
methods: B3LYP,26 PBE1PBE,27 B1LYP,28 and
BHandHLYP,29 and some nonstandard hybrid methods with
varied weights for the exact exchange and the GGA ex-
change in the geometry and relative energy predictions for
C60 and C70. In the nonstandard hybrid methods, three sets of
modules are employed: BHxLYP, BHxB95, and PBEHxPBE,
where Hx stands for the exact exchange with weight x
�1−x is the weight for the GGA exchange�. The HCTH
�HCTH-407� �Ref. 22� method was fitted with 407 sets of
data including thermochemistry and geometry gradients and
has comparable performance to B3LYP in thermochemistry
and structure prediction.22 Due to its efficiency, local density
approximation �LDA�, SVWN,30,31 is also applied to C60,
C70, and C50 for geometry optimization.

The geometries of the 271 isomers of C50 consisting of
only pentagons and hexagons are optimized with the semi-
empirical PM3 �Ref. 32� method and further refined with
SVWN with the STO-3G basis set. The geometries of the
first 40 most stable isomers from single-point B3LYP/6-
31G�d� calculations are further optimized with HCTH/3-21G
and B3LYP/6-31G�d�. HCTH/3-21G is chosen in geometry
optimization for C50 due to its good performance in the ge-
ometry optimization for C60 and C70. BHandHLYP,
BHandHB95, and PBEHandHPBE, in which the half-and-
half model was applied, and B3LYP with 6-31G�d� single-
point energy calculations are carried out for the first 40 most
stable isomers with the HCTH/3-21G geometries. Single-
point energy calculations are further carried out with
B3LYP/6-31G�d� based on the B3LYP/6-31G�d� geom-
etries for the first 40 most stable C50 isomers. With the 6-
311G�d� basis set, we refine the relative energies of the first
three most stable C50 isomers and explore the convergence of
relative energy with respect to the convergence of the den-
sity. GAUSSIAN 03 quantum chemical package33 is employed
for all these calculations.

Recent studies indicated that density functional tight
binding method performs well in structure and relative en-
ergy characterizations of fullerenes without outperforming
DFT methods.34 We hence mainly focus on DFT and some

semiempirical methods for fullerene studies in this study.
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III. RESULTS AND DISCUSSIONS

A. Geometry predictions for C60 and C70

As the molecular size of fullerene gets big, the balance
between accuracy and efficiency becomes important in
fullerene modeling. We apply four different basis sets, STO-
3G, 3-21G, 6-31G, and 6-31G�d�, in the geometry optimiza-
tions for C60 and C70. The optimized bond distances are
listed in Table I. The deviation ��r� and the relative devia-
tion ���r� of the predicted bond distances from their experi-
mental values are calculated through

�r =
�ini�ri

expt − ri�
�ini

�1�

and

��r =
�ini�ri

expt−ri�/ri
expt

�ini
, �2�

respectively, where ni is the number of identical bond dis-
tance ri and ri

exp is the corresponding experimental bond dis-
tance.

The best prediction for bond distances of C60 and C70 is
not from the biggest basis set used, 6-31G�d�, but from
3-21G for those methods listed in Table I. The best perfor-
mance of 3-21G with various DFT methods indicates that the
good performance of 3-21G with DFT methods is general,
although this is accredited to fortuitous error cancellation
from exchange-correlation functional and basis set. Bond
distances predicted with STO-3G have the largest error
among the data collected. The improvement in geometry pre-
diction from STO-3G to 3-21G is conspicuous and signifi-
cant. Further addition of contracted functions from 3-21G to
6-31G does not necessarily improve the quality of geometry
prediction. Similarly, inclusion of polarization functions
from 6-31G to 6-31G�d� does not improve the accuracy
much.

Methods converge with respect to basis set differently:
geometry predictions with B3LYP, BLYP, PBE, and HCTH
are drastically improved from STO-3G to split valence basis
sets, while SVWN and PBE1PBE predict fairly good geom-
etries for C60 and C70 even with STO-3G. In terms of com-
putational efficiency and accuracy, 3-21G is the best basis set
with present DFT methods to predict geometries of
fullerenes. Among all the methods used, B3LYP/3-21G pre-
dicts the overall best geometries for C60 and C70, followed by
HCTH/3-21G and PBE1PBE/3-21G. The favorable compu-
tation scaling factor of the GGA ��N3� over the hybrid
method with the exact exchange ��N4� makes HCTH/3-21G
the best choice to predict geometries of fullerene. The aver-
age bond distance deviations for C70 and C60 within HCTH/
3-21G are 0.012 and 0.002 Å, respectively. However, the
maximum bond distance deviation from experiment for C70

predicted by HCTH/3-21G is large: 0.070 Å for the equato-
rial bond re-e.

SVWN, especially with STO-3G, performs surprisingly
well on the bond distance prediction for C60 and C70.

SVWN/STO-3G predicts the second best geometry among
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all the methods with STO-3G. Nonetheless, general applica-
tion of SVWN/STO-3G in fullerene geometry optimization
needs further verification. The predicted bond distances from
STO-3G with other GGA and hybrid methods, except for
PBE1PBE, have large deviations from experiment. The over-
all performance of SVWN on geometry prediction for C60

and C70 is slightly inferior �but comparable� to PBE1PBE
and much superior to BLYP. In terms of computational effi-
ciency and reliability �especially the former�, SVWN/
STO-3G �or better with 3-21G� should be the first choice for
large fullerene modeling.

Amazingly, PM3 performs extremely well on the geom-
etry prediction for C60 and C70 among all the methods em-

TABLE I. Bond distances �for each method, the four rows of bond dista
31G�d� basis sets, respectively� bond distance deviations ��r�, and relative b
for C60 and C70 calculated by various density functional theory based met
calculated with B3LYP/6-31G�d� for each optimized geometry and B3LY
energy is in kcal/mol. The density converges to 10−8 in the energy calculati

Methods

C70

ra-a ra-b rb-c rb-c rc-d rd-d rd-e

1.477 1.415 1.472 1.405 1.476 1.452 1.441
B3LYP 1.459 1.392 1.455 1.383 1.456 1.436 1.419

1.459 1.399 1.454 1.390 1.456 1.439 1.424
1.452 1.397 1.448 1.389 1.450 1.434 1.421

1.489 1.431 1.484 1.423 1.485 1.469 1.455
BLYP 1.469 1.406 1.466 1.398 1.464 1.452 1.431

1.469 1.412 1.465 1.405 1.464 1.454 1.436
1.462 1.410 1.459 1.403 1.457 1.449 1.432

1.478 1.423 1.474 1.415 1.474 1.460 1.446
PBE 1.464 1.403 1.460 1.395 1.459 1.447 1.427

1.463 1.408 1.459 1.401 1.457 1.448 1.431
1.456 1.406 1.452 1.399 1.451 1.443 1.427

1.467 1.406 1.462 1.396 1.466 1.442 1.432
PBE1PBE 1.454 1.389 1.450 1.380 1.452 1.432 1.415

1.453 1.395 1.448 1.386 1.450 1.433 1.419
1.446 1.392 1.442 1.384 1.444 1.428 1.416

1.470 1.417 1.466 1.410 1.466 1.452 1.440
HCTH 1.455 1.395 1.451 1.388 1.450 1.437 1.419

1.454 1.401 1.450 1.394 1.449 1.439 1.423
1.446 1.398 1.443 1.392 1.442 1.433 1.420

1.464 1.410 1.460 1.403 1.460 1.447 1.433
SVWN 1.449 1.390 1.445 1.383 1.444 1.433 1.414

1.448 1.396 1.444 1.389 1.443 1.435 1.417
1.441 1.394 1.438 1.387 1.437 1.429 1.414

B1LYP 1.452 1.396 1.448 1.387 1.449 1.433 1.420
BH30LYPa 1.449 1.393 1.446 1.384 1.448 1.430 1.418
BH35LYPb 1.448 1.390 1.444 1.381 1.447 1.427 1.415
BH40LYPb 1.446 1.388 1.442 1.378 1.446 1.425 1.413
BH45LYP 1.444 1.385 1.440 1.375 1.444 1.422 1.411
BHandHLYP 1.442 1.383 1.438 1.373 1.443 1.419 1.409
PM3 1.457 1.386 1.453 1.374 1.463 1.426 1.412
Exptb 1.461 1.388 1.453 1.386 1.468 1.425 1.405

aThe subscript between “BH” and “LYP” is the weight of the exact exchang
as explained in the text. The basis set employed is 6-31G�d�.
bExperimental bond distances of C60 and C70 are from Refs. 16 and 17, res
ployed: it has the smallest average bond distances deviation
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�only 0.008 Å� from experiment for C70,
35–37 and it does

fairly well on geometry prediction for C60 �Refs. 35 and 36�
�with the average bond distance deviation of 0.006 Å�. The
good performance of semiempirical methods, such as PM3,
on fullerene structure prediction is not rare.38,39 The equato-
rial bond distance deviation �0.074 Å� from experiments pre-
dicted by PM3 and other methods is large for C70. However,
one has to bear in mind that there is a large uncertainty in the
gas-phase experiments on the equatorial bond distance of
C70.

17–19 All the predicted equatorial bond distances, on the
other hand, agree very well with the x-ray observation.19

Such large bond distance deviation in the prediction of all the

in descending order are optimized with STO-3G, 3-21G, 6-31G, and 6-
distance deviations ���r� from experiment and total energy variations ��E�
�r and ��r are defined in Eqs. �1� and �2�, respectively. All energies are
31G�d� / /HCTH/3-21G energy is used as reference. Distance is in Å and

C60

e-e �r ��r �E r6-6 r6-5 �r ��r �E

494 0.023 0.016 24.16 1.413 1.478 0.022 0.016 20.80
475 0.010 0.007 0.83 1.391 1.460 0.002 0.001 0.99
477 0.012 0.008 0.93 1.398 1.460 0.006 0.005 1.03
471 0.013 0.009 −0.26 1.395 1.454 0.003 0.002 −0.07

506 0.035 0.024 62.76 1.429 1.490 0.037 0.026 54.22
485 0.017 0.012 10.03 1.404 1.470 0.014 0.010 8.75
487 0.019 0.013 13.53 1.411 1.470 0.018 0.013 12.05
481 0.017 0.012 6.56 1.409 1.464 0.015 0.011 5.77

494 0.026 0.018 33.61 1.422 1.479 0.029 0.020 29.05
478 0.015 0.010 4.52 1.402 1.465 0.011 0.008 3.92
479 0.017 0.012 5.65 1.406 1.464 0.013 0.009 5.28
473 0.016 0.011 1.67 1.405 1.457 0.010 0.007 1.55

483 0.015 0.010 7.66 1.405 1.467 0.013 0.009 6.54
468 0.011 0.007 0.80 1.387 1.455 0.003 0.002 0.86
470 0.012 0.009 −0.13 1.393 1.454 0.002 0.001 0.00
464 0.015 0.010 1.36 1.391 1.448 0.002 0.002 1.33

487 0.020 0.014 17.69 1.416 1.471 0.022 0.016 15.24
468 0.012 0.008 0.00 1.394 1.455 0.002 0.001 0.00
471 0.015 0.010 0.16 1.400 1.455 0.006 0.004 0.27
465 0.017 0.012 0.65 1.397 1.448 0.006 0.004 0.75

478 0.017 0.012 7.44 1.409 1.465 0.015 0.011 6.61
461 0.014 0.009 1.45 1.389 1.450 0.003 0.002 1.11
463 0.016 0.011 0.60 1.395 1.449 0.005 0.003 0.47
457 0.017 0.012 4.03 1.392 1.442 0.005 0.003 3.53

471 0.013 0.009 1.394 1.453 0.003 0.002
469 0.013 0.009 1.408 1.474 0.018 0.013
467 0.013 0.009 1.404 1.472 0.014 0.010
466 0.013 0.009 1.400 1.470 0.011 0.008
464 0.015 0.010 1.397 1.468 0.008 0.006
463 0.016 0.011 1.394 1.466 0.006 0.004
464 0.008 0.005 1.384 1.458 0.006 0.004
538 1.391 1.455

the hybrid method; this notation applies to all nonstandard hybrid methods

ely. The denotation for bond distances of C70 is from Ref. 17.
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reliability of all the methods used for fullerene structure pre-
diction needs further calibrations once more refined experi-
mental data of fullerenes are available.

The role of the exact exchange in geometry prediction
for C60 and C70 can be seen from the improvement in the
optimized geometries from BLYP to B3LYP and from PBE
to PBE1PBE. The most significant improvement by the exact
exchange occurs with STO-3G. Augmentation of the basis
set from STO-3G to 3-21G narrows the performance gap
between the GGA and the hybrid method for geometry pre-
diction. The variation of the weight of the exact exchange in
the hybrid method affects geometry prediction as well. In the
BHxLYP module for the geometry optimizations of C60 and
C70, the weight of the exact exchange x is increased from
0.25 �in B1LYP� to 0.50 �in BHandHLYP� by a step of 0.05,
resulting in BH30LYP �x=0.30�, BH35LYP �x=0.35�,
BH40LYP �x=0.40�, and BH45LYP �x=0.45�. Among the
BLYP-based hybrid methods, B1LYP and B3LYP with
6-31G�d� perform the best on the geometry predictions for
C60 and C70. As the weight of the exact exchange increases,
the performance of the hybrid methods on the geometry pre-
diction of C70 deteriorates.

The bond distance and relative bond distance deviations
are the average and overall geometric indices for the perfor-
mance of the applied methods in geometry prediction. Ge-
ometry deviation from experiment cannot be completely re-
flected through such indices since they do not reveal the
direction of bond distance deviation. The predicted indi-
vidual bond distances can serve as supplementary indices for
this purpose. From the data shown in Table I, all the DFT
methods overall underestimate the bond distances for C60

and C70, and the most conspicuous underestimation is on the
equatorial bond distance re-e �1.538 Å� �Ref. 17� in C70. The
largest deviation from experiment, 0.081 Å, of this bond dis-
tance is from SVWN/6-31G�d�. Another complementary in-
dex for geometry deviation is energy change upon geometric
variation. The relative energy, reflecting the geometric varia-
tion of the optimized geometry from that of HCTH/3-21G, is
crucial in searching for the most stable isomers of a particu-
lar fullerene if many isomers have similar energies. We carry
out single-point calculations with B3LYP/6-31G�d� on the
optimized geometries of C60 and C70 and use the B3LYP/6
-31G�d� / /HCTH/3-21G results as the reference. According
to the relative energy prediction and the average bond dis-
tance deviation from different methods and basis sets �shown
in Table I�, PBE1PBE and SVWN have the best geometry
prediction capacity and the smallest basis set dependency.

B. Geometries and relative stability of C50

C50 has 271 isomers consisting of only hexagons and
pentagons: 195 isomers with C1 symmetry, 37 isomers with
C2 symmetry, 25 isomers with Cs symmetry, 2 isomers with
C3 symmetry, 6 isomers with C2v symmetry, 2 isomers with
D3 symmetry, 1 isomer with C3v symmetry, 1 isomer with
D3h symmetry, and 2 isomers with D5h symmetry. The total
number of C50 isomers is large enough for statistical treat-
ment and small enough for accurate and affordable methods.

The structures and relative stabilities of C50 isomers were

Downloaded 08 Sep 2006 to 137.82.31.244. Redistribution subject to
studied extensively with semiempirical methods and several
most stable isomers were further studied with B3LYP/6-
31G�d�.40 Two isomers with D5h and D3 symmetries are the
most stable isomers of C50: the D3 isomer is 2.0 kcal/mol
more stable than the D5h isomer according to the
B3LYP/6-31G�d� prediction.40 Sphericity was found to be
the controlling factor on the relative stability of C50

isomers.41 It was found that the switch of the highest occu-
pied molecular orbital �HOMO� and the lowest unoccupied
molecular orbital �LUMO� of the electronic wave function of
C50 results in two electronic states with very close total
energies.42

In the present work, we focus on the relative stability
and the HOMO-LUMO gap of C50 isomers. The C50 struc-
tures are constructed with the FULLGEN code.43 The first 40
most stable isomers in energetic order are shown in Fig. 1.
The numeric indices of the C50 isomers follow their order of
appearance in the output file within each distinct symmetry.

1. The relative stability and the HOMO-LUMO
gaps
of C50

The relative energies of all C50 isomers from
SVWN/STO-3G//SVWN/STO-3G, B3LYP/6-31G�d� /
/SVWN/STO-3G, and B3LYP/6-31G�d� / /PM3 are plotted
against the relative energies from PM3//PM3 in Fig. 2�a�.
The relative energies from different methods correlate very
well. Accredited to its computational efficiency, the good
correlation of relative energies from different methods with
that of PM3 assures PM3 as the method of choice for pre-
liminary geometry optimization to sort out the most stable
fullerene isomers. Qualitatively, the geometric effect on the
relative energy prediction is negligible, as verified by the

FIG. 1. Structures of the first 40 most stable C50 isomers.
correlation of the B3LYP/6-31G�d� / /PM3 relative energies
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with the B3LYP/6-31G�d� / /SVWN/STO-3G ones. An ex-
ception is the relative energy for the C2v :001 isomer:
SVWN/STO-3G predicts this isomer to have a much higher
relative energy �about 50 kcal/mol� than the other methods
do, which can be a deficiency in SVWN/STO-3G. The over-
all HOMO-LUMO gap predicted by SVWN/STO-3G is
about 0.8 eV smaller than that from B3LYP/6-31G�d� with
either PM3 or SVWN/STO-3G geometry. The sensitivity of
the HOMO-LUMO gap to fullerene geometry, especially for

FIG. 2. Relative energies and the energy gap between the highest occupied m
of C50 isomers at different levels of theory. B3//PM3, B3//SV,
31G�d� / /SVWN/STO-3G, BHandHLYP/6-31G�d� / /HCTH/3-21G, and B
271 C50 isomers at different levels of theory. PM3 relative energies are predic
predicted by SVWN/STO-3G, B3LYP/6-31G�d� based on the PM3 and SVW
from the SVWN/STO-3G geometries. �c� The relative energies of the first 40
energies are predicted from the B3LYP/6-31G�d� geometries. �d� The HO
B3LYP/6-31G�d� HOMO-LUMO gaps are predicted from the B3LYP/6-3
predicted by B3LYP/6-31G�d� based on geometries from PM3, SVWN/S
−1904.800 000 a.u. B3LYP/6-31G�d� relative energies are predicted from
stable C50 isomers at different levels of theory based on geometries from PM
are predicted from the B3LYP/6-31G�d� geometries. �g� The relative energ
DFT methods with different exchange-correlation functionals based on the H
calculations. �h� The HOMO-LUMO gap of the 40 most stable C50 isome
correlation functionals based on the HCTH/3-21G optimized geometries. Th
fullerenes with small HOMO-LUMO gaps, is stronger

Downloaded 08 Sep 2006 to 137.82.31.244. Redistribution subject to
than that of relative energy to geometry �as shown in Fig.
2�b�: B3LYP/6-31G�d� / /PM3 versus B3LYP/6-
31G�d� / /SVWN/STO-3G� for the isomers with small
HOMO-LUMO gaps. For some C50 isomers with small
HOMO-LUMO gaps, the gap based on the PM3 geometry is
larger than that based on the SVWN/STO-3G geometry in
the single-point B3LYP/6-31G�d� calculations. This varia-
tion in the HOMO-LUMO gap due to geometry change gets
smaller as the HOMO-LUMO gap widens.

ular orbital �HOMO� and the lowest unoccupied molecular orbital �LUMO�
HCTH, and B3//B3 stand for B3LYP/6-31G�d� / /PM3, B3LYP/6-

/6-311G�d� / /B3LYP/6-31G�d�, respectively. �a� Relative energies of the
om the PM3 geometries. �b� The HOMO-LUMO gap of the 271 C50 isomers
TO-3G geometries. The SVWN/STO-3G HOMO-LUMO gaps are predicted
t stable C50 isomers at different levels of theory. B3LYP/6-31G�d� relative
UMO gap of the 40 most stable C50 isomers at different levels of theory.

� geometries. �e� The total energies of the first 40 most stable C50 isomers
G, and HCTH/3-21G. The total energy of each isomer is subtracted by
3LYP/6-31G�d� geometries. �f� The HOMO-LUMO gap of the 40 most

VWN/STO-3G, and HCTH/3-21G. B3LYP/6-31G�d� HOMO-LUMO gaps
f the first 40 most stable C50 isomers predicted by the half-and-half hybrid
/3-21G optimized geometries. The 6-31G�d� basis set is employed for the

dicted by the half-and-half hybrid DFT methods with different exchange-
1G�d� basis set is employed for the calculations.
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B3LYP/6-31G�d� / /SVWN/STO-3G are optimized at the
HCTH/3-21G level of theory, followed by single-point
BHandHLYP, BHandHB95, PBEHandHPBE, and B3LYP
calculations with 6-31G�d�, and further refined with
B3LYP/6-31G�d� based on the B3LYP/6-31G�d�
geometries.44 Due to the good performance of B3LYP/6-
31G�d� on C60, C70, and fullerene related polyarenes,45 the
geometries and the relative energies of these isomers pre-
dicted by B3LYP/6-31G�d� are employed as reference. PM3
predicts smaller relative energies for these C50 isomers, i.e.,
more difficult to sort out the most stable isomers. PM3 pre-
dicts benzenelike D5h :002 as the most stable C50 isomer,
followed by Cs :017, C2 :015, quinoidlike D5h :002, and
D3 :001, and the benzenelike D5h :002 to have much lower
energy than the second most stable one �Cs :017�. The most
stable isomer predicted by DFT �except for the half-and-half
hybrid DFT methods�, on the other hand, is D3 :001, fol-
lowed by D5h :002, Cs :015 and C2 :014. The discrepancy
between the relative energies predicted by PM3 and DFT is
apparent for the first several most stable C50 isomers �see
Fig. 2�c��, and such discrepancy advises caution in interpret-
ing the PM3 relative energies. Thus, semiempirical method,
such as PM3, is not suitable in searching for the most stable
isomer for fullerenes.

The relative energies predicted by DFT methods corre-
late well with one another; even SVWN with minimum basis
set is good enough for qualitative relative stability prediction
for fullerenes. For small fullerenes �smaller than C70�, the
methods employed in the present study are applicable be-
cause the relative energies among isomers are large. How-
ever, caution is advised in relative stability prediction for
large fullerenes �bigger than C100�, since as the fullerene size
gets larger, the energy difference among isomers gets smaller
and the interplay among the relative stability, � electron con-
jugation, and performance of methods becomes very deli-
cate.

2. Geometries of C50

The overall average and maximal bond distance root
mean squared �rms� deviations of the first 40 most stable
isomers, calculated through

��R =
��i���ri� − �r�2

n
, �3�

are listed in Table II.44 ��ri� is the average �maximal� bond
distance deviation of isomers i, �r is the overall average
�maximal� bond distance deviation of the optimized geom-

TABLE II. Averaged and maximal bond distance dev
Å� of the first 40 most stable C50 isomers, calculated
to the B3LYP/6-31G�d� geometries. ��R is defined
from the B3LYP/6-31G�d� optimized geometry.

PM3 PM3M SV

Averaged 0.012 0.040 0
��R 0.0005 0.0024 0
etries of each method from those B3LYP/6-31G�d� ones for
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the first 40 most stable C50 isomers, and n is the total number
of conformations.

SVWN/STO-3G has the largest average bond distance
deviation, which is 0.001 larger than that from PM3. HCTH/
3-21G has the smallest deviation from the B3LYP/6-
31G�d� geometry with the average bond distance deviation
of 0.003 Å and the average maximal deviation of 0.012 Å.
Thus, bond distances from HCTCH/3-21G are very close to
those from B3LYP/6-31G�d�. A close inspection of the
maximum and rms deviations reveals that the PM3 has the
largest bond distance deviation �0.075 Å�. The PM3 bond
distances fluctuate around the B3LYP/6-31G�d� ones from
both directions �shorter and longer�, SVWN/STO-3G sys-
tematically predicts longer bond distances for C50 than
B3LYP/6-31G�d� does, and the HCTH/3-21G bond dis-
tances slightly fluctuate around the B3LYP/6-31G�d�
ones.44 Clearly, the geometry predicted by HCTH/3-21G is
of the best quality and compares very well with the
B3LYP/6-31G�d� predictions. Based on the predictions of
the geometries of C60, C70, and C50, the good performance of
HCTH is not fortuitous.22

3. The HOMO-LUMO gap

The HOMO-LUMO gap has practical effect on the ap-
plication of a method in molecular modeling: small �close to
zero� HOMO-LUMO gap affects the convergence of elec-
tronic structure calculations through introducing higher elec-
tronic states, resulting in multiconfiguration character.

Among all the applied DFT methods, BHandHLYP/6-
31G�d� predicts the largest HOMO-LUMO gap, fol-
lowed by B3LYP/6-31G�d�. Also, HCTH/3-21G has a simi-
lar gap to that from SVWN/STO-3G. As shown in
Fig. 2�d�, B3LYP/6-31G�d� predicts bigger gap �ca. 0.8 eV�
than HCTH/3-21G and SVWN/STO-3G do, and
BHandHLYP/6-31G�d� predicts bigger gap �ca. 1.1 eV�
than B3LYP/6-31G�d� does. Clearly, the inclusion of the
exact exchange increases the HOMO-LUMO gap. It is also
true that the HOMO-LUMO gap does not necessarily corre-
late with the relative stability of fullerene isomers.44 For the
HOMO-LUMO gaps of some other � systems, the perfor-
mance of DFT methods including LDA, GGA, and hybrid
methods has been analyzed as well.46 The effect of basis set,
however, is not included in the present study for the HOMO-
LUMO gap.

4. Correlation of geometry with the relative stability
and the HOMO-LUMO gap

The effect of geometry on relative energies can be seen

ns and their root mean squared deviations ���R� �in
3, SVWN/STO-3G, and HCTH/3-21G with respect

q. �3�. M refers to maximal bond distance deviation

SVWNM HCTH HCTHM

0.021 0.003 0.012
0.0004 0.0001 0.0005
iatio
at PM
in E

WN

.013

.0000
from the relative energies and the total energies predicted by
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B3LYP/6-31G�d� / /PM3, B3LYP/6-31G�d� / /SVWN/
STO-3G, and B3LYP/6-31G�d� / /HCTH/3-21G for the first
40 most stable C50 isomers �shown in Fig. 2�e��. The order of
the relative stability of the first 40 C50 isomers predicted by
these three methods is the same. The total energies and the
HOMO-LUMO gaps predicted by these three methods are
plotted in Figs. 2�e� and 2�f�, respectively. The total energies
of C50 isomers from B3LYP/6-31G�d� / /PM3,
B3LYP/6-31G�d� / /SVWN/STO-3G, and B3LYP/6-
31G�d� / /HCTH/3-21G, especially the last one,
correlate very well with those based on the B3LYP/6-
31G�d� geometries, as indicated in Fig. 2�e�.
Both B3LYP/6-31G�d� / /PM3 and B3LYP/6-
31G�d� / /SVWN/STO-3G predict higher energies for C50

isomers than B3LYP/6-31G�d� / /HCTH/3-21G does. In
other words, with respect to the geometry predicted by
B3LYP/6-31G�d�, HCTH/3-21G predicts better geometry
for C50 than PM3 and SVWN/STO-3G do. To check the
overall deviation of geometry predicted by different meth-
ods, we calculate the average total energy difference ��Et�
and average HOMO-LUMO gap difference ��Egap� of C50

isomers from reference values obtained with the B3LYP/6-
31G�d� geometry through the following equation:

�Et =
�i�Ei

r − Ei
t�

n
, �4�

where Ei
r is the reference total energy of the ith isomer, Ei

t is
the total energy of the ith isomer, and n is the total number of
isomers studied. �Egap is calculated similarly after replacing
the total energy by the HOMO-LUMO gap. The total energy
and the HOMO-LUMO gap calculated at the B3LYP/6-
31G�d� level for each isomer are used as the reference in Eq.
�4�. The average total energy differences ��Et� of
B3LYP/6-31G�d� / /PM3, B3LYP/6-31G�d� / /SVWN/
STO-3G, and B3LYP/6-31G�d� / /HCTH/3-21G are 5.57,
7.03, and 1.00 kcal/mol, respectively. Thus, HCTH/3-21G
predicts closer geometry of C50 to the B3LYP/6-31G�d� ge-
ometry than the other two methods do. Based on this particu-
lar criterion, it seems that PM3 predicts geometry closer to
that of B3LYP/6-31G�d� than SVWN/STO-3G does. How-
ever, the rms deviation from the average bond distance
���R� reveals that SVWN/STO-3G systematically predicts
better geometry; thus SVWN/STO-3G is more suitable for
high-quality prediction of relative stability. The largest and
smallest energy deviations of B3LYP/6-31G�d� / /PM3 from
those of B3LYP/6-31G�d� / /B3LYP/6-31G�d� are 9.61 �for
C1 :0.63� and 2.40 kcal/mol �for D3 :001�, respectively. The
corresponding values for B3LYP/6-31G�d� / /SVWN/STO-
3G and B3LYP/6-31G�d� / /HCTH/3-21G are 7.84 �the
largest, for C1 :092� and 6.49 kcal/mol �the smallest, for
D5h :002 benzenelike�, and 1.40 �the largest, for C3 :001� and
0.53 kcal/mol �the smallest, for D5h :002 benzenelike�, re-
spectively.

Following Eq. �4�, �Egap of B3LYP/6-31G�d� / /PM3
is 0.01 eV larger than the one predicted by B3LYP/6-
31G�d� / /B3LYP/6-31G�d�, while �Egap’s of B3LYP/6-
31G�d� / /SVWN/STO-3G and B3LYP/6-31G�d� /

/HCTH/3-21G are 0.08 and 0.01 eV smaller than that of
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B3LYP/6-31G�d� / /B3LYP/6-31G�d�, respectively. The
rms deviation from the average value �0.02 eV for
B3LYP/6-31G�d� / /PM3, 0.01 eV for B3LYP/6-31G�d� /
/SVWN/STO-3G, and 0.01 eV for B3LYP/6-
31G�d� / /HCTH/3-21G� indicates that B3LYP/6-31G�d� /
/HCTH/3-21G has the best performance compared with
B3LYP/6-31G�d� / /B3LYP/6-31G�d�. Figure 2�f� further
shows that B3LYP/6-31G�d� / /PM3 predicts larger HOMO-
LUMO gap and B3LYP/6-31G�d� / /SVWN/STO-3G pre-
dicts smaller HOMO-LUMO gap than B3LYP/6-
31G�d� / /B3LYP/6-31G�d� does, while B3LYP/6-
31G�d� / /HCTH/3-21G predicts �smaller� HOMO-LUMO
gap closest to those from B3LYP/6-31G�d� / /B3LYP/6-
31G�d�. This further corroborates the good performance of
HCTH/3-21G, similar to that of B3LYP/6-31G�d�, in the
geometry optimization of C50.

Now, we further benchmark the relative stability of C50

isomers predicted by different methods based on the same
geometry. The geometries of the first 40 most stable C50

isomers predicted by HCTH/3-21G are employed as the ref-
erence geometries. The half-and-half hybrid DFT methods
�BHandHLYP, BHandHB95, and PBEHandHPBE� and
B3LYP, with 6-31G�d� basis set, are employed for this in-
vestigation. Due to the similarity in the geometries of
HCTH/3-21G and B3LYP/6-31G�d�, the conclusion drawn
based on the HCTH/3-21G geometry should not change if
the B3LYP/6-31G�d� geometry is used instead. The relative
energies of the C50 isomers with respect to the C50�D3 :001�
isomer and their HOMO-LUMO gaps are plotted in Figs.
2�g� and 2�h�, respectively. The three half-and-half hybrid
DFT methods predict similar relative stability for C50 iso-
mers and correlate very well with one another. All the half-
and-half hybrid DFT methods predict the C50�D5h :002� ben-
zenelike tautomer to be most stable. On the other hand,
B3LYP predicts C50�D3 :001� as the most stable isomer,
though the energy difference between the structures of
C50�D5h :002� and C50�D3 :001� is very small. B3LYP corre-
lates well with the half-and-half hybrid DFT methods for the
remaining C50 isomers, but small fluctuation in the relative
energies predicted by B3LYP from those of the half-and-half
hybrid DFT methods becomes obvious when relative energy
becomes large, from 20 to 80 kcal/mol �see Fig. 2�g��. The
HOMO-LUMO gaps predicted by the three half-and-half hy-
brid DFT methods are very close to one another �see Fig.
2�h��, while B3LYP/6-31G�d� predicts smaller HOMO-
LUMO gap than the half-and-half hybrid DFT methods do.
From this result, we can infer that the weight of the exact
exchange has a more important role in the prediction of the
HOMO-LUMO gap. The more the exact exchange is in-
cluded in the hybrid DFT methods, the larger the HOMO-
LUMO gap will be predicted. A closer inspection of the
HOMO and the LUMO energies of the C50 isomers from
these methods indicates that the exact exchange stabilizes the
HOMO while destabilizes the LUMO, thus widening the
HOMO-LUMO gap.

5. Refinement of the relative stability

The relative stability of the first 40 most stable C50 iso-

mers predicted by all the methods essentially indicates that
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D3 :001 is the most stable isomer. However, the single-point
half-and-half hybrid DFT calculations predict C50�D5h :002�
benzenelike tautomer to be the most stable one. In a default
single-point calculation using GAUSSIAN 03 package,33 the
rms error in density is only required to converge to 10−4,
which has lower convergence requirement than that
during geometry optimization and might bring some numeri-
cal uncertainty in the relative energy prediction. With this
default convergence criterion and based on the HCTH/3-21G
geometry, the single-point BHandHB95/6-31G�d� calcula-
tions predict that C50�D5h :002� quinoidlike tautomer is
1.58 kcal/mol more stable than C50�D3 :001�, whereas
B3LYP/6-31G�d� predicts C50�D3 :001� to be
14.37 kcal/mol more stable than C50�D3 :001�. The relative
energy changes drastically for the three structures listed in
Table III, when the convergence criterion of the rms error in
density is tighten from 10−4 to 10−5. With the 10−4 conver-
gence, the total energy changes much with different initial
guesses for wave functions,44 but converges to its stable
value with the tighter 10−5 convergence. On the other hand,
the HOMO-LUMO gap is not very sensitive to the conver-
gence of the density. For reliable relative energy prediction,
the default rms error in density convergence �10−4� in single-
point calculation is not enough and must be tightened at least
to 10−5.

We further perform single-point calculations on the first
three most stable C50 isomers, D3 :001, D5h :002, and
Cs :015, using B3LYP and MP2 with the 6-311G�d� basis
set. The relative energies of the three C50 isomers from these

TABLE III. Total energies �in a.u.� and relative stability �in kcal/mol� o
calculations with different convergence criteria for the root mean squared e

B3LYP/6-31G�d�

Conver D3 D5h
a D5h

b �E

10−4 −1904.933 310 −1904.936 708 −1904.929 264 −2.13�−
10−5 −1904.932 210 −1904.923 124 −1904.928 427 5.70�2
10−6 −1904.932 210 −1904.923 124 −1904.928 427 5.70�2
10−7 −1904.932 210 −1904.923 124 −1904.928 427 5.70�2
10−8 −1904.932 210 −1904.923 124 −1904.928 427 5.70�2

aThe HOMO is A1�.
bThe HOMO is A2�.
cThe number in parentheses is the energy difference between C50�D5h:002b�
dThe first single-point calculation yields the total energy as −1904.905 528 a.
with the same convergence criterion yields the total energy as −1904.928 32

TABLE IV. Relative energies �in kcal/mol� of the firs
B3LYP, BHandHB95, PBEHandHPBE, and MP2 with
B3LYP and MP2 with 6-311G�d� based on the B3LY
relative energies from single-point calculations with
energies have density convergence of 10−8.

Isomers BHandHLYP BHandHB95 PBE

D3 :001 0.00 0.00
D5h :002b 6.63�4.45� 6.37�10.15� 7.
D5h :002c −2.52�−2.49� −2.61�4.59� −2.
Cs :015 8.80�9.51� 9.01�8.90� 8.

aBased on the B3LYP/6-31G�d� geometry.
bThe HOMO is A1�.
c
The HOMO is A2�.
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predictions are listed in Table IV, where the influence of the
density convergence to the relative stability of fullerene iso-
mers is again revealed. The relative stability of these four
structures predicted by DFT with 6-311G�d� is similar to that
by the same methods with 6-31G�d�. The half-and-half hy-
brid DFT methods predict C50�D5h :002� benzenelike tau-
tomer to be the most stable structure, while B3LYP predicts
C50�D3 :001� as the most stable one. MP2/6-31G�d�, with
both the HCTH/3-21G and B3LYP/6-31G�d� geometries,
also predicts that C50�D3 :001� is the most stable isomer and
the two tautomers of C50�D5h :002� are at least 10 kcal/mol
less stable. C50�Cs :015� is the fourth most stable structure
within DFT, but it is the second most stable structure within
MP2/6-31G�d�. Such discrepancy between DFT methods
and MP2 in the prediction of relative energy is quite
common.47,48

6. Quality of the relative stability and the HOMO-
LUMO gap

The quality of the relative energies and the HOMO-
LUMO gaps of C50 isomers predicted by each method can be
measured by the average HOMO-LUMO gap difference
�Egap and the average relative energy difference ���E� of
all the methods employed,

��Et =
�i��Ei

r − �Ei
t�

n
, �5�

where �Ei
r is the relative energy of the ith isomer with re-

spect to the most stable isomer at the reference level of

first three most stable C50 isomers from B3LYP/6-31G�d� single-point
n the density.

HCTH/3-21G geometry

D3 D5h
a D5h

b �E

−1904.950 735 −1904.927 829 −1904.928 326d 14.37�14.06�
−1904.931 024 −1904.921 736 −1904.927 544 5.83�2.18�
−1904.931 024 −1904.921 736 −1904.927 544 5.83�2.18�
−1904.931 024 −1904.921 736 −1904.927 544 5.83�2.18�
−1904.931 024 −1904.921 736 −1904.927 544 5.83�2.18�

C50�D3:001�.
th the first converged wave function, and the second single-point calculation
..

e most stable C50 isomers predicted by BHandHLYP,
11G�d� based on the HCTH/3-21G geometry and by

31G�d� geometry. The number in parentheses are the
sity convergence set to 10−4. All the other relative

HPBE B3LYP MP2 B3LYPa MP2b

0.00 0.00 0.00 0.00
24� 5.41�3.74� 10.02 5.24 11.87
.33� 3.09�0.23� 19.23 3.29 19.12

99� 8.21�2.48� 9.38 8.15 9.32
f the
rror i

c

2.54�
.37�
.37�
.37�
.37�

and
u; wi
t thre
6-31

P/6-
den

Hand

0.00
04�7.
02�−1
97�9.
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theory, �Ei
t is the relative energy of the ith isomer with re-

spect to the most stable isomer from the method t, and n is
the total number of isomers. The PM3 relative energy and the
SVWN/STO-3G HOMO-LUMO gap are chosen as refer-
ence. All the average relative energy differences ���E� and
the average HOMO-LUMO gap differences ��Egap� are
listed in Table V. The geometric effect on the single-point
calculations is indicated by the variation �2.92 kcal/mol� in
the B3LYP/6-31G�d� / /PM3 and B3LYP/6-31G�d� /
/SVWN/STO-3G average relative energy differences. The
small relative energy difference among B3LYP/6-
31G�d� / /SVWN/STO-3G, B3LYP/6-31G�d� / /HCTH/3-
21G, and B3LYP/6-31G�d� / /B3LYP/6-31G�d� indicates
the similarity in the geometries predicted by these methods.
Roughly speaking, all the DFT methods predict similar rela-
tive energies. The influence of the density convergence to the
prediction of the relative energy is again revealed by the
relative energies with the rms error in density converged to
10−5 and 10−4. Overall, the sensitivity of the HOMO-LUMO
gap to geometry is less strong than that of the relative energy,
as manifested by the differences in the HOMO-LUMO gaps
predicted by B3LYP/6-31G�d� / /PM3, B3LYP/6-
31G�d� / /SVWN/STO-3G, B3LYP/6-31G�d� / /HCTH/3-
21G, and B3LYP/6-31G�d� / /B3LYP/6-31G�d�. However,
the sensitivity of the HOMO-LUMO gap to method em-
ployed is quite clear. The three half-and-half hybrid DFT
methods predict the largest HOMO-LUMO gaps, which are
close to one another. According to Figs. 2�b�, 2�d�, 2�f�, and
2�h�, the HOMO-LUMO gaps predicted by DFT methods
have this descending order: Egap�half-and-half hybrid�
�Egap�B3LYP��Egap�HCTH��Egap�SVWN�.

IV. CONCLUSIONS

In summary, we have analyzed the performance of sev-
eral DFT methods in the predictions of geometries and rela-
tive energies of C60, C70, and C50. The reliable, efficient
method for the prediction of fullerene geometry is HCTH

TABLE V. The average relative energy difference
relative energy predicted by each method and the P
difference �Egap defined in Eq. �4�, of C50 isomers b
and the SVWN/STO-3G HOMO-LUMO gap. The nu
density convergence set to 10−4, and the other numb

All
Method isomer

PM3 0.00
SVWN/STO-3G 17.08

B3LYP/6-31G�d� / /PM3 �14.98
B3LYP/6-31G�d� / /SVWN/STO-3G �12.10

HCTH
B3LYP/6-31G�d� / /HCTH/3-21G

BHandHLYP/6-31G�d� / /HCTH/3-21G
BHandHB95/6-31G�d� / /HCTH/3-21G

PBEHandHPBE/6-31G�d� / /HCTH/3-21G
B3LYP/6-31G�d�

B3LYP/6-311G�d� / /B3LYP/6-31G�d�
with the 3-21G basis set. The relative stability of C50 isomers
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predicted by HCTH/3-21G is similar to that by B3LYP/6
-31G�d�. In terms of the predictions of geometries and rela-
tive energies of C50, PM3 is an efficient method to first sort
out the most stable isomers, and popular DFT methods are
suitable for more refined prediction of relative energies. We
have also found that the SVWN/STO-3G geometry is good
for B3LYP/6-31G�d� to predict relative energy and
B3LYP/6-31G�d� / /SVWN/STO-3G can be used as the first
screening tool for the search of the most stable isomers if
computing resource permits. Because HCTH/3-21G predicts
similar fullerene geometry and relative stability to
B3LYP/6-31G�d�, the HCTH/3-21G geometry is recom-
mended for single-point B3LYP/6-31G�d� calculations if
B3LYP/6-31G�d� is not affordable for geometry optimiza-
tion. However, higher-level theoretical calculations with
larger basis sets should be employed to identify the most
stable isomer. The convergence criterion in single-point en-
ergy calculations should be set to at least 10−5 for the rms
error in density. Finally GGA- and LDA-based DFT methods
predict smaller HOMO-LUMO gap than the hybrid DFT
methods do; more exact exchange in the hybrid DFT meth-
ods generally yields larger HOMO-LUMO gap.
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