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Abstract In thebeginningof quantummechanicalDensity-FunctionalTheory(DFT),
therewastheThomas-Fermi(TF)model,whichusestheelectrondensity��� r �
(a functionof only 3 coordinates)astheonly physicalvariable.Calculations
with this model were inexpensive but yielded poor numericalresultsdue
to a lack of understandingof exchange-correlationeffectsand the kinetic-
energy density functional. Many yearslater, Hohenberg and Kohn (HK)
establishedthe formal foundationfor DFT; KohnandSham(KS) deviseda
practicalimplementationandbroughtDFT into mainstreamcalculationsof
electronicstructure.AlthoughtheKS formulationallowsexactevaluationof
theKS kineticenergy (����� �
	 ), theone-electronorbitalsintroducedby theKS
schemeinevitably encumberthe formulationin threeways: (i) �� (vs. 3)
degreesof freedom,(ii) orbital orthonormalization,and(iii) Brillouin-zone
(k-point) samplingin condensedphases.Given the accuracy of DFT with
presentexchange-correlationdensity functionals,it is logical to conclude
that the last frontier in DFT is a betterrepresentationof the kinetic energy
solely in termsof thedensity. If this is true,KS orbitalswill becompletely
eliminatedfromDFTformulation,andthedensitycanbesolveddirectlyfrom
theTF-HK equation.This is certainlysuperiorto theKS schemebecauseall
energy termscanbecomputedin momentumspacewith aneffectively linear
scaling,� ��� ln � � , where � is theintegrationgrid size.Thiswork reviews
major ideasin thedesignof suchoptimalorbital-freekinetic-energy density
functionalsandtheirapplications.
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List of Abbreviations and Acronyms

ADA Average-DensityApproximation
AFWVA AverageFermiWave-VectorApproach
AWF averagingweightfunction
CGE ConventionalGradientExpansion
CLQL correctlarge-� limit
DD density-dependent
DFT Density-FunctionalTheory
DI density-independent
DM1 first-orderreduceddensitymatrix
EDF energy densityfunctional
EEDF electronicenergy densityfunctional
FEG free-electrongas
FFT fastFouriertransformation
FWV Fermiwave-vector
GGA Generalized-GradientApproximation
GS groundstate
HF Hartree-Fock
HG Hartreegas
HK Hohenberg-Kohn
HKUEDF HK universalenergy densityfunctional
HOMO highestoccupiedmolecularorbital
HREDF Hartreerepulsionenergy densityfunctional
KEDF kinetic-energy densityfunctional
KS Kohn-Sham
LDA Local-DensityApproximation
LPS local pseudopotential
LR linearresponse
NLDA NonlocalDensityApproximation
NLPS nonlocalpseudopotential
OB orbital-based
OF orbital-free
PCF pair-correlationfunction
QR quadraticresponse
RPA RandomPhaseApproximation
SADA SemilocalAverage-DensityApproximation
SLDA Semilocal-DensityApproximation
SNDA SimplifiedNonlocalDensityApproximation
TBFWV two-bodyFermiwave-vector
TF Thomas-Fermi
TF-HK Thomas-Fermi-Hohenberg-Kohn
TF� vW Thomas-Fermi-� -vonWeizs̈acker
WAD weighted-averagedensity
WADA Weighted-Average-DensityApproximation
WDA Weighted-DensityApproximation
XC exchange-correlation
XCEDF exchange-correlationenergy densityfunctional
XCH exchange-correlationhole
XEDF exchangeenergy densityfunctional
vW von Weizs̈acker
vW� TF von Weizs̈acker-� -Thomas-Fermi
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I. INTR ODUCTION

Calculationsof groundstate(GS)propertiesof fermionicsystemshavealong
history. Whilemany strategiesfocusedoncalculatingamany-bodywavefunction,
otherapproachessoughtto solve directly for the physicalobservable,namely,
the electrondensity. Such are the techniquesof Density-FunctionalTheory
(DFT).Historically, DFT1–28 beganwith theThomas-Fermi(TF)model,29–31 with
considerablecontributionsfrom Dirac,32 Wigner,33 vonWeizs̈acker,34 Slater35,36

andGásṕar.37 TheThomas-Fermi-Dirac-von Weizs̈acker model1,2,38–40 andthe���
method36,37,41 arethetwo majorachievementsbeforethe“modernage.” Not

until sometenyearslater, Hohenberg andKohn42 laid theformal foundationfor
DFT; KohnandSham43 thendeviseda practicalimplementationof DFT (in the
similar spirit of the

���
method).Thetheoreticalfoundationof DFT wasfurther

strengthenedby Percus,44 Levy,45 Lieb,46 EnglischandEnglisch.47,48

For theGS,thetwo Hohenberg-Kohn(HK) theorems42 legitimize thedensity��� r � (a functionof only 3 coordinates)asthe basicvariationalvariable;hence,
all termsin theGSelectronicenergy of a quantumsystemarefunctionalsof the
density: ���� ���� "! � ���$#&%(' �)� ���*# ���
��� ���,+ (1)

where
���)� ��� , ! � ��� , %-' �)� ��� , and

���.�)� ��� arethetotalelectronic,totalkinetic,nuclear-
electronattraction,andtotal inter-electronrepulsionenergy densityfunctionals
(EDF’s),respectively. Thesum �/! � ���0# ���
�� ��� � isnormallycalledtheHK universal
energy densityfunctional(HKUEDF). However, the existenceof the HK theo-
remsdoesnot provide muchinformationabouthow to constructthe electronic
energy densityfunctional(EEDF)solely in termsof thedensityexplicitly, with-
outrelyingonanorbitalor wavefunctionpicture1 . For anisolatedmany-electron
quantumsystem,%-' �)� ��� hasa simpleanalyticalOF expression,

%-' �)� ���2 4365 ��7)8 � r � ��� r �:9 + (2)

where5 ��7)8 � r � is thelocalnuclear-electronCoulombattractionpotential (oneform
of theso-calledexternalpotential).Theothertwo termsin Eq. (1), however, do
nothaveanalyticalOF expressionsdirectly in termsof thedensity.

TheKohn-Sham(KS)scheme43 introducesasingle-determinantwavefunction
in termsof theKS orbitalsandpartitionstheHKUEDF into threemainpieces:

! � ���$# ���.�� ���2 "!<; � ���*#>= � ���*# �?7)@<� ���,+ (3)

where!<; � ��� , = � ��� , and
�?7@<� ��� arethe KS kinetic, inter-electronCoulombrepul-

sion (alsocalledthe Hartreerepulsion),andexchange-correlation(XC) EDF’s,

A
Hereafter, wewill use“orbital-free” (OF)to describeany physicalentitythatdoesnotrely onanorbital

or wavefunctionpictureanduse“orbital-based”(OB) for theopposite.
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respectively. TheHartreerepulsionenergy densityfunctional(HREDF)hasits
classicalOF appearance,

= � ���2 CBD ��� r � ��� r E��F
r G r E F H (4)

Becauseof differentscalingproperties,theexchange-correlationenergy density
functional (XCEDF) can be further decomposedinto separateexchangeand
correlationcomponents,49–51

� 7@ � ���� � 7 � ���*# � @ � ���,+ (5)

where
� 7 � ��� and

� @ � ��� are the exchangeand correlationEDF’s, respectively.
Within the KS scheme,the KS kinetic-energy densityfunctional (KEDF) can
be evaluatedexactly throughthe KS orbitals, but the exact OF expressionof
the XCEDF remainsunknown. Fortunately, the absolutevalueof the XCEDF
is muchsmallerthanthat of the KS KEDF or the HREDF, andeven crudeOF
approximationsof theXCEDF aregenerallyfine in practice.3–28 In contrast,the
situationis not so fortunatefor the KEDF becauseits valueis nearlythe same
asthe total energy (theelectronicenergy plus the nuclear-nuclearCoulombre-
pulsionenergy); crudeOFapproximationsof theKEDF donotbringsatisfactory
results.1–28

After morethanseventyyearsof intensestudy,1–28 a thoroughunderstanding
of theOF-KEDFremainsaselusiveasbefore.Of course,formally, onecaneasily
write kineticenergy in thefollowing well-known expression:

!I G BD JLKr M � r + r E �
r N r O  PBD 3 J r Q J r O M � r + r E � F r N r O 9 + (6)

for a given first-orderreduceddensitymatrix (DM1),52–57 M � r + r ER� . In conven-
tionalOB methods,58–60 theDM1 hasaspectralresolution:

M � r + r E �  S M
SUT(S � r �

T
1S � r E � + (7)

where V M
SXW

arethe occupationnumbersof the orbitals V
T(S � r �

W
, and V

T(S � r �
W

can
becanonicalKS orbitals,43 canonicalHartree-Fock (HF) orbitals,58–62 themore
generalLöwdin naturalorbitals,52–57,63,64 or even the Dyson orbitals.65–70 If
the orbitalsarespin orbitals,the occupationnumberswill lie between0 and1;
otherwise,the occupationnumbersrangebetween0 and 2.52–57 The latter is
usually called the spin-compensatedcase. When the occupationnumbersare
either 0 or 1 and the spin orbitals are mutually orthogonal,the DM1 hasthe
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usefulidempotency propertyY ,
M � r + r E E � M � r E E + r E �[Z]\ E E  M � r + r E � H (8)

Thespin-compensatedversionof Eq. (8) hasa prefactorof 2, dueto thedouble
occupancy of occupiedorbitals,

M � r + r E E � M � r E E + r E �:Z]\ E E  D M � r + r E � H (9)

Suchorbitalsaresolutionsof the following one-particleSchr̈odinger-like equa-
tions

G BD J K #&^5 �X_[_ � r ` � ��� �
T S � r �  ba S T S � r � + (10)

whoseeffective potentialoperator̂5 ��_[_ � r ` � ��� � is generallya complicatedfunc-
tionalof thedensity, which is thediagonalelementof theDM1

��� r �  M � r + r � H (11)

For theGS,theHK theorems42 guaranteethatEq.(10)of differentexacttheories
all deliver the sameGS densityin spiteof distinct mathematicalstructuresof^5 �X_[_ � r ` � ��� � within differenttheoreticalapproaches58–60 (i.e. local vs. nonlocal
operators).Thereasonis simple: thedensityis one-to-onemappedon to theGS
wavefunction,regardlessof how theexactwavefunctionandtheexactdensityare
calculated.

However, the major obstaclelies in the fundamentalquest: how to express
the DM1 in termsof a given densitywithout solving Eq. (10) for orbitals. If
this can be done,all termsin the HKUEDF will be accuratelyapproximated.
Consequently, the GS energy anddensityof a systemwith a fixed numberof
electronscanbe obtainedvia solvinga singleThomas-Fermi-Hohenberg-Kohn
(TF-HK) equation:42

c����)� ���c ��� r �  c ! � ���c ��� r � #
c %(' �)� ���c ��� r � # c����.�� ���c ��� r �  c !<; � ���c ��� r � #&5<dfe��_[_ � r ` � ��� �  hgi+ (12)

wherethedensityis thesolevariationalvariableand g is theLagrangemultiplier
neededtokeepthedensitynormalizedtothenumberof electronsin thesystem,j .

k
It is clearthatelectronsareinteractingwith oneanotherthroughtheexchangeholeor theexchange-

correlationhole(seeSectionV), evenwithin thequasi-independent-particle models,i.e., theHF method
in the former andthe KS methodin the latter. We feel that the idempotency propertycannotsimply
arisefrom a non-interactingor independent-particle nature.It is thenmoreappropriateto usetheterm
“idempotent” than “non-interacting”to characterizeany entity that originatesfrom the idempotency
property.
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TheKS (local) effective potentialhasthreecomponents:theexternalpotential,
theHartreepotential,andtheXC potential,

5 dfe�X_:_ � r ` � ��� �  "5 �X78 � r � #&5�lm� r � #&5 7)@ � r � + (13)

whicharejust functionalderivativesof correspondingEDF’s:

5 �X78 � r �  c %(' �)� ���c ��� r � + (14)

5 l � r �  c = � ���c ��� r �  
��� r En�F
r G r E F Z]\ E + (15)

5 7)@ � r �  co�?7)@<� ���c ��� r � H (16)

Obviously, the OF-DFT approachbasedon Eq. (12) hasmany advantages
over the OB approaches.First, the degreesof freedomis reducedfrom p$j to
3. Second,withoutany orbitaldependence,thecomplicationandcostassociated
with orbitalmanipulation,includingorbitalorthonormalizationandorbital local-
ization(for linear-scalingimplementations),areavoided. Third, for metals,the
needfor Brillouin-zone(k-point)samplingof thewavefunction71–80 iscompletely
eliminated.Fourth,theutilizationof thefastFouriertransformation(FFT)81,82 in
solvingEq. (12) is essentiallylinear-scalingwith respectto systemsizeq , while
the cost in exactly solving Eq. (10) scalesat least r � jts�� , becauseof the ma-
trix diagonalizationstep. Although OB linear-scaling r � ju� density-functional
methods83–96 do exist, they arestill muchmorecomplicatedto implementand
computationallymoreintensivethantheOF-DFTapproach.97 In addition,these
OB linear-scalingdensity-functionalmethodsrely on orbital localization,which
limits suchtechniquesto non-metallicsystems.96

All thesepositivefeatureswill berealizedonly if oneknowsall functionalsin
Eq.(1) solelyin termsof thedensity. Theaccuracy of recentXCEDF’saccounts
for thepopularityenjoyedby DFT via theKS scheme.Comparingto suchhigh-
qualityXCEDF’s,OF-KEDF’sarestill lackingaccuracy andtransferabilityfor all
kindsof systemsin diversescenarios,evenafterover seventyyearsof research.
For this very reason,it hasbeenwidely recognizedthat the OF-KEDF is the
mostdifficult componentin theEEDFto berepresentedapproximately.3–5 Only
veryrecently, betterdesignedOF-KEDF’s98–111havebegunto appear, alongwith
highly efficient numericalimplementations97,104–112 for large-scalecondensed-
phasesimulations.97,104–125 We setour taskin this review to provide readersa

v
Thecomputationalcostof anFFTscalesessentiallylinearly wyx{z ln zL| with respectto theintegration

grid size z .
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clearpictureof pastadvancesandpossibleroutesto betakenin thefuture. It is
ourhopethatmorestudieson OF-KEDF’s alongtheselineswill soonrevive the
OFscheme97–141 basedonEq.(12)asthepreferredmethodof implementationof
DFT.

In this review, atomicunits will be usedthroughoutunlessotherwisenoted.
Themostrelevantatomicunitsfor thisreview aretheHartreeunit for energy and
theBohrunit for length.OneHartreeis about27.211electronvoltsandequals2
Rydbergs;oneBohr is about0.52918Angstr̈oms. More detailscanbefoundin
Ref. [58], p. 41G 43,or Ref. [59], p. xiv G xv.

II. THE THOMAS-FERMI MODEL AND EXTENSIONS

The TF model marks the true origin of DFT, althoughits simplicity goes
hand-in-handwith many defects. Most notably, it producesno binding for
any system,142–145andis only exact for the free-electrongas(FEG).Numerical
resultsbasedon this modelarequitepoorin general:theself-consistentdensity
of Eq.(12)exhibitsnoshellstructurefor atomicspeciesandfallsoff algebraically
insteadof exponentially. AlthoughtheConventionalGradientExpansion(CGE)
doesimprove theenergy if a gooddensityis usedfor thecalculation,it doesnot
remedyany defectsof theoriginalTFmodel,if Eq.(12)issolvedself-consistently.
Timehasproducedavastnumberof papersonthissubject;interestedreadersare
advisedto consultotherreview articlesandbooksfor details.1–7,38–40 Here,we
only provide a brief summaryto gainsomephysicalunderstandingandlay the
foundationfor latersections.

II.1 THE THOMAS-FERMI MODEL

TheTF modelexpressestheDM1 in termsof theplanewavebasisof theFEG,

M � r + r E �  
D

� D�} � s
~ @.@o�

k

�
S
k ��� r � r OR� + (17)

wherethe prefactor of 2 comesfrom the Pauli exclusion principle146,147 that
allows two electronsper planewave. Whenthe numberof electronsbecomes
large,thesummationin Eq.(17)canbereplacedbyanintegrationandananalytic
expressioncanthenbeobtainedfor theDM1,

M � r + r E �  B� } s
~ @.@o� �

S
k ��� r � r OR� Z]\ k

 sin ����G���� cos���} K F r G r E F s + (18)

where � � is a naturalvariable50 for a FEG with a Fermi wave-vector (FWV)�*�  �� p } K � ���?�� andanuniformdensity � � ,
� �  � � F r G r E F H (19)
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For laterconvenience,let usdefineanew variable � � r �  �� �� � r � , and �m�  �� ��� .
Multiplying anddividing Eq.(18) by

� s� , wecanrewrite it in asimplerform:

M � r + r E �  
� s�} K sin ����G&�m� cos���� s�  p � � �� � ������ � + (20)

where
� �

is the sphericalBesselfunction.81 Direct insertionof Eq. (20) into
Eq. (6) yields

!> G B� J Kr � � #>��� � �m��  b��� � �m�� + (21)

where � � � is theTF constant, s� � � p } K �o�� . Clearly, Eq. (21) is differentfrom the
TF functionalfor generalsystems,

! � �  43/� � � � r �:9  b� � � � � � r � H (22)

Goingfrom Eq. (21) to Eq. (22),onehasto replace� � with ��� r � in Eq. (20) for
generalsystems,

M � r + r E �  p ��� r �
�)� � �(�� + (23)

with a local FWV
� � � r �  p } K �� � � r � and �  � � � r � F r G r E F . Then, the TF

functionalnaturallyfollows.
However, one should ask whetherthe ansatzEq. (23) is a valid one, and

exactly how goodis the TF approximation. It is certainthat for systemsother
thanthe FEG,the idempotency propertyin Eq. (9) satisfiedby any idempotent
DM1 will no longerbe true for Eq. (23). Hence,the TF functional is actually
not an approximationfor the !<; functional,the KS idempotentKEDF. Further,
Eq. (23) hasthewrongasymptoticbehavior for isolatedfinite systemsasboth �
and ��E becomelarge,wheretheexactDM1 goeslike theproductof thehighest
occupiedmolecularorbital (HOMO) of Eq. (10) at two differentpoints r and
r E ,66,148–153

lim��  � O ¡£¢ M � r + r E �  � M
S�T(S � r �

T
1S � r E � � S N,¤�¥�¦i¥  4� �� � r � � �� � r E � H (24)

InsertingEq.(24) into Eq. (6) yieldsthevonWeizs̈acker (vW) functional:34

!<§.¨ � ���� 43/�§.¨©� r �:9  B� F J ��� r � F K��� r � + (25)

which is considerablydifferentfrom theTF functional. In fact,at thoseregions
wherethedensitycanbeaccuratelydescribedby a singleorbital, theDM1 has
theasymptoticform andtheKEDF reducesto thevW functional.Therefore,the
TF ansatzshouldactuallybethoughtof asmerelyasimpleextensionthatreduces
to theexactform at theFEGlimit.
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II.2 THE CONVENTION AL GRADIENT EXPANSION AND
GENERALIZED-GRADIENT APPROXIMA TION

Dissatisfiedwith the TF model,researchersthoughtthat includinggradients
of the densitymight allow the model to adjust to the local environment(i.e.,
deviationsfrom theFEGlimit) andmight evenremedyits defects.A greatdeal
of effort wasputinto thisstrategy.3–5,154–188 Thehighestordergradientexpansion
with ananalyticform is thesixth,157

!�ª«¬?® � ���� sS
N �
! K
S � ���� sS

N �
3/� K
S
9 H (26)

With thedefinitionof naturalvariables,50

¯o°  J ° ��� r �� s.± ° � r � + (27)

theintegrandshaveaverycompactform

� K
S  �m� � r �6² K

S � ¯ � + ¯ K + ¯ s + H.H.H + ¯ K
S
� + (28)

whereV6² K
S�W

areanalyticfunctionsof thenaturalvariables:

² �  b��� � + (29)

² K  
� ¯ � � K³ D + (30)

²´  � ¯ K � K G¶µ· ¯ K � ¯ � � K #
�
s � ¯ � � ´B �¹¸¹¸ � � � + (31)

² ª  Bº ¸ � ¸�¸¹¸ � K� � B p � ¯ s � K #
D º$³Uº
B ��� �

¯ K � s #
D �f»
B¹¼ �

¯ � � K ¯ ´ # B �f»�»B �P� ¯ � � K � ¯ K � K
G B p

¸ ³
p ¼ � ¯ � � s Q ¯ s # p � p

B �&�
¯ � Q ¯ K � K #

� p � B³ D ¯ K � ¯ � � ´ G B¹¼ ¸�¸ �f» ºD º » D � ¯ � � ª H (32)

As onecanseefrom aboveequations,thederivationquickly getsprohibitively
involvedthatnoanalyticexpressionis availablebeyondsixthorder. Nonetheless,
acarefulinspectionof thedetailedderivationrevealsthat ² K

S
hasamoredefinite

form171

² K
S � ¯ � + ¯ K + ¯ s + H.H)H + ¯ K

S
�  ½ @ ±,¾*¿ N K

S<� @ ¿½ ¾ � ¯ ½ �
@ � ¯ ¾ � ¿ + (33)
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where V:À +�Á�+.ÂÃ+ Z
W

are non-negative integers, V � @ ¿½ ¾
W

are expansioncoefficients,
and

¯ � is definedas1. This immediatelyrevealsthat for any isolated,localized
systemwhosedensitydecaysexponentiallyÄ ,63,66,189–202 ! K

S
is divergentfor all

orderssixth andhigher(
D¹Å-Æ ¼ ), becauseevery term in Eq. (28) is unbounded

asymptotically

lim� ¡£¢ �m� � r � � ¯ ½ �
@ � ¯ ¾ � ¿ÈÇ �m� � K

S
� r � H (34)

One can further show that the correspondingpotential, the functional deriva-
tive

c ! K
SUÉ c � , is divergent for all ordersfourth and higher (

D¹ÅÊÆ �
) under the

samecondition. More generally, the sameconclusionwill hold for thosere-
gionswherethe densityfalls off exponentially(e.g.,areascloseto any nuclear
centers).Theconsequenceof sucha propertyis that if theCGEis usedfor the
OF-KEDF, the densityfrom the self-consistentsolutionof Eq. (12) alwaysde-
caysalgebraically,4,172,173 whereit shouldhaveexponentialbehavior.63,66,189–202

Moreover, it will beshown in latersectionsthattheCGEderivationhasits flaws:
the linear response(LR) of the CGE up to infinite order is wrong even at the
FEG limit. As a result,the self-consistentsolutionbasedon the CGE will not
produceany shellstructurefor atomicspecies,4,172–174regardlessof theorderof
expansion.

Dueto its simplicity, thesecond-orderCGE154–156,174

! K«¬f® � ���2 "! � � � ���$#ËB» ! §
¨ � ��� (35)

hasbeenthe most usedand hasstimulatedthe developmentof the so-called
TFÌ vW model,3–5,40,173–188

!<� �
Í §
¨ � ���� "!<� � � ���*# Ì !<§
¨ � ���,+ (36)

where Ì is someconstant. After carefulnumericalfits, Ì  �
� hasbeenfound

to be the optimal choice.3–5,40,173–178 In general,asidefrom someintellectual
value,theCGEis of little practicalusefor afull solutionof theTF-HK equation,
let alonethedifficulty in accuratelyevaluatingthosehigh-ordergradientsof the
densityandcomplicatedexpressionsof higher-orderintegrands.

Simultaneouswith successof theGeneralized-GradientApproximation(GGA)
for theXCEDF’s,203–242similar efforts werebeinginvestedin analogousforms
for theOF-KEDF’s. Insteadof goingto higherandhigherordersof gradientsof
thedensity, theGGA triesto capturemostof thosehigher-ordereffectsutilizing
someproperfunctionsof lower-ordergradients,while retainingtheform shown
in Eq.(28),

! ¬2¬fÎ � ���2 �m� � r �6² ¬2¬fÎ � ¯ � + ¯ K � H (37)

Ï
As Ð$ÑËÒ , both Ó�x r | and Ô�Õ�Ó�x r | decayexponentially. Therefore, limÖ ¡£¢y× ÕÙØÛÚ�Ü Õ x r | .
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SuchGGA OF-KEDF’s areabundantin the literature,243–249 but noneof them
delivers satisfactory resultsif Eq. (12) is solved variationally. The problem
remainsthatthey exhibit thewrongLR behavior (asdiscussedSectionIV). Ona
deeperlevel,onerecognizesthattheXCEDFhasamuchsmallervaluecompared
with thetotal inter-electronrepulsionenergy or thetotal energy, while thevalue
of theKEDF is of thesamemagnitudeasthetotal energy, dueto virial theorem.
Therefore,a successfulschemefor the XCEDF might not be expectedto work
for theKEDF, which needsa muchhigheraccuracy. A corollary to this insight
indicatesthat any successfultreatmentof the KEDF will most likely be more
thansufficient for theXCEDF. Wediscussthis aspectmorein SectionV.
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Figure1 Comparingthekinetic-energypotentialsfor H atom.The�<ß�à GGAOF-KEDF
is fromRef. [244].

We concludethis sectionby providing a comparisonin Figures1G 5 of the
kinetic-energy potentialsof the CGE and several “better” GGA OF-KEDF’s,
usingaccuratedensitiesfor H, He, Be, Ne, andAr atoms. For many-electron
atoms,highly accuratedensities(from atomic configurationinteractioncalcu-
lations)250–253 are fed into the OF-KEDF’s. Accuratepotentialsare obtained
via a two-stepprocedure:theexact 5 d?e�X_[_ � r ` � ��� � is obtainedfor a givenaccurate
density,253–272 andthenthekinetic-energy potentialis computedvia Eq. (12)c ! ; � ���c ��� r �  bg G 5 d?e�X_[_ � r ` � ��� � + (38)

where g is takento bethenegative of thefirst ionizationpotential.201,202,250–252

Figures1G 5 clearly shows that for generalmany-electronsystems,the quality
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Figure2 Comparingthekinetic-energypotentialsfor Heatom.The��â�ã GGAOF-KEDF
is fromRef. [245].
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Figure3 Comparingthekinetic-energypotentialsfor Beatom.The��ä*åâ and �<â)â.æ GGA
OF-KEDF’sarefromRefs.[246] and[247], respectively. The�fç ã?è �êé)ëíì � and� ä$åâ curves
are almoston topof each other.

of CGE and GGA OF-KEDF’s potentialsare ratherpoor, and sometimesthe
potentialevenexhibitsunphysicalasymptoticbehavior (seeFigure1). As stated
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Figure 4 Comparingthe kinetic-energy potentialsfor Ne atom. The �]î and ��æ GGA
OF-KEDF’sare fromRefs.[248] and[249], respectively.
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Figure5 Comparingthekinetic-energy potentialsfor Ar atom.

above, thepotentialof the fourth-orderCGEOF-KEDFdivergesbothnearand
farawayfromthenucleus(seeFigures1and2). VariousGGAOF-KEDF’s243–249

do not improve the descriptionof the potential,sometimeseven worseningthe
agreement(seeFigure4). In fact,thepotentialsof variousGGA OF-KEDF’sare
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very similar to thoseof thesecond-orderCGEandtheTF functionals.It is also
amazingto seevery little differencebetweenthesecond-orderCGEandtheTF
functionalsat thepotentiallevel. Thepotentialof thevW functional,however,
departsfrom the exact potentialsignificantly, exceptfor the regionsvery close
to and far away from the nuclearcore, whereonly one orbital dominatesthe
contribution to thedensity(seeFigure5). Thesefiguresfurthersuggestthat the
local truncationof theCGE273,274 is not a significantimprovementover theTF
functionalat the potentiallevel becausethe CGE at variousordersstill cannot
reproducetheexactkinetic-energy potentialwell. Suchnumericalcomparisons
demonstratethat the conventionalwisdomin densityfunctionaldesignhasits
shortcomings: frequently only the energy value is fitted, while the physical
contentof thepotentialis seldomconsideredcarefully.236–239Giventheobjective
of thevariationalsolutionto theTF-HK equation,theimportanceof theaccuracy
of thekinetic-energy potentialof any OF-KEDFcannotbeoverstated.

III. THE VON WEIZSÄCKER MODEL AND EXTENSIONS

The vW model looks at the OF-KEDF problemfrom a differentangle. As
alreadyshown in Eqs.(24)and(25),thevW functionalis theexactOF-KEDFfor
systemsorregionsof singleorbitalnature,suchasthenuclearcoreandasymptotic
regionsof localizedsystems,one-electronsystems,idempotenttwo-electronGS
systems,andof course,all bosonicsystems.However, it is completelywrongat
theFEGlimit, wherethegradientof thedensityis zeroeverywhereandtheTF
functionalis correct. Nonetheless,the vW functionaloffers a potentiallygood
startingpoint for furtherapproximationif thesystemis far away from theFEG
limit (i.e. atoms,molecules,andrealisticsurfaces).Originally, thevW modelwas
derived34 afterintroducingmodifiedplanewavesof acertainform to accountfor
inhomogeneityof thedensity, but we will presenta generalapproach5,98,275–280

that naturally unifies the TF and vW modelstogetherand plantsthe seedfor
furtherimprovementin latersections.

III.1 THE ORIGIN OF THE VON WEIZSÄCKER MODEL

Looking at Eqs.(20) and(23),onerealizesthattherearemany otherchoices
that reduceto the exact FEG limit. For example,takingEq. (24) into account,
onecanintroduceamuchmoregeneralansatzfor theDM1,

M � r + r E �  b� �� � r � � �� � r E �[ð � � K � + (39)

� K � r + r E �  hñ � � r + r E � F r G r E F + (40)

ñ � � r + r E �  bñ � � � � � r � + � � � r E �:� + (41)
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where ð � � K � is an analyticfunction of the two-bodynaturalvariable� K ,50 andñ � � r + r En� is a two-body Fermi wave-vector (TBFWV). The specificfunctional
forms of ð � � K � and ñ � are not importantat present,as long as they both are
symmetricanalyticfunctionsof r andr E , andsatisfythefollowing constraints:

lim
r ¡ r O � K � r + r E �  

¸ + (42)

limò � ¡ � ð
� � K �  B + (43)

lim
r O ¡ r

ñ � � r + r E �  �*� � r � + (44)

limó ¡ ó�ô ð � � K �  p
�)� � �������� H (45)

FromEqs.(40) and(41),onecanfurthershow that

lim
r ¡ r O � J r

# J r O ��ð � � K �  
¸ H (46)

Basedon Eqs.(6) and(39)G (46),onecanderiveexactly!I ©!<§
¨ � ���$#�!�õ � ���,+ (47)

!<õ � ���2 BD � �� � r � c � r G r E � � J r Q J r O ��ð � � K � � �� � r E � + (48)

wherethevW functionalappearsnaturally. Furthermanipulationyields

!<õ � ���] G BD � �� � r � c � r G r E � ñ K� � r + r E � Z K ð � � K �Z]� KK
# D
� K

Zð � � K �Z]� K
� �� � r E � (49)

 G ºp ��� � ��ö ÷ ±-ø � r � c � r G r E � Z K ð � � K �Z]� KK
# D
� K

Zð � � K �Z]� K
��ö ÷ � ø � r E � (50)

 Ûù � ð ��! � � � ���,+ (51)

where
�

is someconstant,and ù � ð � is a functionalof ð � � K � ,ù � ð �� G ºp Z K ð � � K �Z]� KK
# D
� K

Zð � � K �Z]� K ò � ¡ �
H (52)

If ð � � K � is chosensuchthat ù � ð �? B , ! õ � ��� will becomethe TF functional. It
is straightforward to show that the simplechoice ð � � K �  p �� � � K �

É
� K satisfies

this condition.5,98,276–280 In general,however, thevalueof ù � ð � dependson the
specificform of ð � � K � . Nonetheless,it is desirableto enforce ù � ð �< B , so that
thegeneralOF-KEDFmodel!> "! §
¨ � ���$#>ù � ð �ú! � � � ��� (53)

exactly recoverstheTF functionalat theFEGlimit andthevW functionalat the
asymptoticregionof localizedsystems.Unfortunately, numericaltestsshow that
this simplemodelgreatlyoverestimatesthekineticenergy.3–5,148,179,281–283
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III.2 EXTENSIONS OF THE VON WEIZSÄCKER MODEL

Sincetheabove simplederivationunifiestheTF modelandthevW modelin
a coherentapproach,researcherswerequiteencouragedto try otherextensions
basedon Eq. (53) to improve its accuracy.3–5 Thereare two simple ways to
accomplishthis: replacingù � ð � by a functionof electronnumberj andnuclear
charge û ,283–292

!> "! §.¨ � ���*#Iù£� j + û�� ! � � � ���,+ (54)

or introducinga local prefactorfor theTF functional,280

!> "!<§.¨ � ���*#>3[ù£� r � �� � � r �:9 H (55)

Thefirst proposedform of ù£� j + û�� was

ù£� j + û��  B G
ü
j �Xý s + (56)

with the optimizedempiricalparameters
ü  B H � B D for neutralatomsonly andü  B H p�p D for atomsandions.283 A laterversionof ù£� j + û�� was290,291

ù£� j + û��  B G
D
j B G

ü �
j �Xý s #

ü Kj K ý s + (57)

with the optimizedempiricalparameters
ü �  B H p B � and

ü K  
¸ H ¸�¸ D B .291 The

first factorin Eq.(57)allowsEq.(54)torecovertheright limit (thevW functional)
for one-electronsystems(with thecorrectspin-polarization)andidempotenttwo-
electronGS’s. However, thereareotherwaysto enforcetheright limit, yetretain
similarity to Eqs.(56). For example,onemightreplacethefirst factorin Eq.(57)
by � B G c �Xþ G c K þ � , where

c SRÿ
is theKronecker deltafunction.

Both Eqs.(54) and(55) canyield remarkablyaccurateresultsif ù is fitted
to the target systems,thoughnontransferabilityremainsto be the key problem.
For instance,highly accuratelocal behavior of the density, including the shell
structureof atomic species,can be achieved for the local extensionshown in
Eq. (55), but the resultingsystem-dependentù£� r � is not transferable.280 Simi-
larly, Eq.(54) cangiveaccurateresultsfor theenergy if gooddensitiesareused,
but it againcannotreproducetheshellstructurenoraccurateenergiesif Eq.(12)
is variationallysolved.292

Imperfectthoughthey are,theimpactof thesefunctionalsonlater,morerefined
developmentscannotbeoverstated.To this end,somegeneralobservationscan
bemade.Eq.(53)certainlylacksflexibility , sinceonceð � � K � is chosen,ù � ð � will
haveafixedvaluefor all systems.Eq.(54) is betterdueto theglobaldependence
of ù£� j + û�� onspecificsystemparameters.Eq.(55)is thebestamongthesethree,
sinceit accountsfor thelocal behavior of theOF-KEDF.
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IV. CORRECT RESPONSEBEHAVIOR

It haslongbeenestablishedin themolecularphysicscommunity thattheatomic
shell structureis the barometerto measurethe quality of any OF-KEDF.3–5 In
solid statephysics,the correspondingphysical standardis the oscillationsin
the density, including both the short-range(near-neighbor)oscillationsandthe
asymptoticFriedel oscillationsfor metals.293–301 The Friedel oscillationsare
causedby the occupationof orbitalsat the Fermi surface.302,303 It is alsowell
understoodthatthecorrectLR behavior is thekey to predictingsuchoscillations:
the overall shapeandthe weak logarithmicsingularityof the LR function are
responsiblefor the short-rangeandasymptoticoscillations,respectively.301,304

In this section,we review thederivationof theLR function(for therearesome
mistakeswith the derivation in Ref. [301]) andthestrategy for incorporatingit
into thedesignof betterOF-KEDF’s.

IV.1 LINEAR-RESPONSE THEORY

In termsof LR theory,293–301asmallchangein thepotentialcausesafirst-order
changein thedensity,

c ��� r �  ��� r G r E � c 5$� r E �[Z]\ E + (58)

where��� r G r E � is thereal-spaceLR function

��� r G r E �  c ��� r �c 5$� r E � H (59)

After Fouriertransformation,Eq.(58) canbewritten in momentumspaceas
�

c����� q �  ���� q � c��5$� q � + (60)

where
���� q � is themomentum-spaceLR function. Moreover, from Eq. (59) and

thechainrule for functionalderivatives,onehas

c � r E G r E E �  c ��� r E EX�c 5$� r �
c 5$� r �c ��� r E � Z]\  ��� r G r E E � c 5$� r �c ��� r E � Z]\ H (61)

TakingtheFouriertransformof theresultingequationyields

^ � c 5$� r �c ��� r E �  B���� q � + (62)

wherê
�

denotestheFouriertransform.

�
Hereafter, theFourier transformof a real-spacefunction �.x r | will sharethesamesymbolbut with a

tilde, ��.x q | .
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Differentpiecesin Eq. (12) canbe chosento be the above perturbationpo-
tential,resultingin differentLR functions,293–301whicharecloselyrelatedto the
secondfunctionalderivativesof correspondingEDF’s. For example,the(static)
externalLR functionof only thenuclear-electronattractionpotentialis givenbyc ��?� q �  �� �X7)8 � q � c �5 ��7)8 � q � + (63)

B�� �X78 � q �  ^ �
c 5 �X78 � r �c ��� r E �  ^ � c K %-' �� ���c ��� r � c ��� r E � H (64)

TheXC LR functionof only theXC potentialis givenbyc ���� q �  �� 7)@ � q � c �5 7@ � q � + (65)

B�� 7@ � q �  ^ �
c 5 7@ � r �c ��� r E �  ^ � c K �?7@<� ���c ��� r � c ��� r E � H (66)

TheHartreeLR functionof only theHartreerepulsionpotentialis givenbyc	��?� q �  ��mlm� q � c��5<l�� q � + (67)

B�� l � q �  ^ �
c 5<l�� r �c ��� r E �  � }


 K H (68)

TheLR functionwithin theRandomPhaseApproximation(RPA) for a Hartree
gas(HG) withoutXC is givenbyc ���� q �  �������Ã� q � c �5����
� q � + (69)

c��5 ��� � q �  c��5 d?e�X_[_ � q �,G c��5 7@ � q �  c��5 ��7)8 � q � # c��5<l�� q � + (70)

B�������Ã� q �  B�� �X78 � q � # B�� l � q � H (71)

Then,thetotal LR functionof theentireKS effectivepotentialis givenbyc ���� q �  �� 8 ~ 8 � q � c �5 d?e�X_[_ � q � + (72)

B�� 8 ~ 8 � q �  ^ �
c 5 d?e�X_[_ � r �c ��� r E �  ^ � c K � ���)� ��� G !<; � ��� �c ��� r � c ��� r E �  G ^ � c K !<; � ���c ��� r � c ��� r E � + (73)

B�� 8 ~ 8 � q �  B�� �X7)8 � q � # B�� l � q � # B�� 7@ � q �  B�� ���� � q � # B�� 7@ � q � H (74)

In Eq. (73), the secondfunctional derivative of the EEDF is zero due to the
TF-HK equation.Accuratenumericalvaluesof variousLR functionsfor nearly
FEG’s canbefoundin Refs.[305] and[306].
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IV.2 THE LINDHARD FUNCTION

For a nearlyFEG,ananalyticexpressionfor thetotal LR function is already
available,dueto Lindhard.307 For completeness,weprovideaconcisederivation
below.

Westartfrom theFEGlimit, wherethedensity� � is uniform,orbitalsV
T

k
� r �
W

aresimpleplanewaves, T
k
� r �  4� D¹} � � �� �

S
k � r + (75)

andthezeroth-orderHamiltonianis just thesummationof all thekinetic-energy
operators,

^� �  
þ
S
N � G

BD JLKS + (76)

whereindex
Å

runsoverall electronsin thesystem.Now, let usintroduceaweak
perturbationpotential5$� r � into this system,sothatto first ordertheorbitalscan
bewrittenaccuratelyasT � � �

k
� r �  

T
k
� r � #

k O��N k

%
k O ka

k G a k O
T

k O � r � + (77)

wherethecouplingelement% k O k is givenby first-orderperturbationtheoryas

%
k O k  43 T

k O � r � F 5*� r � F
T

k
� r �:9  4� D¹} � � s �5*� k G k E � H (78)

Introducinganew variableq  k G k E andreplacingthesummationby anintegra-
tion, onerewritesEq.(77) asT � � �

k
� r �  

T
k
� r � # D

� D�} � s
q �N �

�5$� q �
T

k � q
� r �

k K G � k G q � K Z]\ q H (79)

Then, the first-orderchangein the densitydue to the first-orderchangein the
potentialis

c ��� r �  ~ @
@o�
k

² k

T � � �
k
� r � K G F T

k
� r � F K

 �
� D¹} � ª

q �N �
�5$� q � � �

S
q � r ~

@
@]�
k

² k

k K G � k G q � K Z]\ q
+ (80)

or in momentumspace,

c����� q �  BD¹} s �5*� q �
~ @
@o�

k

² k

k K G � k G q � K + (81)
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where ² k is the occupancy of

T
k
� r � . At zero Kelvin, ² k is a step function;

otherwise,it is theFermi-Diracdistribution function. ComparingEqs.(60) and
(81),oneimmediatelyhas

�� 8 ~ 8 � q �  BD¹} s
~ @.@o�

k

² k

k K G � k G q � K H (82)

In Eq. (82),setting² k
 D , replacingthesummationby anintegration,anddoing

somealgebra,onefinally obtainstheLindhardfunction307

�������� �o� q �  B} s
!#"
�
D¹} � K $

� sin %D � 
 cos%tG 
 K Z&%?Z
�

 G B} K 

!#"
� �

ln

 # D �
 G D � Z �

 G � �} K BD # B G(' K� ' ln B # '
B G(' + (83)

where'  
 É � D � � � is a dimensionlessmomentum.This finishesthe derivation
of theLR functionat theFEGlimit

)
. Therefore,theFEGlimit of Eq. (73) is

^ � c K !<; � ���c ��� r � c ��� r E � ó ô  G B��*�+��� ��� q �  
} K� � ��,

S ' ¿ � '2� + (84)

� , S ' ¿ � '2�  BD #ËB G(' K� ' ln B # '
B G('

� � H (85)

Extensionto finite temperature! can be madeby using the Fermi-Dirac
distribution functionfor ² k in Eq. (82)

�� �8 ~ 8 � q �  G B} K 

¢
�

�
B #I� � ! � � ! � " � ý � K !.- � � ln


 # D �
 G D � Z � + (86)

where
��/

is the Boltzmannconstant. More generally, higher-order response
functions can be obtainedif the perturbationtheory is carried out to higher
orders,but thederivationquickly becomestediouslyinvolved.42,43,108–110,308–310

A few commentsneedto bemadehere. First, it turnsout that therestriction
q 0 ¸ in the integrationof Eq. (80) is not a problemat all becausetheLindhard
function is analytic for q  ¸ . Second,thereis a weaklogarithmicsingularity
at '  B or 
  D � � wheretheslopeof theLindhardfunction is divergent. This
singularitycanbe attributedto the pole of the denominatorof Eq. (82), andis

1
Carefulreadersmightnoticethatin Ref.[301], thereis asignerrorin Eq.(6.38).Ourderivationshould

bethecorrectversion.
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closelyrelatedto the stepfunction behavior of ² k at the Fermi surfaceat zero
Kelvin. In fact, the singularitypersistseven at finite temperature,asonecan
easilyseethis from Eq. (86). It canbe further shown that from Eq. (86), the
asymptoticFriedeloscillationsin thedensityatafinite low temperature! areof
thefollowing form1U1 96,311,312

lim� ¡£¢ c ��� r � Ç cos� D �*� �]�� s � � @ !.- � � ý !#" + (87)

where Â is somepositive constant. Moreover, the overall shapeof the LR
function is the key for a gooddescriptionof the short-rangeoscillationsin the
density.301,304 Therefore,the fine detailsof the LR function are essentialto
reproduceany correctphysics.Third, theutilizationof thestep-functionform of² k dictatesthattheLindhardfunctionisonlyvalid for idempotentDM1’s,because
the occupancy is either0 or 2. Fourth, for later reference,onecanrewrite the
Lindhardfunctionin termsof apolynomialexpansion301,304

�� �+��� � � q �G �*�
É } K  

¢' N � ' K
' É � �32 K G B � for '54 B +

¢' N � ' � K
' É � �32 K G B � for '56 B H

(88)

Taking the inversesof Eq. (88), one can also rewrite
��, S ' ¿ � '2� in termsof a

polynomialexpansion

��, S ' ¿ � '��  
B # ¢' N � À ' ' K

'
for '74 B +

p3' K G s� # p
¢' N � Á�' ±

� ' � K ' for '76 B H
(89)

HeretheexpansioncoefficientsV[À '
W
andV Á '

W
satisfythesamerecurrencerelation

( Â is either À or Á )

Â.'© '
° N �

Â.' � °98Â ° +©Â �  B + 8À '" B�32 K G B +
8Ám'" G�p 8À ' ± � H (90)

Thefirst few coefficientsareshown in TableI. Finally, it shouldbeclearthatnone
of thosepotentialpiecesin Eq.(12)areincludedin thezeroth-orderHamiltonian^� � in Eq.(76)andtheentireKS effectivepotentialis treatedastheperturbation.

A:A
Apparently, the correctdecayprefactor is proportionalto Ð Ü#: , ratherthan to Ð Ü ; as “proved” in

Refs.[311] and[313]. The Ð Ü#; decayprefactoris obtainedwithout takinginto accountthecorrectLR
behavior.



138 Y. A. WangandE. A. Carter

Table I First few coefficientsof the polynomialexpansionof < â+=?>	@ �BA � . Here C >EDFHG>JI � G> and K�> DML F&N>JI � N> .

O P G> Q G> P N> Q N>
1 1 3 1 5

2 8 45 8 175

3 104 945 8 375

4 1048 14175 12728 1010625

5 24536 467775 551416 65690625

6 24735544 638512875 41587384 6897515625

7 2262184 76621545 2671830232 586288828125

8 1024971464 44405668125 15330117543304 4288702777734375

9 3592514217256 194896477400625 185527734659128 64330541666015625

10 481989460497736 321579187711031251601650275310046776673219118534853515625

Therefore,it is not relevantto talk abouttheXC effectsontheLindhardfunction
unless,of course,onestartsfromsomeHamiltonianthatincludesexchangeand/or
correlation,like theHF Hamiltonianor theKS Hamiltonian. If thelatterstepis
taken,simpleplanewavescannotbeusedasthezeroth-orderorbitalsany more.
Nonetheless,theLindhardfunctionis idealfor ourpurposebecauseit is a“pure”
kineticmodel[seeEq.(84)].

IV.3 COMPARISON OF VARIOUS KINETIC-ENERGY
DENSITY FUNCTION ALS

With Eq.(84) in hand,wecaneasilyassessthequalityof variousOF-KEDF’s
mentionedin previoussections,by comparingtheir momentum-spaceLR func-
tionswith theLindhardfunction.For instance,themomentum-spaceLR function
of theTF functionalis just theconstantprefactorin Eq. (83),

��SR "  G �*�} K + (91)

which is only correctat q  ¸
, the FEG limit. For convenience,the TF LR

function is usuallyusedto renormalizethe momentum-spaceLR function of a
givenmodel T for theOF-KEDF,

8�*U� ���U�� R "  
} K�*� ^ � c K ! d; � ���c ��� r � c ��� r E � ó�ô  B� d � '�� H (92)

It is straightforwardtowork outthemomentum-spaceLR functionsfor any given
modelOF-KEDF’s. TableII showssomeof theresults.
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Table II Themomentum-spaceLRfunctionsof somemodelOF-KEDF’sat theFEGlimit,
in termsof <<à �BA � via Eq. (92),where A D � I �êé�V	W � . Therecurrencerelationfor expansion
coefficientsXYC >�Z is givenin Eq.(90),andthefirst tencoefficientsare shownin TableI.

Model � � � �
	 <�à �BA �
Exact <�â+=?>	@ �BA �� î W � ��	 1�\[�]�� ��	 � A ;� î W � ��	_^ ���3[+]�� �
	 `&^ �)� A ;�\[�]�� ��	_^ ��� î W � �
	 � A ; ^ �� Õç ã?è � �
	 Õ> a�b C > A ; >

TableII clearly indicatesthatnoneof thepreviously mentionedOF-KEDF’s
hasthe correctLR behavior at the FEG limit. Even moreinterestingly, the TF
functionalis supposedto be exact at the FEG limit, but its LR function hasno
momentumdependence.At first glance,one would think that there is some
inconsistency involved. In fact, thereis no conflict becausetheTF functionalis
only thezeroth-orderperturbationresult,while theLindhardfunctionis thefirst-
orderresult.A similar “paradox”existsfor theasymptoticFriedeloscillationsin
Eq. (87).

More specifically, theweaklogarithmicsingularityat '  B dividestheLind-
hardfunction [seeEqs.(88) and(89)] into two branches:the low-momentum
('c4 B ) branchwith the TF LR function as the leading term, and the high-
momentum('96 B ) branchwith the vW LR function as the leadingterm. By
itself, the vW LR function is completelywrong at low momentum:becoming
divergentat '  ¸ . Combinationsof theTFandvW functionals,eithertheTFÌ vW
model[seeEq. (36)] or thevWÌ TF model[seeEq. (54)], cannotreproducethe
overall shapeof theLindhardfunction. As a sidenote,it is desirableto keepÌ
positivesothattheresultingLR functionwill nothaveasingularity. However, it
is clearthatbothEqs.(56) and(57) arenot alwayssemipositive definitefor all
positivereal j , andthusshouldbeusedwith caution.To aidour understanding,
weplotstherenormalizedLR functionsat theFEGlimit in Figures6 and7.

It is alsointriguing to noticethat the complicatedCGE(or the GGA) is not
doingmuchbettereither. In fact,if onecarriesout theCGEderivationto infinite
order, oneonly getsthe low-momentumbranchof the Lindhardfunction right,
becausethe weak logarithmic singularity of the exact LR function was never
takeninto accountproperlyin theCGEderivation. Moreover, theLR functionof
thehigher-orderCGEconvergesto theLindhardfunctionveryslowly anddecays
to zerovery quickly, asclearlyshown in Figure7. It shouldbeunderstoodthat
the CGE is correctup to all ordersin perturbationtheory, not like any finite
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Figure 6 Comparingthe Lindhard functionwith the momentum-spaceLR functionsof
variousmodelOF-KEDF’sat theFEG limit.
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Figure7 ComparingtheLindhard functionwith themomentum-spaceLRfunctionsof the
CGEOF-KEDF’s(up to infiniteorder) at theFEG limit.

responsetheory, but its mishandlingof theweaklogarithmicsingularityandthe
complexity in its derivation lendto its highly impracticalnature.Similar to the
second-order, low-momentumCGE,onecaneasilyseefrom Eq. (89) andTable
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II that the second-order, high-momentumCGE, which will be referredas the
correctlarge-
 limit (CLQL)107 in latersections,is givenby

! « ,.mn,  ! §.¨ � ��� G pº ! � � � ��� H (93)

We believe that the CLQL is the right OF-KEDF for rapidly varying density
regions. However, oneshouldnot attemptto usethe CLQL generally, because
its LR function B

É
p3' K G s� hasapoleat '  B

Épo º
.

In summary, all exercisessofar seemto leadnowhere:simple-mindedexten-
sionsbasedon the TF andvW functionalshit a deadend. A moreinnovative
pathhasto betaken. Fortunately, therearesuchpaths,mainly fueledby thead-
vancesin thedesignof theXCEDF’s,namelytheAverage-DensityApproxima-
tion (ADA)314–316 andtheWeighted-DensityApproximation(WDA).98,260,315–318

Beforewego any further, it is instructive to point out thatalmostall schemes
(exceptfor the CGE) discussedin this review, aswell asby others,areunani-
mouslybaseduponEq.(20). In retrospect,this is notsurprising,onceoneknows
thatEq.(20)is justthezeroth-ordertermin thesemiclassicalexpansion(in orders
of q , thePlanckconstantdividedby

D�}
) of theDM1168

M � r + r E �  M � � � � r + r E � # M � K � � r + r E � + (94)

M � � � � r + r E �  
� s� � r �} K

� � � ���� + (95)

M � K � � r + r E �  B» ¼ } K
� � � � � �(�,G�� �� � ��� � J K � K� � r �� � � r � G D � � � � � � �(� � � r G r E � Q J � K� � r �F

r G r E F
G � B # � K � � � � �(�,GL� �� � ��� J � K� � r � K� s� � r � # p � � � � ����G�� �)� � �(� � � r G r En� Q J � K� � r � K�*� � r �
# � � � � � � �(� �<� r G r E � Q J � r G r E � Q J � K� � r �F

r G r E F + (96)

where
� � and

��
arethesphericalBesselfunctions.81 Clearly, theoverwhelming

complexity of Eq. (96) precludesany efforts to moregeneralOF-KEDF’s based
uponEq. (94). Therefore,in the following, we will only concentrateon ideas
thatmanipulateEq.(95) to moregeneralapproximations.

V. NONLOCAL DENSITY APPROXIMA TIONS

Before introducingthe NonlocalDensityApproximations(NLDA’s) for the
OF-KEDF,98–111 wewould liketo briefly outlinetheessenceof theADA andthe
WDA for theXCEDF98,260,314–318 to aid our understandinglater.
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V.1 THE ESSENCEOF THE AVERAGE- AND
WEIGHTED-DENSITY APPROXIMA TIONS

In the languageof the adiabaticconnectionformulation,319–323 the XCEDF
canbeexactlywritten as

� 7)@ � ���� BD ��� r � BF
r G r E F 8� 7)@ � r + r E � + (97)

8� 7)@ � r + r E �  h��� r E � 8r�7@ � r + r E � + (98)

8r 7@ � r + r E �  
�
� r�Í � r + r E �[Z]Ì + (99)

where
8� 7@ � r + r E � and

8r 7@ � r + r E � arethecoupling-constant-(Ì )-averagedexchange-
correlationhole (XCH) andpair-correlationfunction (PCF),respectively. The
PCFis symmetricin its variables

r�Í � r + r E �  r�Í � r E + r �2` (100)

theaveragedXCH satisfiesthesumrule

8� 7)@ � r + r E �[Z]\ E  ��� r E � 8r�7)@ � r + r E �:Z]\ E  G B H (101)

One can further split the XC effects into separateexchangeand correlation
contributions:

8� 7)@ � r + r E �  4� 7 � r + r E � #Ù� @ � r + r E � + (102)

8r�7@ � r + r E �  r�7 � r + r E � # r�@ � r + r E � + (103)

whichsatisfydifferentsumrules

� 7 � r + r E �[Z]\ E  ��� r E � r 7 � r + r E �:Z]\ E  G B + (104)

� @ � r + r E �[Z]\ E  ��� r E � r @ � r + r E �[Z]\ E  ¸ H (105)

(InterestedreadersshouldconsultRefs. [50] and [51] for a concise,yet full
descriptionaboutthedetailsof theadiabaticconnectionformulation.For brevity,
we will not repeatthem here.) The benefitsof sucha formulation are clear:
the XCEDF hasa quasi-Coulombicinteractionform, wherethe pseudocharge8� 7)@ � r + r En� andthePCF

r Í � r + r En� carryall theinformationaboutXC effects.
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Variousapproximationsarebuilt aroundtheXCH andthePCF. For example,
thewell-known,widely-usedLocal-DensityApproximation(LDA)3–10,42,43,324–326

assumes

8� ,\s Î7)@ � r + r E �  ���� r � 8r ,\s Î � ��� r � + F r G r E F �  ���� r �
�
� r
,\s ÎÍ � ��� r � + F r G r E F �[Z]Ì + (106)

whichsatisfiesthesumrule requiredby Eq.(101)

8� ,\s Î7)@ � r + r E �:Z]\ E  G B H (107)

Similar to the generalizationof the DM1 from Eqs.(20) to (23), onecanthink
of theLDA is a generalizationagainof theFEGformula,i.e., replacing� � with��� r � in

8� � ®¬7@ � r + r EX� ,324–326

8� � ®¬7@ � r + r E �  b� � 8r � ®*¬ �[� � + F r G r E F � ��� r � 8r ,\s Î �[��� r � + F r G r E F � H (108)

Unlikethepoorperformanceof theLDA counterpartfor theOF-KEDF, theLDA
for theXCEDF actuallydoesquitewell mostof thetime,despitethatEq. (106)
hasthewrongdensityprefactor: ��� r � shouldbe ��� r E�� asin Eq.(98). Its success
is attributableto Eq.(107)(whichallowsasystematiccancellationof errors)and
the recipeshown in Eq. (108) (which providesa reasonableapproximationfor
thesphericallyaveragedXCH).316

In light of the successof the LDA, the ADA314–316 closelyfollows theLDA
andproposes

8� Î s Î7)@ � r + r E �  8� Î s Î � r � 8r ,\s Î 8� Î s Î � r � + F r G r E F + (109)

wheretheweighted-averagedensity(WAD) is givenby

8� Î s Î � r �  t 8� Î s Î � r � + F r G r E F ��� r E �[Z]\ E*H (110)

Thepeculiarrecursionin Eq. (110) is mainly dueto a lack of understandingof
theTBFWV anddueto theconvenienceof theautomaticfulfillment of thesum
rule for theXCH,

8� Î s Î7@ � r + r E �[Z]\ E  G B H (111)

The averagingweight function (AWF) t 8� Î s Î � r � + F r G r E F is determinedby
enforcingthecorrectLR of theADA XCEDFat theFEGlimit,305,306

^ � c K � Î s Î7@ � ���c ��� r � c ��� r E � ó�ô  B�� 7@ � q �  B�� �+��� � � q � G B�� �X78 � q � G B�� l � q � + (112)
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whereEqs.(66) and(74) areemployed. In comparison,theLR functionof the
LDA XCEDFis only exactatq  ¸ andhasnomomentumdependence,306,327,328

while the LR functionsof the GGA XCDEF’s arealsoexactat q  ¸ andhave
momentumdependence.327,328 More interestingly, theLDA doesa betterjob in
reproducingthecorrectLR behavior thantheGGA does,especiallyfor theregion
of 
vu D � � .306,327,328 This is thethird reasonfor thesuccessof theLDA XCEDF.
Unfortunately, the LDA OF-KEDF doesnot enjoy similar success,becauseits
LR functionresemblestheLindhardfunctionpoorly (seeFigure6).

Since both the LDA and the ADA ignore the strict form of Eq. (98), the
WDA98,260,315–318 offersanalternative to obey it exactly,8� ¨ s Î7@ � r + r E �  b��� r E � 8r ,\s Î 8� ¨ s Î � r � + F r G r E F + (113)

wheretheeffective density
8� ¨ s Î � r � is determinedpointwiseby enforcingthe

sumrule 8� ¨ s Î7@ � r + r E �:Z]\ E  G B H (114)

Interestingly, numericaltestsshow thatboththeWDA andtheADA aregener-
ally superiorto theLDA, but theADA is thebest98,136–141,260,314–318,329–345among
thethree.Theseresultscomewith no surprisebecauseall threeapproximations
honorthe sumrule of the XCH, but only the ADA complieswith the right LR
behavior at theFEGlimit. It hasbeenshown that theWDA XCEDF generally
doesnot have thecorrectLR behavior,328 which might be thecauseof its poor
performance,especiallyfor the correlationenergy. Nonetheless,by preserving
the exact form of the XCH, the WDA shouldcapturemoreof the anisotropic
natureof theexactXCH, while theLDA andtheADA aresphericallysymmetric
aroundr . Furthermore,sincethePCF’sof boththeADA andtheWDA havethe
sameform asthatof theLDA, they inevitably fail thesymmetricrequirementof
Eq. (100). A simplesymmetrizationcanfix this problem,50

8r ,\s Î; ò ° � r + r E �  
8r ,\s Î � 8��� r � + F r G r E F � # 8r ,\s Î � 8��� r En� + F r G r E F �D + (115)

but it destroys theautomaticfulfillment of thesumrulesin Eqs.(107)and(111)
for theLDA andtheADA, andputsa heavier burdenfor theWDA to satisfyits
own sumrule in Eq. (114).

It is also important to discussthe effect of the symmetrizationon the XC
potential,

c�� ¨ s Î7@ É c � . For the exactXCEDF, the symmetricnatureof thePCF
directly leadsto a two-termsummationfor theXC potential,

5 7)@ � r �  c�� 7@ � ���c ��� r �  ©5 � � r � # D 5 K � r � + (116)

5 � � r �  BD ��� r EX� ��� r E E��F
r E G r E E F

c 8r�7@ � r E + r E EX�c ��� r � Z]\ E Z]\ E E + (117)
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5 K � r �  BD ��� r E��F
r G r E F

8r�7)@ � r + r E �:Z]\ E H (118)

At large distancefrom a neutral atom, 5 K � r � goesto G �
K � and 5 � � r � decays

exponentially.315,316,341,342 If a symmetricansatzfor the PCF is employed,
the WDA XC potential will be symmetricautomatically, just like the exact
caseabove. Additionally, a symmetricXC potentialhasthe exact asymptotic
behavior ( G �� ) and the spuriousself-interactioneffect in the HREDF = � ��� is
mostly removed.315,316,342 Unfortunately, becauseof the nonsymmetricnature
of theansatzfor thePCFin Eq.(113),theXC potentialwithin thepresentWDA
framework hasthreetermsinstead,

5 ¨ s Î7)@ � r �  "5 ¨ s Î� � r � #�5 ¨ s ÎK � r � #&5 ¨ s Îs � r � + (119)

5 ¨ s Î� � r �  BD ��� r E � ��� r E E �F
r E G r E E F

c 8r ,\s Î 8� ¨ s Î � r E�� + F r E$G r E E Fc ��� r � Z]\ E Z]\ E E + (120)

5 ¨ s ÎK � r �  BD ��� r EX�F
r G r E F

8r ,\s Î 8� ¨ s Î � r � + F r G r E F Z]\ E + (121)

5 ¨ s Îs � r �  BD ��� r E��F
r G r E F

8r ,\s Î 8� ¨ s Î � r E � + F r G r E F Z]\ E*H (122)

Asymptotically, both 5 ¨ s Î� � r � and5 ¨ s Îs � r � decayexponentiallyand5 ¨ s ÎK � r �
goesto G �

K � .315,316,341,342 Theinequalitybetween5 ¨ s ÎK � r � and5 ¨ s Îs � r � makes
Eq.(119)differfromtheexactformin Eq.(116).Althoughanadhocsymmetriza-
tion canrestoretheexactform for theXC potential331–333

5 ¨ s Î7@ � r �  "5 ¨ s Î� � r � # D 5 ¨ s ÎK � r � + (123)

the correspondingXCEDF is unknown. For the sake of the internal self-
consistency betweentheXCEDF andtheXC potential,introducingasymmetric
TBFWV [seeEq.(41)] seemsto bethemoreelegantapproach.

On the practicalside,neitherthe ADA nor the WDA waswidely appliedin
generalto many-electron,realisticsystems,dueto their complicatedfunctional
forms.98,136–141,260,314–318,329–345 Only very recentlydid efficient implementa-
tions of the WDA becomeavailable.338–342 Even today, the ADA is still a
“museumartifact,” which hasbeenappliedonly to sphericalatomicspeciesand
thesphericaljellium model.314–316,346 Themainobstaclelies in Eq.(110),where
in additionto therecursionproblem,oneneedstodotheintegrationoverall space
of r E for every point r , yielding a numericalcostscalingquadratically, r �xw K � ,
with respectto theintegrationgrid size w . A straightforwardapplicationof the



146 Y. A. WangandE. A. Carter

FFTcannotbeusedto finessethisintegration,becauseof thedensitydependence
of theAWF, t 8� Î s Î � r � + F r G r E F .

Whatdoesall of theabove analysisteachus? First andaboveall, thecorrect
LR behavior at theFEGlimit is vital for designof a goodEDF. Second,proper
sumrulesshouldbesatisfiedto build in systematicerrorcancellation.Third, the
introductionof aweightfunctionreleasestheconstraintsontheoriginalformulas
at theFEGlimit, allowsany nonlocaleffectsto bemodeled,andsomewhatmore
importantly, providesa new degreeof freedomso thatotherrestrictionscanbe
simultaneouslysatisfied.Fourth,any recursionshouldbeavoidedto permitmore
efficient implementation.99,346 This in turncallsfor abetterunderstandingof the
TBFWV. Finally, the r �xw K � numericalbarriermustbe overcomeso that any
generalapplicationwill bepossible.338–342

V.2 THE CLASSICAL WEIGHTED-DENSITY
APPROXIMA TION

In the lineageof themethodologydevelopedabove, theADA andtheWDA
arenonlocalextensionsof the LDA formulation. In this sense,the TF model
discussedin SectionII.1 is theLDA counterpartfor theOF-KEDF. However, the
vW modeldiscussedin SectionIII.1 is somewhatdifferent,becausetheansatzin
Eq.(39)departsfromtheLDA ansatzin Eq.(23). For laterconvenience,wename
thestrategy in SectionIII.1 theSemilocal-DensityApproximation(SLDA). In the
following, throughadetailedanalysisof theexchangeenergy densityfunctional
(XEDF) andtheOF-KEDF,98 weshallseetheclassicalWDA is actuallyclosely
relatedto theSLDA.

Right from thebirth of theWDA, a joint approachto theXEDF andtheOF-
KEDF waspresented.98 It is notsurprisingbecausebotharerelatedto theDM1.
For closed-shellsystems,theXEDF hasasimpleanalyticform58–60

�?7?� ���2 G B� F M � r + r E � F KF
r G r E F H (124)

After an inspectionof Eqs.(97), (98), and(124),onecanthenreadilywrite the
exchangeholeandtheexchangePCFas

� 7 � r + r E �  G F M � r + r En� F KD ��� r � + (125)

r�7 � r + r E �  G F M � r + r ER� F KD ��� r � ��� r E � H (126)

Thefulfillment of thesumrule in Eq. (104)is simplygivenby

F M � r + r E � F K Z]\ E  D M � r + r �  D ��� r � H (127)
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It is clearthatEq.(127)is lessrestrictivethantheenforcementof theidempotency
propertyin Eq. (9), becausethe right-handsideof Eq. (127) is the density, not
thefull DM1. Now, following thegeneralLDA schemeandemploying Eqs.(20)
and(23),onehastheLDA exchangePCF,

r ,\s Î7 � r + r E �  G »D � � � �(�� K + (128)

andthecelebratedDirac LDA XEDF,32

� s � ���� G »� � K � r �F
r G r E F

�� � �(��
K  G � s � ´ � r � + (129)

where � s is theDiracconstant,s´ � s$(�?�� . Invoking theWDA yields

r ¨ s Î7 � r + r E �  G »D �)� � 8� ¨ s Î �8� ¨ s Î
K + (130)

� ¨ s Î7 � ���� G »� ��� r � ��� r E[�F
r G r E F

�)� � 8� ¨ s Î �8� ¨ s Î
K + (131)

wheretheeffectivevariablesaregivenby

8� ¨ s Î  8� ¨ s Î� � r � F r G r E F + (132)

8� ¨ s Î� � r �  p } K �� 8� ¨ s Î � r � + (133)

8� ¨ s Î � r �  8� ¨ s Î � r � �� H (134)

ComparingEqs.(126) and(130) immediatelyrevealsthe WDA ansatzfor the
DM1:

M ¨
s Î � r + r E �  b� �� � r � � �� � r E �:ð

,\s Î � 8� ¨ s Î � + (135)

ð ,\s Î � 8� ¨ s Î �  p �� � 8�
¨ s Î �8� ¨ s Î H (136)

It is striking thatEq.(135)closelyresemblesEq.(39);hence,theclassicalWDA
isactuallyageneralizedSLDA [of course,theelementof theTBFWV of Eqs.(40)
and(41)ismissing].Similarto thederivationshown in Eqs.(46)G (53),theWDA
OF-KEDFcanbeeasilyderivedfrom Eq.(135),98

! ¨ s Î; � ���2 "!<§
¨ � ���$#>��� � ��� r � 8� ¨ s Î � r � K H (137)
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It is importantto notethat the effective density
8� ¨ s Î � r � mustbe everywhere

semipositive definite so that all effective quantitiesare then properly defined.
Within theWDA, theexplicit enforcementof thesumrule [seeEq.(127)]

��� r E � ð ,\s Î � 8� ¨ s Î � K Z]\ E  D + (138)

might just ensurethis becauseall paperson theWDA have not reporteda single
violation so far.98,136–141,260,315–318,329–345 Nonetheless,more thoroughstudies
shoulddefinitelyclarify this issue.

Ignoring thecorrelationcomponentin Eq. (12), onecansolve theexchange-
only TF-HK equationwithin theWDA. Numericalresultsarein favor of thisap-
proachin termsof energy, but thedensitystill exhibitsnoshellstructurefor lighter
atomicspecies( û u p ¸ ).136–140 In addition,becausetheWDA ansatzof Eq.(135)
is a generalizationof the single-orbitalform in Eq. (24), the WDA greatly im-
provesthedescriptionof thedensitybothnearandfarawayfrom nuclearcenters,
asthenuclearcuspcondition57,347–349 andasymptoticdecay63,66,189–202 arebetter
modeledover theLDA.136–140 Specificallyfor idempotenttwo-electronGSsys-
tems,thefulfillment of thesumrule for theexchangehole[seeEq.(138)] yields
a null effective density

8� ¨ s Î � r � andhenceexactly cancelstheself-interacting
effectsfrom the HREDF andreducesthe WDA OF-KEDFto the correctlimit:
thevW functional.98

However, studieson the WDA are far from finishedyet; many important
questionscanbeasked. For example,westill donotknow whetherit is theWDA
XEDF or theWDA OF-KEDFthatcausestheappearanceof theshellstructure
in heavier atoms( ûy6ip ¸ ). Nor do we know the reasonwhy theshell structure
is not evident for lighter atomicspecies.How doesthe ad hocsymmetrization
scheme331–333 [seeEq. (123)] effect theLR behavior? How doesthe individual
WDA XEDFcomparewith theexactHFexchangeif theKS andtheHF equations
aresolved? Similarly, how goodis theWDA OF-KEDFby itself if theTF-HK
equationis solvedwith theLDA XCEDF insteadof theWDA XCEDF?

On theotherhand,theWDA hastwo quiteseveredefects.First, thecorrect
LR behavior hasnot beentaken into account. Second,a consistent,efficient
symmetrizationschemefor the exchangePCFat both the energy andpotential
levelsis still lacking. In fact,onecansymmetrizetheexchangePCFin Eq.(130)
by introducinga symmetricTBFWV in Eq.(132),

8� ¨ s Î; ò °  8ñ ¨ s Î� � r + r E � F r G r E F + (139)

8ñ ¨ s Î� � r + r E �  8ñ ¨ s Î� 8� ¨ s Î� � r � + 8� ¨ s Î� � r E � + (140)

whichstill deliversthesameexpressionasEq.(137)for theOF-KEDF. Strangely,
therehasyet to appeara studyon this coherentsymmetrizationscheme.
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V.3 THE SEMILOCAL AVERAGE-DENSITY
APPROXIMA TIONS

As all numericalresultsindicatethattheWDA is headinginto theright direc-
tion, incorporatingthecorrectLR behavior99–104,314,346 becomesthenext logical
step.TheADA immediatelycomesintomind,butpropermodificationshavetobe
made.TheSemilocalAverage-DensityApproximation(SADA)99–104 constitutes
thefirst steptowardsthis goal.

If a joint approachis taken for both theXEDF andthe OF-KEDF, the ADA
ansatzfor theDM1 hastheLDA form:

M Î
s Î � r + r E �  4��� r �[ð ,\s Î � 8� Î s Î �  p ��� r � �� � 8�

Î s Î �8� Î s Î + (141)

whichinheritsall theweakpointsof theLDA, outlinedin SectionII. Toovercome
this dilemma,onecansimply preserve theWDA ansatzshown in Eq. (135),but
replaceall WDA effectiveentitiesby its SADA counterparts,

M e Î
s Î � r + r E �  �� �� � r � � �� � r E �[ð

,\s Î � 8� e Î s Î �  p � �� � r � � �� � r E �
�)� � 8� e Î s Î �8� e Î s Î H (142)

To avoid the recursionproblemin Eq. (110), the SADA further simplifies the
definitionfor theWAD,99–104,346

8��e Î s Î � r �  t � ñ � � r + r E � + F r G r E F � ��� r E �:Z]\ E + (143)

wheretheTBFWV symmetrizestheAWFY�Y andconsequentlythekinetic-energy
potential,

c ! e Î s Î; É c � . Analogousto the TBFWV symmetrizationschemein
Eqs.(139)and(140),oneobtainsall thecorrespondingSADA entities,

M e Î
s Î; ò ° � r + r E �  b� �� � r � � �� � r E �:ð

,\s Î � 8� e Î s Î; ò ° � + (144)

r e Î s Î7 � r + r E �  G BD ð ,\s Î � 8� e Î s Î; ò ° � K + (145)

� e Î s Î7 � ���� G B� ��� r � ��� r E��F
r G r E F ð ,\s Î � 8� e Î s Î; ò ° � K + (146)

!�e Î s Î; � ���2 "! §
¨ � ���$#>� � � ��� r � 8� e Î s Î � r � K + (147)

knk
Earlier paperson the SADA99,100,346 did not introducethe TBFWV in the AWF, but insteadusedÓx r | , very muchsimilar to thenonsymmetricADA AWF in Eq.(110).
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wheretheaveragedvariablesaregivenby

8� e Î s Î; ò °  8ñ e Î s Î� � r + r E � F r G r E F + (148)

8ñ�e Î s Î� � r + r E �  8ñ�e Î s Î� 8� e Î s Î� � r � + 8� e Î s Î� � r E � + (149)

8� e Î s Î� � r �  p } K �� 8� e Î s Î � r � + (150)

8� e Î s Î � r �  8��e Î s Î � r � �� H (151)

Thekinetic-energy potentialof Eq. (147)is thenreadilygivenbyc ! e Î s Î; � ���c ��� r �  c !<§.¨ � ���c ��� r � # c ! e Î s Îõ � ���c ��� r � + (152)

c ! §
¨ � ���c ��� r �  G BD J K ��� r ���� r �  B � F J ��� r � F K� K � r � G B� J K ��� r ���� r � + (153)

c ! e Î s Îõ � ���c ��� r �  D � � �p
��� r E��8� e Î s Î � r E � tL� r + r E � #>��� r � z tL� r + r E��z ��� r � Z]\ E

# ��� r �8� e Î s Î � r � ��� r E � z t&� r + r En�z ��� r � Z]\ E #I� � � 8� e Î s Î � r � K + (154)

wheret&� r + r En� is theAWF shown in Eq.(143).
It shouldbe clear that the threeTBFWV’s introducedin Eqs.(139), (143),

and(148) neednot to be identical; properfunctional forms have to be chosen
individually. It is also curiousto note that the final forms of the OF-KEDF
within the WDA and the SADA, Eqs. (137) and (147), are indifferent to the
symmetrizationof theexchangePCFor theDM1 andonly dependontherelevant
averageor effective density. In fact, the functional form for ð � � K � in Eq. (39)
haslittle influenceover thefinal form of theOF-KEDF. Hence,otherfunctional
formscanalsobeconsidered.260,318,350–352 Yet, thereis currentlyno systematic,
coherent,andconsistentschemeto fix thefunctionalformsfor theTBFWV andð � � K � in conjunctionwith the simultaneousenforcementof the idempotency
propertyfor theDM1 andthecorrectLR behavior.

Unlike theWDA thatenforcestheidempotency propertyfor its DM1 ansatz,
theSADA tradestheidempotency requirementfor thecorrectLR behavior of the
OF-KEDF:99–104

^ � c K ! e Î s Î; � ���c ��� r � c ��� r E � ó�ô  G B�{ �+��| �3} q ~�� (155)
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for agivenform of theTBFWV in Eq.(143),50,101–103,111

�_�� } r � r ��~��
� �� } r ~�� � �� } r � ~�

��E�
(156)

Eq. (155)yieldsa universalsecond-orderdifferentialequationfor theAWF for
everyfixedvalueof � ,101

�+������ � � } � ~���� ���� � } � ~?� � � �+���� � } � ~#� � �� } � ~����3���(���	��� ���� } � ~.� � � �� } � ~?�
���3 ¢¡ £�¤\¥§¦H¨ } � ~���� � � � (157)

where
�� � } � ~ and

�� � � } � ~ are the first and the secondderivativesof
�� } � ~ with

respectto
�

, respectively. Notethat � is explicitly involvedin thedetermination
of the AWF. If Eq. (156) is replacedby the FEG FWV

� �
, all termsinvolving

derivativesin theleft-handsideof Eq.(157)will beremoved,yieldingthedensity-
independent(DI) AWF. This universaldifferentialequationcanbe numerically
solvedvia standardtechniques.82 Figure8 comparesonesuchdensity-dependent
(DD) AWF in momentumspacefor �7�ª©� 102,103 with its DI counterpart;there
is a sizableeffect of the densitydependenceon the AWF. (The discussionand
comparisonof theSNDA resultsin Figure8 areprovidedin SectionV.4.)

0.0 1.0 2.0 3.0
η = q/(2k« F)

−1.1

−0.4

0.3

1.0

ϖ
(¬ η)

SADA−DD AWF
SADA−DI AWF
SNDA−DD AWF
SNDA−DI AWF 

Figure8 TheDD andDI AWF’sin momentumspacefor theFEG.Theparameter of the
SADA OF-KEDFwith theDD AWFis 1/2,while thethreeparameters ®B¯	°�±�°²�³ of theSNDA
OF-KEDFwith theDD AWFare ®B´�µ_¶¸·5¹ ´�µ_¶ °pº�» ¼_³ . SeeRef. [111] for details.

Unfortunately, nodirectnumericalcomparisonis availablefor usto assessthe
quality of this trade-off from the WDA to the SADA. Nonetheless,we believe
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thatby itself, theSADA OF-KEDFshouldbebetterthantheWDA onebecause
of thecorrectLR behavior, but this might only betruefor a nearlyFEG,which
shouldapproximatelysatisfythe idempotency propertyof the FEG DM1. For
otherhighly inhomogeneoussystems,theWDA OF-KEDFmighteventuallywin
over theSADA one.

It is alsofascinatingto discusstheorigin of theatomicshellstructurewithin
the WDA andthe SADA. Recall from SectionV.2, shell structureappearsfor
heavier atomicspecies( ½¿¾À��¡ ) within theexchange-onlyWDA treatment.136–140

TheSADA without thepropersymmetrizationof theAWF in Eq.(143)behaves
very muchthesame101 (evenonly with theLDA XCEDF).This impliesthatthe
WDA effectively capturesmostof the overall shapeof thecorrectLR function
evenwithoutany explicit enforcement,andthatenforcingthecorrectLR behavior
for the OF-KEDF alone,the SADA is able to remedythe defectsof the LDA
XCEDF. This is certainlyencouragingfor boththeWDA andtheSADA. Onthe
otherhand,the SADA with a propersymmetrizationof the AWF in Eq. (143)
is ableto produceshell structurefor all atomicspecies,101 becausethe kinetic-
energy potentialis properlysymmetrizedthis time. This furtheremphasizesthe
importanceof thesymmetrizationon thepotentiallevel.

At this point, onemight wonderwhetherthereis a betterschemethat con-
currentlyenforcestheexact idempotency propertyfor theDM1 andthecorrect
LR behavior. The answeris yes; we have startedto look into this possibility.
Two driving forcesarebehindthis idea. First, numericalresultsshow that the
empirically optimal � value �9©� 101,102 is good for the energy but bad for the
density;a universal� valuefor all systemsseemsto beunphysical.Second,the
specificform of theTBFWV in Eq.(156)canbejustified,but thenaturalvariable
argument50 actuallyallows moregeneralformsfor theTBFWV aslong asthey
satisfyÁYÁ

� � } r ~ Â �
� } r � r � ~Â � � } r ~ � � � } r ��~ Â �

� } r � r � ~Â � � } r � ~ � � � } r � r �p~
�

(158)

Introductionof theAWFwithin theADA andtheSADA allowsfor anextradegree
of freedomso that the correctLR behavior canbe exactly obeyed. Then, the
explicit enforcementof theidempotency propertyontheDM1 shouldin principle
determineanuniquefunctionalformfor theTBFWV of theAWF. Wehavestarted
to work on this idea; numericalresultswill be publishedelsewhere. For later
reference,we call this schemethe Weighted-Average-DensityApproximation
(WADA).

Similar to therequirementof thesemipositivity ontheWDA effectivedensityÃÄ¢ÅÇÆ�È } r ~ , theWAD
ÃÄ¢É\ÈHÆ*È } r ~ mustbeeverywheresemipositivedefiniteaswell

ÊpÊ
TherathercomplicatedFeynman-path-integral-like localaveragingschemedueto WangandTeter108

is consistentwith thenaturalvariableargument.
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sothatall averagequantitiesareproperlydefined.Unfortunately, this condition
is not generallysatisfiedin Eq. (143).99 It is unclearto us how Eq. (151) can
be evaluatedfor a negative

ÃÄ¢É\ÈHÆ*È } r ~ . Somemeasuresmustbe taken by the
authorswho developedtheSADA for theOF-KEDFto rescuethesituation,but
no detailshave beengiven on this matter.99–103 If by any chance,the absolute
valueof

ÃÄ¢É\ÈËÆ�È } r ~ is alwaysusedin Eq.(151),thenthekinetic-energy potential
andpertinentquantitiesshouldbeadjustedto thischangeaccordingly;otherwise,
theentireSADA formulationlacksinternalself-consistency.

However, therehave beensomeattemptsto dealwith this problemin gen-
eral.100,101,104 Inspectionof Eqs.(134) and(151) immediatelyrevealsthat the
problemisduetothefractionalpower( ©Ì ) raisedontheeffectivedensity

ÃÄ¢Å�Æ*È } r ~
andtheWAD

ÃÄ¢É\ÈHÆ*È } r ~ . To preservetheintegrity of theformulation,onecandi-
rectlyuse

ÃÍ ÅÇÆ�È } r ~ and
ÃÍ É\ÈHÆ�È } r ~ instead,makingnoreferenceto theirdensity

counterparts.Of course,this is subjectto suitableTBFWV’s
Ã� Å�Æ*È� } r � r � ~ andÃ� É\ÈHÆ�È� } r � r � ~ . For simplesymmetrizationpurposes,the arithmeticmean[i.e.,

setting� =1 in Eq. (156)] might bebothphysicallyandnumericallymeaningful.
Consequently, the core equationof the SADA, Eq. (143), shouldbe changed
to100,104

Í É\ÈHÆ*È } r ~�� � } � � } r � r �p~ �
Î
r � r � Î ~ Í } r ��~xÏ�ÐÑ� � (159)

andconsequently, thesecondtermof Eq.(147)becomes100,104

Ò É\ÈËÆ�ÈÓ � Ä �H��Ô�Õ � Ä } r ~ Í É\ÈHÆ�È } r ~ � �
(160)

Onecanthenstraightforwardly derive thepotentialof Eq. (160):

Ö�Ò É\ÈHÆ�ÈÓ � Ä �Ö Ä } r ~ � � Ô Õ ��
Ä } r � ~ Í É\ÈËÆ�È } r � ~Í } r ~

� } r � r � ~Í } r ~ � Â � } r � r � ~Â Í } r ~ Ï�ÐÑ�
� Í } r ~ Í É\ÈHÆ�È } r ~ Í } r ��~ Â � } r � r � ~Â Í } r ~ Ï�ÐÑ� �×Ô�Õ � Í É\ÈHÆ*È } r ~ � � (161)

where� } r � r � ~ is theAWF in Eq.(159). This ideagoesbeyondtheconventional
senseof averaging: from averagingthe density to averagingthe local FWV,
which differs from

Í } r ~ by a constantprefactorof } �3Ø � ~ �Ù . For later reference,
we call this idea the AverageFermi Wave-VectorApproach(AFWVA). Some
primarystudiesonsuchanideahavebeenreported,100,101,104 but theAFWVA is
not totally free of potentialproblems. For an asymptoticallydecayingdensity,
thefirst integral in Eq.(161)mightbedivergentbecausethedenominatorhasthe
decayingdensity.101 Morestudiesshouldbecarriedout to seewhetherasuitable
choiceof theTBFWV canovercomethisproblem.
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V.4 SIMPLIFIED NONLOCAL DENSITY APPROXIMA TIONS

Sofar, wehavebeenmainly following themostlogical route: from anansatz
for theDM1 to its resultingOF-KEDF. However, if theDM1 andtheXEDF or
moregeneralXCEDF arenot our major interests,is thereany simplerway to
approximatetheOF-KEDF?Thisis indeedalegitimatequestion.First,numerous
numericaltestsshow that theWDA andtheADA only improve thedescription
of the XCEDF marginally; it is very hardto further refinethe systematicerror
cancellationbuilt in the LDA for the XCEDF.3,4,98,136–141,260,315–318,329–342 For
a large numberof practicalapplications,the LDA for the XCEDF is moreor
lesssufficient.3–10 Second,the SADA OF-KEDF with the DD AWF is ableto
reproduceshell structurefor all atomic species;this is achieved just with the
LDA XCEDF andwithout explicit enforcementof theidempotency property.101

Especiallyfor nearlyFEGsystems,suchasextendedmetallicmaterials,wherethe
SLDA OF-DM1formulafor theFEG[seeEq.(39)]will approximatelysatisfythe
exactidempotency property, theSADA OF-KEDFalonewill beahighlyaccurate
model.Additionally, dueto thenatureof themetallicbandstructure,a veryfine
meshfor the Brillouin-zone(k-point) sampling71–80 is neededto converge the
KS calculations. Numerically, this is quite expensive becauseone needsto
calculatethewavefunctionfor all symmetricallyuniquek points,increasingthe
computationalcostgreatly. Therefore,theOF-DFTapproachbasedon theTF-
HK equationwith ahighlyaccurateapproximationfor theOF-KEDFalonemight
be sufficient for generalpracticalpurposes,and is certainlybetterfor metallic
systems.

To accomplishthis, let usgo backto SectionIII.1 andpaycloseattentionto
Eqs.(49) and(50). Both Eqs.(137) and(147) aregeneralizationsof Eq. (53)
alongtheSLDA path,

Ò É ¤ Æ*ÈÚ � Ä �H� Ò�Û Å � Ä ���×Ô�Õ � Ä } r ~ Ín� } r ~ �
(162)

On the otherhand,the doubleintegrationform in Eqs.(48)� (50) suggeststhe
following SimplifiedNonlocalDensityApproximation(SNDA),105–111

Ò É\Ü�Æ*ÈÚ � Ä �H� Ò�Û Å � Ä ��� Ò É\Ü*Æ�ÈÓ � Ä � � (163)

Ò É\Ü�Æ*ÈÓ � Ä �Ë��Ô�Õ � Ä¢Ý } r ~ � } � � } r � r � ~ � Î r � r � Î ~ Î Ä	Þ } r � ~àß � (164)

whereáãâ �åä æ arepositiveparameters,andtheTBFWV cantaketheform shown in
Eq.(156). Thepotentialof

Ò É\Ü�Æ*ÈÓ � Ä � takesamuchsimplerform thanEq.(154),Ö�Ò É\Ü�Æ�ÈÓ � Ä �Ö Ä } r ~ �çÔ Õ � â Ä Ý\è © } r ~ Ä Þ } r � ~ � } r � r � ~éÏ�Ð � � Ä Ý } r ~ Ä Þ } r � ~ Â � } r � r � ~Â Ä } r ~ Ï�Ð �
� ä Ä Þ�è © } r ~ Ä Ý�} r ��~ � } r � r �Y~xÏ�ÐË�.� Ä ÞJ} r ~ Ä Ý�} r ��~ Â � } r � r � ~Â Ä } r ~ Ï�ÐÑ� � (165)
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where � } r � r � ~ is the AWF shown in Eq. (164). Again, this kinetic-energy
potentialhasapossibledivergenceproblemif oneof thetwo positiveparametersáãâ ��ä

æ
is smallerthan1.

A directcomparisonbetweenEqs.(162)and(163)immediatelysuggeststhat
theSNDA effectively takesthewholepiece

Í � } r ~ to a weightedaverage

Í � } r ~ É\Ü�Æ*È � Ä Ý\è © } r ~ � } � � } r � r � ~ �
Î
r � r � Î ~ Ä Þ } r � ~éÏ�Ð � � (166)

This averagingis considerablydifferent from thoseof the WDA, the SADA,
andeven the AFWVA. It hasbeensaidbeforethat the averagingemployed by
the WDA and the SADA still preserves or requiresthe semipositivity of the
final averagedensity[seeEqs. (134) and (151)]. The AFWVA goesonestep
further [seeEq. (159)] andallows negative averageFWV’s in the formulation,
but still maintainsthesemipositivity of thesquareof theaverageFWV asused
in Eqs.(137) and(147). The SNDA is muchmoredrasticandpermitseven a
negativeaveragesquareof theFWV. In doingso,thelink betweentheDM1 and
theOF-KEDF is obscured,becausethe effective local FWV from any negative
averagesquareof the FWV is imaginary, if a simple squareroot operationis
taken. Nonetheless,if the DM1 is not our concern,the SNDA shouldbe an
efficient solutionto theOF-KEDFproblem.

After enforcingthe correctLR at the FEG limit asdonein Eq. (155), one
obtainsthefollowing universalsecond-orderdifferentialequationfor everyfixed
valueof � ,111

� �*�� � � } � � Ä¢ê ~n��� �7���v� � } âM� ä ~?� � �� � } � � Ä¢ê ~&��� � â ä �� } � � Ä¢ê ~� � ¡ £ ¤\¥§¦H¨ } � ~&�(� �&� Ä�ëÙ è*ìíÝ\î�Þ\ïê � (167)

which is considerablysimpler than Eq. (157). Moreover, the simple form of
Eq. (167) allows a power seriessolution for the inhomogeneouspart and an
analyticsolutionfor thehomogeneouspartsothattheAWF canbecalculatedup
to arbitraryaccuracy. This in turn furtherpermitsus to do a carefulanalysisof
thelimits of theSNDA OF-KEDFfor � ¡ and � limits.111 This involves
Fouriertransformingtheexactsolutionof Eq.(167)andsubstitutingtheresultant
expressioninto Eq. (164). Theresultsare,at the � ¡ limit (correspondingto
slowly varyingdensities),

Ò É\Ü�Æ�ÈÚ � Ä � Ò Õ � � Ä �	� Ò Û Å � Ä ���×Ï ê Ä } r ~Ä¢ê
Ý\î�Þ�è © ð Û Å } r ~

Ò Õ � � Ä ��� } �.�ÇÏ ê ~ Ò�Û Å � Ä �	�×Ï ê } â�� ä �Ç�²~#ñ ÖJò Î ð Û Å } r ~éß��ôó } Ö¢ò � ~ � (168)

Ï ê � � � â äõ } âM� ä ���¢~ âç� ä �×��� � Ì ��� � â ä � (169)
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andat the � limit (correspondingto rapidlyvaryingdensities),

Ò É\Ü�Æ*ÈÚ � Ä � Ò Û Å � Ä �	� Ò Õ � � Ä ���×Ï ö Ä } r ~Ä¢ê
Ý\î*Þ�è ëÙ ð Õ � } r ~

Ò Û Å � Ä ��� } �.�ÇÏ ö�~ Ò Õ � � Ä ���×Ï ö â÷� ä �
ø
� ñ Ö¢ò Î ð Õ � } r ~éßn��ó } Ö¢ò � ~ � (170)

Ï ö � � �õ ây� ä �úùÌ âç� ä �úùÌ � � Ì �9� � â ä � (171)

where
Ö¢ò � Ä } r ~xû Ä ê �9� . For a nearly FEG,

Î Ö¢ò Î.ü � . It is clear that the
first two termsof Eqs.(168)and(170)closelyresemblethesecond-orderCGE
[Eq. (35)] andthe CLQL [Eq. (93)], respectively. However, thereis no single
setof á?â �åä#� � æ that simultaneouslyremovesall spurious

Ö¢ò
termsin Eqs.(168)

and (170), and makes them reduceto the second-orderCGE and the CLQL,
respectively. Numericaltestsstronglysuggestthat the fulfillment of theCLQL
is more important than the correctbehavior at the � ¡ limit (the second-
orderCGE).107 Therefore,theparametersá?â �åä æ arechosensuchthatEq.(170)is
identicalto theCLQL.111 This leadsto thefollowing two equations:

âç� ä � ùÌ���×Ï ö � � Ì
ù � (172)

whosesolutionis symmetricallydisplacedaround ùý
â �åä � øÇþcÿ ø� �

(173)

We canthenusetheremainingparameter� to fine-tunethebehavior aroundthe� ¡ limit so that the effect of the spurious
Ö¢ò

termsandthe leadingtermsin
Eq.(168)canbewell-balanced.We have foundthat �Ç� � ��� is theoptimalvalue
at leastfor Al metalsurfacesandbulk phases.111 Interestingly, without going
throughthe above analysis,Eq. (50) alreadysuggeststhat â�� ä � ùÌ , because
this particularchoiceleaves most of the densitydependenceout of the AWF.
For comparison,we plot both the DD and DI AWF’s of the SNDA in Figure
8. Again, we find a sizableeffect of the densitydependenceon the AWF. It is
alsointerestingto notethattheAWF’s of theSNDA andtheSADA behavevery
similarly to eachother.

VI. NUMERICAL IMPLEMENT ATIONS

Having laid thetheoreticalfoundationfor theOF-KEDF’s,wenow facethree
technicalissuesin their numericalimplementation:how to solve the TF-HK
equationefficiently, how to generatesuitablelocalpseudopotentials(LPS’s),and
most importantly, how to make the entireOF-DFT schemelinear-scalingwith
respectto thesystemsize.Wewill addressthesetopicsin turn.
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VI.1 VARIATION AL OPTIMIZA TION OF THE
THOMAS-FERMI-HOHENBERG-K OHN EQUATION

Given the total electronicenergy in Eq. (1), one can write down a general
densityfunctional�Ç� Ä � for a systemwith afixednumberof electrons� ,

�Ç� Ä �H������� Ä ���	�À�Bñ Ä } r ~àßn�
��� � (174)

where � is a Lagrangemultiplier. �Ç� Ä � will beminimizedwith respectto Ä } r ~ ,
to determinethe GS of the system. However, it hasbeenfound106,125,126 that
the positivity of Ä } r ~ is not guaranteedin generalif Ä } r ~ is useddirectly as
the generalizedcoordinatein conventionaloptimizationalgorithms82 like the
steepest-descentor conjugate-gradientmethods. To circumvent this problem,
onecanwork with a new variationalvariable � } r ~

Ä } r ~���� � } r ~ � (175)

to ensurea positive Ä } r ~ during the entire minimization process.97,111,124–126

On the other hand,because� } r ~ hasa richer structurethan Ä } r ~ in momen-
tum space,97 moreplanewavesanda finer Fouriergrid areneededto represent
� } r ~ well. This is an inevitable trade-off. If � } r ~ can be thought of as a
quasi-orbital,125,126 wecanutilize thesamenumericaltechniqueasin theimple-
mentationsof the KS scheme:just usinga Fouriergrid twice asdensein each
spatialdirectionasthegrid requiredfor Ä } r ~ .353 In otherwords,themaximum
integermultiple of thebasicmomentumvectoralongoneparticulardirectionis
givenby

������¥ � � � ¥ ÿ �������� Ø � (176)

where ������� is theplane-wavecutoff in Rydbergs,and � ¥ is thedimensionof the
simulationbox alongthis direction.

Asidefrom thenumericalstability consideration,onecanactuallyrationalize
the � } r ~ -formulation.Startingfrom thefollowing identity,

Ò Ú � Ä ��� Ò�Û Å � Ä �	� Ò Ó � Ä � � (177)

andutilizing Eq.(153),

Ö�Ò�Û Å � Ä �Ö Ä } r ~ � � �� � � � } r ~
� } r ~ � (178)

onecaneasilyrewrite theTF-HK equationin afully equivalentquasi-orbitalform

� �� � � ��� � É�! " } r #é� Ä �Y~��
Ö�Ò Ó � Ä �Ö Ä } r ~ � } r ~����$� } r ~ � (179)
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closelyresemblingtheequationof theconventional Ä } r ~ -formulation,202,354–360

� �� � � ��� � É�! " } r #é� Ä �Y~��
Ö�Ò Ó � Ä �Ö Ä } r ~ Ä } r ~���� Ä } r ~ � (180)

However, this � } r ~ -formulation is more generalthan the Ä } r ~ -formulation,
because� } r ~ behavestruly like an orbital, with positive andnegative regions,
while Ä } r ~ is everywheresemipositive. It is also interestingto notice that
Eq. (177)closelyresemblesEqs.(47), (137),(147),(162),and(163).

Basedon afirst-orderdifferentialequationwith afictitious time Ð
Ï%� } r ~Ï�Ð � Ö �Ç� Ä �Ö � } r ~ � ¡ � (181)

thesteepest-descentapproachis thesimplestscheme82,353,361,362

� ¦ î © } r ~���� ¦ } r ~��'& Ö �Ç� Ä �Ö �v¦ } r ~ � (182)

Ö �Ç� Ä �Ö � ¦ } r ~ � Ö �Ç� Ä �Ö Ä ¦ } r ~
Ö Ä ¦ } r ~Ö � ¦ } r ~ � � �v¦ } r ~ Ö ����� Ä �Ö Ä ¦ } r ~ �	�

� Ö � � � Ä �Ö � ¦ } r ~ �
�v¦ } r ~"� � � (183)

where & is the stepsize, � � � � � , and
Ö �Ç� Ä �pû Ö � ¦ } r ~ is the steepest-descent

vectorat the  th iteration. To obtainthe valuefor � � , onetakesthe squareof
bothsidesof Eq.(182),integratesoverall space,enforcesthesamenormalization
for thedensityatdifferentiterations,andderivesaquadraticequationfor � � :97

& } � � ~ � � � } ���'&)( © ~*� � � } &)( � � � ( © ~���¡ � (184)

�+� � �¦ î © } r ~ � � �¦ } r ~ � (185)

( © � �
� � ¦ } r ~ Ö ���_� Ä �Ö �v¦ } r ~ � (186)

( � � �
�

Ö � � � Ä �Ö � ¦ } r ~
� �

(187)

Solvingthis equationyields97

� � � } &)( © ���J~ þ ����& � � } ( © ~ � �
( � �
&

�
(188)
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At convergence,the densityis stationaryfor the TF-HK equation;hence,from
Eq.(183),

lim¦-, ö ( © � �
� ñ"� ¦ } r ~ Î � ¦ } r ~"� � ß���� � � (189)

lim¦-, ö ( � � �
� � �¦ } r ~ } � � ~ � � } � � ~ � � (190)

Thus,theequalitybetweenbothsidesof Eq.(188)only permitsthe“+” solution,

� � � ( © � �
& � �

& � ���.( � � } ( © ~ � �
�

(191)

To keep� � alwaysrealduringtheentireiterationprocess,themaximumstepsize
is givenby97

& �/���© � �
( � � } ( © ~ � � (192)

wherethegeneralizedSchwarzinequality81 guaranteestheright-handsideto be
real.

Thisschemeis concurrentfor boththedensityand � � : atevery iterationstep,
onefirst testswhether& is lessthanthe maximumvalueallowed accordingto
Eq. (192),thencalculates� � accordingto Eq. (191),andpropagatesthedensity
to the next step. It is importantto know97 that no extra densitynormalization
effort is neededbecausethedensityis alwaysnormalizedby choosingthevalue
for � � accordingto Eq. (191). Numericaltestsshow that the steepest-descent
schemestill hasaninstability problemandtheconvergenceradiusfor & is quite
small.111

To overcometheseproblems,we have formulatedthe energy minimization
in termsof a dampedsecond-orderequationof motion361,362 for thegeneralized
coordinate� } r ~ with adampingor friction coefficient 0 ,

Ï � � } r ~Ï�Ð � ��0 Ï%� } r ~Ï�Ð � Ö �Ç� Ä �Ö � } r ~ ��¡ � (193)

whichyields

� ¦ î © } r ~��21 ¦ } r ~&� 34& � � � � ¦ } r ~ � (194)

1J¦ } r ~�� } ����3�~"�v¦ } r ~���3
�v¦ è © } r ~n��34& �
Ö ����� Ä �Ö � ¦ } r ~�� (195)

3 � ��v�'05&
�

(196)
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Using similar proceduresto thoseshown above, one can easily work out the
formula for � � that automaticallyensuresthe normalizationof the densityat
every iteration,

� � � }*6 © ~ � � 6 � ����� 6 ©3�& � � (197)

6 © � ñ71 ¦ } r ~"� ¦ } r ~àß
� � (198)

6 � � 1 �¦ } r ~
�

�
(199)

Themaximum& canbecomputedby enforcingtherealsolutionfor � � :

}"6 © ~ � � 6 � ���98E¡ � (200)

but it provesto be a very costly exercisebecauseof the complicatedstructure
of 1 ¦ } r ~ in Eq. (195). Onecan,however, tacklethis problemthrougha much
simplerpathoutlinedbelow.

We first observe that the dampingfactor 3 normally hasa small valueand
aftersomeiterations,two consecutive � } r ~ will not differ too much. Then,one
hasapproximately

1J¦ } r ~;:��v¦ } r ~���3�& � Ö ����� Ä �Ö � ¦ } r ~
�

(201)

SubstitutingEq.(201)intoEq.(200),onehassomethingverysimilartoEq.(192):

& �����0<& = & �/�>�© � (202)

whichyieldsdirectly

& �/���� � } 0<& �����© ~ � ��?@& �/���© ��0<& �/���©� � (203)

where & �����© is definedin Eq. (192). We have found that this schemeis not
only easyto implement,but alsooffers greaterstability even when & becomes
muchlargerthanthatof thesimplesteepest-descentmethod.Wehavealsofound
that minimizationalgorithmsbasedon the conjugate-gradientmethodactually
convergefaster, but requireveryaccurateline minimizationsthatcanbedifficult
to implement.
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VI.2 GENERATION OF LOCAL PSEUDOPOTENTIALS

SincetheOF-DFTschemeis purelybasedon thedensity, only LPS’s (pseu-
dopotentialsthatdependonly onr )363–369canbeusedtocalculatetheA*¦ � termin
Eq.(2). Moregeneralnonlocalpseudopotentials(NLPS’s) thatdependonbothr
andr � requireeithertheDM1 or thefull wavefunctionfor thecalculationof A ¦ � .
Wethereforewill concentrateonhow to constructhigh-qualityLPS’s.369 Before
that,however, it is pedagogicalto briefly outlinetheessenceof theconventional
OB NLPStheory.370–372

Let us start from any generalsetof one-particleSchr̈odinger-like equations
likeEq.(10),

BC�D ¥ } r ~���EJ¥ D ¥ } r ~ � (204)

where
BC

, á D ¥ } r ~ æ , and á*E ¥ æ are a one-particleHamiltonianand its associated
eigen-orbitalsandeigen-orbitalenergies, respectively. For practicalpurposes,
the orbitalsareclassifiedinto two groups: valenceorbitals á D Û¥ } r ~ æ (thosewith
highorbitalenergies)andcoreorbitals á D �¥ } r ~ æ (thosewith low orbitalenergies).
Of course,the criterion on how high is “high” andhow low is “low” depends
on the natureof the systemandproblemsunderinvestigation;we just assume
that sucha partition is permissibleandmeaningful. Then,we introducea set
of valencepseudo-orbitalsáGF Û¥ } r ~ æ suchthat the exact valenceorbitalscan be
expressedas

D Û¥ } r ~��2F
Û¥ } r ~&�

Ü9H
I

D �I } r ~ Î F Û¥ } r ~ D �I } r ~ � (205)

where � � is the numberof the core orbitals. (This expansionprojects the
exact core orbitals out of the valencepseudo-orbitals,to make a meaningful
partitioning.) SubstitutingEq. (205) into Eq. (204) for thevalenceorbitals,we
obtain

BCKJ Ú¥ F
Û¥ } r ~���E ¥ F Û¥ } r ~ � (206)

wheretheorbital-dependentpseudo-Hamiltonian
BC J Ú¥ relatesto theexactHamil-

tonian
BC

via anorbital-dependentnonlocaloperator
B� ¦MLONP�¥ :

B� ¦�LQN@�¥ � BC J Ú¥ � BC � Ü H
I
} EJ¥H�
E �I ~ D �I } r ~ D �I } r ~ �

(207)

TheNLPSis simply thesumof
B � ¦�LQN@�¥ andtheexternalpotential�$� � � } r ~ in

BC
,

B� J Ú¦MLON@� �R� � � � } r ~�� B� ¦�LQN@�¥ �
(208)
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It is clearfrom Eq. (207) that thepseudizationonly turnson for thevalence
orbitalsandhasa null effect on the coreorbitals. More interestingly, theexact
orbital energiesarenot altered. Similar to Eq. (7), onecandefinethe valence
pseudo-densityin termsof thevalencepseudo-orbitals:

Ä ÛJ Ú } r ~��
ÜTS
¥
U Û¥ Î F Û¥ } r ~ Î � �

(209)

where � Û and U
Û¥ are the numberof the valenceorbitals and the occupation

numbersof thevalenceorbitals,respectively. It is importantto noticethatin this
formalNLPStheory, theexactGSwavefunctionis still one-to-onemappedonto
theGSvalencepseudo-densityfor agivenvalence-corepartitioning,becausethe
NLPS’sareuniquelydefinedvia Eqs.(207)and(208),in whichall theexactenti-
tiesarefunctionalsof theexactGSdensity. Variousnumericalimplementations
arereadilyavailableto constructsuchNLPS’s.370–386

Having readthe above, onemight wonderaboutthe origin of the LPS.His-
torically, earlier LPS’s were designedfrom empirical fitting of experimental
data;363–367 later, morerefined,abinitio schemesrequiredthereproductionof the
valenceorbital energies.368 However, theoreticallyspeaking,only NLPS’s will
beableto exactly reproducethesameorbitalenergies.Therefore,it is naturalto
concludethat thetheoreticalfoundationfor LPS’s hasto bebuilt accordingto a
verydifferentblueprintfrom thatof theNLPS’s. On theotherhand,thesolution
seemsalreadyto beself-evidentif onethinksalittle bit deeper. Theconventional
NLPStheoryconcentratesmostlyonthereproductionof theexactorbitalenergies
andfurtherrequirestheatomicpseudo-orbitalsandatomicpseudo-densityto re-
producetheexactonesin thevalenceregion.370–372 Sinceoftenonly thevalence
densityis of greatestconcernto chemistryandcondensedmatterphysics,one
canjustpayattentionto theweakestconditionfor pseudopotentials:thepseudo-
densityshouldreproducetheexactdensityin thevalenceregion. Furthermore,
becausethereare alreadyan abundantnumberof high-quality NLPS’s,370–386

onecanjust insteaddevisea LPSschemeto reproducethesamepseudo-density
from a NLPS calculation. This provesto be a logically meaningfultheoretical
foundationfor LPS’s.

The first level of sophistication369 is quite simple: for a suitableLPS, the
solution of the TF-HK equationshouldyield the sameNLPS pseudo-densityÄ ¦�LQN@�J Ú } r ~ for a givenmodelXCEDF,

�9�2� J ÚLQN@� } r ~��
Ö�Ò Ú � Ä �Ö Ä } r ~ � Ö 6 � Ä �Ö Ä } r ~ �

Ö � � � � Ä �Ö Ä } r ~ V ì r ïXW V |ZY\[ H]_^ ì r ï
�

(210)

However, onehasto additionallychooseamodelfor theOF-KEDFto makethis
work. Consequently, the resultingLPS will have somecontribution from the
differencebetweentheexactKEDF andthemodelOF-KEDF. This is lessthan
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optimalandcanbe avoidedif andonly if the OF-KEDF is not involved in any
way. We thereforeneeda schemethat relatesthe pseudo-densitydirectly to a
LPS.In fact,therearealreadymany matureschemesto obtaintheeffective local
potentialfrom agiveninputdensity.253–272 Wecanjustemploy onesuchscheme
andobtaintheexactLPSfor aninputNLPSpseudo-densitywithin agivenmodel
XCEDF. Thisschememakesnoreferenceto any approximationof theOF-KEDF
or theresponsefunction,andoneonly needsto performoneKS-likecalculation.
More importantly, this schemeallows LPS’s to be calculatedwithin the same
realisticenvironmentof systemsunderinvestigation.Therefore,transferability
will not beaproblem,if NLPS’sarechosencarefullyfor thetargetsystems.

In theliterature,therearesomeattempts125–134 to directlyuseNLPS’swith the
OF-DFTschemevia Eq. (180),but thefollowing argumentprovessuchpractice
is not sound.First, NLPS’s will introducea phaseto thequasi-orbital,henceit
is Eq.(179),notEq.(180),thatshouldbeusedin thefirst place.Second,evenif
oneacceptstheutilizationof NLPS’s,Eq.(179)cannotbederivedwith NLPS’s.
In general,for a NLPS

B� J Ú¦MLON@� } r � r � ~ , oneneedsthe DM1 to calculatethe A ¦ �
term,

AS¦ � � U �n� ñ B� J Ú¦�LQN@� } r � r ��~ U } r � r ��~éß � (211)

which is verydifferentfrom theLPScase,

A ¦ ��� Ä �H��ñ`� J ÚLON@� } r ~ Ä } r ~éß �
(212)

With Eq.(211),onecannotderiveEq.(180)[nor Eq.(179)]without theassump-
tion

U } r � r � ~�� Ä �a } r ~ Ä �a } r � ~ � (213)

which is certainlynot true in general.On theotherhand,this calls for research
into highly accurateOFapproximationsto theDM1 sothatconventionalNLPS’s
can be readily appliedeven in the OF-DFT scheme,387 just like the OB KS
scheme.Morestudiesalongthelinesdiscussedin SectionV oughtto bedoneto
pursuethis goal.

VI.3 EVALUATION OF THE DENSITY-DEPENDENT
AVERAGING WEIGHT FUNCTION

Having gonethusfarwith theOF-KEDF’s,oneultimatelyfacesthemostdiffi-
cult problem:how to maketheentireOF-DFTscheme,especiallytheevaluation
of theDD AWF, linear-scalingwith respectto thesystemsize. This is a general
numericalbottleneckof all theNLDA’s,asdiscussedin SectionV: thepresence
of DD termsinsidetheAWF in Eq.(164)makesastraightforwardapplicationof
theFFT impossible.However, onecanusea Taylor seriesexpansion81 to factor
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outthedensitydependencein theAWF, becausetheDD AWF is notafunctional,
but someanalytic function, of the density. For example,the DD AWF in real
spacecanbewritten as(up to secondorder),111

� } � � } r � r � ~ �
Î
r � r � Î ~ � � } �cb� �

Î
r � r � Î ~�� Â � } � � } r � r � ~ �

Î
r � r � Î ~Â Ä } r ~ Ved

ò } r ~
� Â � } � � } r � r � ~ �

Î
r � r � Î ~Â Ä } r � ~ Ved

ò } r �p~
� Â � � } � � } r � r � ~ � Î r � r � Î ~Â Ä � } r ~ Ved

ò � } r ~�
� Â � � } � � } r � r � ~ � Î r � r � Î ~Â Ä � } r � ~ Ved

ò � } r � ~�
� Â � � } � � } r � r � ~ � Î r � r � Î ~Â Ä } r ~ Â Ä } r � ~ V d

ò } r ~ ò } r �Y~��	f�f>f � (214)

where
ò } r ~v� Ä } r ~�� Ä b , and

� b� � } �3Ø � Ä b ~ �Ù are the deviation from, and the
FWV magnitudeof, a referenceuniform density Ä b . It is clearthat thedensity
dependenceis absorbedinto simple powers of

ò } r ~ , and that all the partial
differentialsarefunctionsof Ä b , whichcanbeevaluatedvia anFFT,111

B £ Â � } � �� } r � r � ~ � Î r � r � Î ~Â Ä } r ~ Ved � � � b �� � } � b � Ä b ~� Ä b � (215)

B £ Â � � } � �� } r � r � ~ �
Î
r � r � Î ~Â Ä � } r ~ V d � � � b �� � � } � b � Ä b ~&� } � �(�*~ � b �� � } � b � Ä b ~� � Ä � b � (216)

B £ Â � � } � �� } r � r � ~ � Î r � r � Î ~Â Ä } r ~ Â Ä } r � ~ Ved � � � b �� � � } � b � Ä b ~&� } �¸�(�*~ � b �� � } � b � Ä b ~� � Ä � b � (217)

where
� b �(�&û } � � b� ~ , and

�� � } � b � Ä b ~ and
�� � � } � b � Ä b ~ arethefirst andthesecond

derivativesof
�� } � b � Ä b ~ with respectto

� b , respectively. Figure9showsonesuch
AWF andits derivativesin momentumspacefor áãâ ��ä#� � æ � á ùý þ
g ùý � �

�.� æ
.

For maximumnumericalefficiency, all derivative termsof theAWF arekept
in momentumspacesothatoneFFT is saved for eachof their evaluations.For
example,duringtheevaluationof thefollowing generaldoubleintegral, thefirst
FFTcanbeavoided:

ñGh © } r ~ Î � } r � r ��~ Î h � } r �Y~éß�� �
A

q

�� } q ~ h © } r ~ i è ¥ q j ì r è r k ï h � } r ��~
� �

A
q

�� } q ~ h © } r ~*i è ¥ q j r h � } r ~"i ¥ q j r � �
A

q

�� } q ~ �h © } � q ~ �h � } q ~ � (218)
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Figure 9 TheDD AWF and its derivativesin momentumspacefor the FEG. Thethree
parameters ®B¯	°+±�°²�³ of theSNDA OF-KEDFare ®B´�µ_¶ · ¹ ´�µ�¶ °²º�» ¼_³ .

where A is the volume of the simulationcell, and h © } r ~ and h � } r ~ are some
functionsof the density. Now, the computationalcosthasbeenreducedfrom
scalingquadraticallywith grid size99–103 to scalingessentiallylinearly with the
systemsize, ó }*l ln l ~ . Thecurrentschemeis only threetimesasexpensiveas
theconventionalonebasedontheLR theorywith theDI AWF.105–108 By contrast,
theOF-KEDF’sbasedonquadraticresponse(QR)theory108–110areovertentimes
asexpensiveastheOF-KEDF’s basedon LR theorywith theDI AWF.105–108

For bulk solids, the naturalchoicefor Ä b is obviously Ä ê . However, this
schemeis only valid for anearlyFEG,whereÄ } r ~ doesnotdiffer toomuchfromÄ ê . For othersystemslike atoms,molecules,andrealisticsurfaces,this scheme
might suffer severely becauseÄ¢ê is no longerwell-definedand Ä } r ~ canhave
large oscillationsanddecaysto zeroasymptotically. On the otherhand,if Ä b
is carefullychosento treathigh-densityregionssatisfactorily, thebreakdown in
thoseregionswhereÄ } r ~ is smallandfarbelow Ä b mightnotbesoseverebecause
theerrormadein thesecond-orderTaylorseriesexpansionof Eq.(214)mightbe
suppressedby thesmallnessof Ä } r ~ in theseregions.We havedemonstratedthe
successof suchanapproachfor realisticsurfaces.111 Ideally, onewould like to
eliminatethereferenceuniformdensityÄ b from theconstructionof theDD AWF
completely, yet still maintainingthe ó }"l ln l ~ scaling. We have successfully
developedsuchageneraló }*l ln l ~ scheme;thedetailsof whichwill bereported
later.388
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Thereis a subtlepointworth mentioning.Thereis a limitation for theSNDA
OF-KEDF’s with theTBFWV in theform of Eq. (156),becausetheir potentials
[Eq. (165)] aredivergentfor any asymptoticallydecayingdensityif oneof the
two positive parametersáãâ �åä

æ
is smallerthan1. Unfortunately, numericaltests

show thatthoseOF-KEDF’swith áãâ �åä
æ
largerthan1 performratherpoorly.107,111

Hence,the self-consistentdensityof the TF-HK equationwith the SNDA OF-
KEDF’s will actuallyapproacha finite small constantasymptotically, if oneofáãâ ��ä

æ
is smallerthan1.97,388 In comparison,theSADA OF-KEDFdoesnothave

this problemaslong asthe ratio Ä } r ~éû ÃÍ É\ÈHÆ*È�} r ~ in Eq. (154)doesnot diverge
anywhere. Numericaltests99–103suggestthat this conclusionmight betrue,but
morethoroughstudiesneedto be doneto further clarify this point. Certainly,
it would be highly desirableto examinedifferent choicesfor the form of the
TBFWV. Nonetheless,thepresentSNDA canstill bewidely usedfor condensed-
phasecalculationssolongasthevacuumsizeis not toobig; otherwise,themuch
morecomplicatedandcostlySADA shouldbeemployed. In any case,thelinear-
scalingnumericalprocedurediscussedabove canbeeasilyappliedto all forms
of NLDA OF-KEDF’s.

Now, in theTF-HK equation,all thepotentialtermscanbesetup by conven-
tional plane-wave-basistechniques353,371,372,389 with essentiallylinear scaling.
However, for very largesystemswith morethan5000nuclei,thecomputational
costassociatedwith thenuclear-nuclearCoulombrepulsionenergy becomesthe
major bottleneck.116 In this case,linear-scalingEwald summationtechniques
shouldbeutilized.390–413

VII. APPLICA TIONS AND FUTURE PROSPECTS

Due to its favorable linear scaling, the OF-DFT schemebasedon the TF-
HK equationhasbeenusedsomewhat,1–7,38–40,172–174 but thepoorquality of the
OF-KEDF’s hadshunnedaway further interest,especiallyafter the successof
theKS formulation. As better, high-qualityNLDA OF-KEDF’s wereinvented,
the OF-DFT schemeis graduallyregaining its popularity.97–141 However, the
lack of linear-scalingimplementationsof the NLDA OF-KEDF’s with the DD
AWF hadconfinedtheirapplicationsonly to sphericalatomicspeciesandspher-
ical jellium models.98–103,136–141 Nonetheless,the NLDA OF-KEDF’s with the
DI AWF permit linear-scalingimplementationsvia direct useof the FFT [see
Eq. (218)]; hence,bulk solidsandliquids enteredinto theOF-DFTapplication
realm.97,104,106–123 Very recently, a linear-scalingimplementationof theNLDA
OF-KEDF’s with the DD AWF emerged,111 and a schemeto treat highly in-
homogeneoussystemslike realistic surfaceswas testedwith semiquantitative
success.111 An immediateapplicationto thestudyof themetal-insulatortransi-
tion in a 2-dimensionalarrayof metalnanocrystalquantumdots (with 498 Al
atomspersimulationcell) furthermagnifiesits promise.97
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With presentworkstationcomputationalresources,systemsof thousandsof
atomscanbe studied.116–118 So far, the largestsystemstudieddynamicallyby
theOF-DFTschemehad6714Na atoms,116 spanning1.5 picoseconds.Sucha
size is inconceivablefor the presentOB ab initio andDFT methods. In fact,
the OF-DFTschemeis purely restrictedby thegrid size,not by the numberof
electrons,andcertainlyhasclearadvantagesovertheOB methods.With thehelp
of linear-scalingEwald summationtechniques,390–413 even significantly larger
systemscanbe modeleddynamicallywithin theDFT descriptionusingcurrent
computationalpower.

Ratherthanrepeatingherethedetailsof variousapplications,we feel that it
would be moreusefulto pinpoint a few issues(“holy grails”) of future signifi-
cance.

First of all, the “golden holy grail” is a highly accurateOF procedureto
approximatethe DM1. If this can be done,not only will the KEDF and the
XEDF be modeledaccurately, but also the conventionalNLPS’s370–386 could
thenbedirectly usedin theOF-DFTcalculations.387

Oncethe“goldenholy grail” hasbeenachieved,the“silverholy grail” would
thenbe to usea pure OF-DFT schemeto predictevery GS propertyotherthan
thoserequiringdetailedOB descriptions.In particular, non-HOMOorbital en-
ergies(or a bandstructure)andall orbitalsof many-electronsystemscannotbe
obtainedfrom an OF-DFT calculation. For example,the OF-DFT studyof the
metal-insulatortransitionin a2-dimensionalarrayof metalnanocrystalquantum
dotswasaidedby tight-bindingcalculations,usingtheself-consistentOF-DFT
densityasinput, to estimatethebandgapasa functionof particleseparation.97

Is it possible,in principle,to accessthe informationaboutat leastthebandgap
directly from an OF description?The answeris actuallyyes! Thereis a long
history of studying the asymptoticdecaybehavior of the DM1 in condensed
phases94–96,311,312,414–428 andthelatestresults312 show thatfor weak-bindingin-
sulatingsystems,theDM1 decaysexponentiallyandthedecaylengthis directly
proportionalto thebandgap Enm � J ,

limo
r è r k o , ö U } r � r �²~qp i è �ZrPs�tu] o r è r k o � (219)

where v is somepositive constant. For tight-binding insulatingsystems,the
resultsaremixed,96,312,428 but arecloselyrelatedto thestrengthof theexternal
potentialsor pseudopotentialsused.312 If theexternalpotentialsor pseudopoten-
tialsarechosencarefully, anexponentialdecaybehavior canstill beobserved.312

On the otherhand,for metallic systemsat zeroKelvin, the DM1 decaysalge-
braically like theFriedeloscillations,asshown in Eq. (87).96,311,312 Therefore,
fromtheasymptoticdecaybehavior of ahighlyaccurateOFapproximationfor the
DM1, onecanaccessthebandgapinformationdirectly, distinguishingbetween
insulatorsandmetals.



168 Y. A. WangandE. A. Carter

Finally, the “bronzeholy grail” is the WADA thatconcurrentlyenforcesthe
correctLR behavior at theFEGlimit andtheexactidempotency propertyfor any
OFapproximationof theDM1. Of course,thecorrectLR behavior is critical for
any EDF to outperformits LDA counterpart.However, oneshouldnot pushthe
limit too farwith regardto higher-orderresponsebehaviors. Pastnumericaltests
have shown that theSNDA OF-KEDF’s with theDD AWF basedon LR theory
andtheoneswith theDI AWFbasedonQRtheory performindistinguishablyfrom
oneanotherfor bulk solids(metalsand insulatorsalike).108–111,388 Hence,the
requirementfor EDF’stohavecorrecthigher-orderresponsebehaviorsattheFEG
limit canbewaived. Fromanotherperspective,realisticsystemsarenormallynot
verycloseto the FEG limit, andcorrecthigher-orderresponsebehaviors at the
FEGlimit will notenhancetheperformanceof EDF’smuch. Ideally, oneshould
enforcetheexactresponsebehavior within arealisticenvironmentof thesystems
underinvestigation,but it is very difficult to do, if not impossible.TheNLDA
with theDD AWF basedon LR theoryis themostlogical compromisebetween
theoreticalrigor andnumericalefficiency. Furthermore,for a nearlyFEG (like
any metallicsystem),theexact idempotency propertyof theSLDA OF-DM1 of
theFEG[seeEq. (39)] shouldbeapproximatelysatisfiedautomatically, but for
insulatingsystems,explicit enforcementof the exact idempotency propertyis
required. This incidentallybestows us anotherway to distinguishmetalsfrom
insulators: testinghow well the exact idempotency propertyof the SLDA OF-
DM1 is satisfied.388 Suchanapproachis considerablysimplerthantheonejust
mentionedabove, sincethe analysisof the asymptoticdecaybehavior of the
DM1 is avoided,permittinga faston-the-flyassessmentof the metal-insulator
transitionduringthecourseof anOF-DFTmoleculardynamicssimulation.

We believe that in thenearfuture,all three“holy grails” listedabove will be
achieved,andtheOFapproachwill becomethepreferredmethodof implementa-
tion of DFT. Wehopethis review drawstheattentionof thetheoreticalchemistry
andphysicscommunitiesto make this cometo pass.
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[277] E. V. Ludẽna,J.Chem.Phys.76, 3157(1982).
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