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Abstract

In the beginning of quantummechanicaDensity-Functionalheory (DFT),
therewastheThomas-Ferm{TF) model,whichusegheelectrondensityp(r)
(afunctionof only 3 coordinatesastheonly physicalvariable.Calculations
with this model were inexpensve but yielded poor numericalresultsdue
to a lack of understandingf exchange-correlatioeffects and the kinetic-
enepgy density functional. Mary yearslater, Hohenbeg and Kohn (HK)
establishedhe formal foundationfor DFT; Kohnand Sham(KS) deviseda
practicalimplementatiorandbroughtDFT into mainstreantalculationsof
electronicstructure. Althoughthe KS formulationallows exactevaluationof
theKS kineticenegy (T; [p]), theone-electrororbitalsintroducedby theKS
schemenevitably encumbethe formulationin threeways: (i) 3N (vs. 3)
degreesof freedom,(ii) orbital orthonormalizationand (iii) Brillouin-zone
(k-point) samplingin condenseghases.Given the accurag of DFT with
presentexchange-correlatiomlensity functionals, it is logical to conclude
thatthe lastfrontier in DFT is a betterrepresentationf the kinetic enegy
solelyin termsof the density If thisis true, KS orbitalswill be completely
eliminatedfrom DFT formulation,andthedensitycanbesolveddirectlyfrom
the TF-HK equation.This s certainlysuperiorto the KS schemeéiecausell
enepgy termscanbecomputedn momentunspacewith aneffectively linear
scaling,O(MInM), whereM is theintegrationgrid size. Thiswork reviews
majorideasin the designof suchoptimal orbital-freekinetic-enegy density
functionalsandtheir applications.
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I INTRODUCTION

Calculationsof groundstate(GS)propertiesof fermionicsystemsave along
history. While mary stratgjiesfocusedncalculatingamary-bodywavefunctia,
otherapproachesoughtto solve directly for the physicalobserable, namely
the electrondensity Such are the techniquesof Density-FunctionalTheory
(DFT).Historically, DFT*22 beganwith theThomas-Ferm(TF) model2%31 with
considerableontrikutionsfrom Dirac 2? Wigner 33 von Weizsacker 3 Slatef®36
andGasgar3’ The Thomas-Fermi-Diracan Weizsacker model-23840 andthe
Xa method® 3741 arethetwo majorachievementseforethe“modernage’ Not
until sometenyearslater, Hohenbeg andKohrf*? laid the formal foundationfor
DFT; KohnandShant® thendeviseda practicalimplementatiorof DFT (in the
similar spirit of the Xao method). Thetheoreticafoundationof DFT wasfurther
strengthenedly Percus’* Levy,*® Lieb,*® EnglischandEnglisch?748

For the GS, thetwo Hohenbeg-Kohn (HK) theorem#? legitimize the density
p(r) (afunctionof only 3 coordinatespasthe basicvariationalvariable;hence,
all termsin the GSelectronicenegy of a quantumsystemarefunctionalsof the
density:

Ee[p] = T[p] + Vne[p] + Eee[p] ) (1)

whereE. [p], Tlpl, Vnelpl, andE . [p] arethetotalelectronictotalkinetic,nuclear

electronattraction,andtotal inter-electronrepulsionenegy densityfunctionals
(EDF's),respectiely. Thesum(T[pHE..[p]) isnormallycalledtheHK universal
enegy densityfunctional (HKUEDF). However, the existenceof the HK theo-
remsdoesnot provide muchinformationabouthow to constructthe electronic
enegy densityfunctional(EEDF)solelyin termsof the densityexplicitly, with-

outrelyingonanorbital or wavefunctionpicture'. For anisolatedmany-electron
guantunmsystem,V;,.[p] hasa simpleanalyticalOF expression,

Vne[p] = <Vext(r)p(r)> ’ (2)

wherev, (I) isthelocalnuclearelectronCoulombattractionpotental (oneform
of the so-calledexternalpotential). The othertwo termsin Eqg. (1), however, do
not have analyticalOF expressionglirectly in termsof the density
TheKohn-ShanfKS) schemé?® introducesasingle-determinanwavefunction
in termsof theKS orbitalsandpartitionsthe HKUEDF into threemainpieces:

Tlp] + Ecelpl = Tslpl + Jlpl + Exclpl, (3)

whereT;[pl, Jlpl, andE.[p] arethe KS kinetic, inter-electronCoulombrepul-
sion (alsocalledthe Hartreerepulsion),and exchange-correlatio(XC) EDF’s,

*Hereafterwewill use“orbital-free” (OF)to describeary physicalentity thatdoesnotrely onanorbital
or wavefunctionpictureanduse“orbital-based”(OB) for the opposite.
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respectiely. The Hartreerepulsionenegy densityfunctional(HREDF) hasits
classicalOF appearance,

ol =3 (B ) @

Ir—r’|

Becausef differentscalingpropertiesthe exchange-correlatioenegy density
functional (XCEDF) can be further decomposednto separateexchangeand
correlationcomponent$?-1

F—xc [p] - Ex [P] + Ec[p] ) (5)

where E, [p] and E.[p] are the exchangeand correlationEDF'’s, respectiely.
Within the KS schemethe KS kinetic-enegy densityfunctional (KEDF) can
be evaluatedexactly throughthe KS orbitals, but the exact OF expressionof
the XCEDF remainsunknown. Fortunately the absolutevalue of the XCEDF
is muchsmallerthanthat of the KS KEDF or the HREDF, andeven crudeOF
approximation®f the XCEDF aregenerallyfine in practice3-28 In contrastthe
situationis not so fortunatefor the KEDF becausats valueis nearlythe same
asthetotal enegy (the electronicenegy plusthe nuclearnuclearCoulombre-
pulsionenegy); crudeOF approximation®f the KEDF do notbring satisactory
results!-28

After morethanseventyyearsof intensestudy~8 athoroughunderstanding
of theOF-KEDFremainsaselusiveasbefore.Of courseformally, onecaneasily
write kinetic enegy in thefollowing well-known expression:

1
T=—= <Vr2y(r,r’)

] /
: )= (Ve Vern ) (6)

for a given first-orderreduceddensitymatrix (DM1),%2®7 y(r,r’). In corven-
tional OB methods’2° the DM1 hasa spectraresolution:

Y(r,r) =Y vidi(r)di(r'), (7)

where{y;} arethe occupatiomnumbersof the orbitals{$i(r)}, and{¢$i(r)} can
be canonicalKS orbitals#3 canonicaHartree-Bck (HF) orbitals®8-62 the more
generalLowdin natural orbitals>?-5763.64 or even the Dyson orbitals®>7° |f
the orbitalsare spin orbitals, the occupationnumberswill lie between0 and1;
otherwise,the occupationnumbersrangebetween0 and 2.5257 The latter is
usually called the spin-compensatedase. When the occupationnumbersare
either 0 or 1 andthe spin orbitals are mutually orthogonal,the DM1 hasthe
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usefulidempoteny property,

Jv(r,r”)v(r”,r’)dT” =y(r,r'). (8)

The spin-compensatedkrsionof Eq. (8) hasa prefactorof 2, dueto thedouble
occupany of occupiedorbitals,

Jv(r,r”)v(r”,r’)dT” =2y(r,r’). 9

Suchorbitalsare solutionsof the following one-particleSchiddingerlike equa-
tions

1
<EV2 +Vere(r; [fﬂ)) Gi(r) = eidy(r), (10)
whoseeffective potentialoperatord.¢¢(r;[p]) is generallya complicatedfunc-
tional of thedensity whichis the diagonalelementof the DM1

p(r) =y(r,r). (11)

FortheGS,theHK theorem#’ guarante¢hatEq. (10) of differentexacttheories
all deliver the sameGS densityin spite of distinct mathematicaktructuresof
Dets(r; [p]) within differenttheoreticalapproache$ 0 (i.e. local vs. nonlocal
operators) Thereasoris simple: the densityis one-to-onenappednto theGS
wavefunction regardles®f how theexactwavefunctionandtheexactdensityare
calculated.

However, the major obstaclelies in the fundamentalquest: how to express
the DM1 in termsof a given densitywithout solving Eq. (10) for orbitals. If
this canbe done, all termsin the HKUEDF will be accuratelyapproximated.
Consequentlythe GS enegy and densityof a systemwith a fixed numberof
electronscanbe obtainedvia solving a single Thomas-Fermi-HohenbgiKohn
(TF-HK) equation??

dEelpl  3TIpl | 8Vnelpl | dEeelpl  8Tslpl

Sp(r) — 8p(r)  &p(r) sp(r) — 8p(r)

wherethedensityis thesolevariationalvariableandy is the Lagrangemultiplier
neededo keepthedensitynormalizedo thenumberof electronsn thesystemN.

VS =1,  (12)

Tlt is clearthat electronsareinteractingwith oneanotherthroughthe exchangehole or the exchange-
correlationhole(seeSectionV), evenwithin thequasi-independent-patftcmodelsj.e.,theHF method
in the former andthe KS methodin the latter We feel that the idempoteng propertycannotsimply
arisefrom a non-interactingr independent-partielnature. It is thenmoreappropriatdo usetheterm
“idempotent”than “non-interacting”to characterizeary entity that originatesfrom the idempoteng

property
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The KS (local) effective potentialhasthreecomponentsthe externalpotential,
the Hartreepotential,andthe XC potential,

VES (1 1p]) = Vext (1) + Vi (1) + vee(r) (13)

which arejust functionalderiativesof correspondingEDF's:

- dVhe [p]

Vext(r) - 6p(l‘) y (14)
~dJlpl ( p(r) .,
i) = ey = e 4o
~ OExclp]
Vxell) = 5p(r) . (16)

Obviously, the OF-DFT approachbasedon Eq. (12) hasmary adwantages
over the OB approachesFirst, the degreesof freedomis reducedfrom 3N to
3. Secondwithoutary orbital dependencehecomplicationandcostassociated
with orbital manipulationjncludingorbital orthonormalizatiorandorbital local-
ization (for linearscalingimplementations)are avoided. Third, for metals,the
needor Brillouin-zone(k-point) samplingof thewavefunctior/1€%is completely
eliminated.Fourth,theutilization of thefastFouriertransformatior(FFT)?%82 in
solving Eq. (12) is essentiallflinearscalingwith respecto systemsize', while
the costin exactly solving Eq. (10) scalesat leastO(N?), becausef the ma-
trix diagonalizatiorstep. Although OB linearscaling®(N) density-functional
method&326 do exist, they arestill much more complicatedto implementand
computationallymoreintensive thanthe OF-DF T approact?’ In addition,these
OB linearscalingdensity-functionamethodsely on orbital localization,which
limits suchtechniqueso non-metallicsystems$®

All thesepositive featureswill berealizedonly if oneknowsall functionalsin
Eq. (1) solelyin termsof thedensity Theaccurag of recentXCEDF’s accounts
for the popularityenjoyedby DFT via the KS scheme Comparingto suchhigh-
qualityXCEDF's, OF-KEDF'sarestill lackingaccurag andtransferabilityfor all
kinds of systemsn diversescenarioseven after over seventy yearsof research.
For this very reason,it hasbeenwidely recognizedthat the OF-KEDF is the
mostdifficult componentn the EEDFto berepresentedpproximately® Only
veryrecently betterdesignedF-KEDF's*®-1*have begunto appearalongwith
highly efficient numericalimplementation¥-1%4%12 for large-scalecondensed-
phasesimulations?’1042125 \We setour taskin this review to provide readersa

#Thecomputationatostof anFFT scalesssentiallylinearly © (MInM ) with respecto theintegration
grid size M.
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clearpictureof pastadvancesandpossibleroutesto betakenin thefuture. It is
our hopethatmorestudieson OF-KEDF's alongthesdineswill soonrevivethe
OF schem& 41 basebn Eq. (12) asthepreferrednethodof implementatiorof
DFT.

In this review, atomicunitswill be usedthroughoutunlessotherwisenoted.
Themostrelevantatomicunitsfor thisreview aretheHartreeunit for enegy and
theBohr unit for length. OneHartreeis about27.211electronvolts andequals2
Rydbegs; oneBohris about0.52918Angstidms. More detailscanbe foundin
Ref.[58], p. 41-43,0r Ref.[59], p. Xiv—xV.

Il THE THOMAS-FERMI MODEL AND EXTENSIONS

The TF model marksthe true origin of DFT, althoughits simplicity goes
hand-in-handwith mary defects. Most notably it producesno binding for
ary systemt*>-145andis only exactfor the free-electrorgas(FEG). Numerical
resultsbasedon this modelarequite poorin general:the self-consistentiensity
of Eq.(12)exhibitsnoshellstructureor atomicspecieandfalls off algebraically
insteadof exponentially Althoughthe CorventionalGradientExpansion(CGE)
doesimprove theenegy if agooddensityis usedfor the calculation,it doesnot
remedyary defectof theoriginal TF model,if Eq.(12)is solvedself-consistently
Time hasproducedavastnumberof papersonthis subject;interestedeadersare
advisedto consultotherreview articlesandbooksfor details~7:3840 Here,we
only provide a brief summaryto gain somephysicalunderstandingndlay the
foundationfor latersections.

1.1 THE THOMAS-FERMI MODEL

TheTF modelexpressesheDML1 in termsof the planewave basisof the FEG,

occ.

’ 2 ik- !
Y(r,r)zwzek(rr], 17)
k

wherethe prefactor of 2 comesfrom the Pauli exclusion principle!#6147 that
allows two electronsper planewave. Whenthe numberof electronsbecomes
large,thesummatiorin Eq.(17) canbereplacedy anintegrationandananalytic
expressiorcanthenbe obtainedfor the DM1,

occ.

y(r,r') = 1 e =rag, — SINYo — Yo €OSYo 18
473

mr—r3

wherey, is a naturalvariablé® for a FEG with a Fermi wave-vector (FWV)
ke =(37%po) 3 andanuniform densitypo,

Yo =kelr —r'| . (19)
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For latercornveniencelet usdefineanew variablep(r ) = p%(r ), andfBo= p§ .
Multiplying anddividing Eq. (18) by k2, we canrewrite it in asimplerform:
_ ki sinyo — yo COSYo j1(yo) (20)

y(rr’) = =3po———,
us US Yo

wherej; is the sphericalBesselfunction8® Direct insertionof Eqg. (20) into
Eq. (6) yields

T=<%Vﬁm+(3ﬁﬁ>=Cw<%>, (21)

whereCrr is the TF constant, 3 (3n?) 3

TF functionalfor generakystems,
Tre = (te(r)) = Cre (B2(r)) . (22)

Goingfrom Eq. (21) to Eqg. (22), onehasto replacepy with p(r) in Eq. (20) for
generakystems,

. Clearly, Eq. (21) is differentfrom the

Y1) :3p(r)j‘ff) , (23)

with a local FWV kg(r) = (37’(2)%[3(r) andy = kg(r)|r —r’|. Then,the TF
functionalnaturallyfollows.

However, one should ask whetherthe ansatzEqg. (23) is a valid one, and
exactly how goodis the TF approximation. It is certainthat for systemsother
thanthe FEG, the idempoteng propertyin Eq. (9) satisfiedby ary idempotent
DM1 will no longerbe true for Eq. (23). Hence,the TF functionalis actually
not an approximationfor the T, functional,the KS idempotentKEDF. Further
Eq. (23) hasthewrong asymptotichehaior for isolatedfinite systemsasbothr
andr’ becoméarge, wherethe exact DM1 goeslik e the productof the highest

occupiedmolecularorbital (HOMO) of Eq. (10) at two differentpointsr and
r /,66,148—153

lim y(r,r’) = (D) _nomo = P2 (N2 (). (24)

T,7’'—00

InsertingEq. (24) into Eq. (6) yieldsthe von Weizsacker (vW) functional34

2
Towlpl = (tyw(r)) = % < \Vpp((rr))\ > y (25)

whichis considerablydifferentfrom the TF functional. In fact, at thoseregions

wherethe densitycanbe accuratelydescribedoy a singleorbital, the DM1 has
theasymptotidorm andthe KEDF reducego thevW functional. Thereforethe

TF ansatzshouldactuallybethoughtof asmerelyasimpleextensionthatreduces
to the exactform atthe FEG limit.
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1.2 THE CONVENTION AL GRADIENT EXPANSION AND
GENERALIZED-GRADIENT APPROXIMA TION

Dissatisfiedwith the TF model,researcherthoughtthatincluding gradients
of the densitymight allow the modelto adjustto the local ervironment(i.e.,
deviationsfrom the FEG limit) andmight evenremedyits defects.A greatdeal
of effort wasputinto thisstrateyy 3->154188 Thehighesbrdergradienexpansion
with ananalyticform is the sixth 157

3 3
Tecelol = Y Toilol = Y (ta) (26)
i=0 i=0
With the definition of naturalvariables2®
~ V™p(r)
E.m* (.))3“’“(") ) (27)
theintegrandshave avery compactorm
tar = B (r)f2(&1, 82,83, .-+, &21) (28)
where{f,;} areanalyticfunctionsof the naturalvariables:
fo = Crr, (29)
(&1)?
fz - 72 ) (30)
(&) —Fa&) + &)
fa = 1800C+r ’ (31)
B 1 5, 2575 3, 249 5 1499 5 5
fe = 504000C2, 13(&3) + (&2)° + i (&1) 64-1-—18 (&1)°(&2)
1307 3 343 5, 8341 4 1600495 6
=3 (& &) + o (88) = &(&)" - =58 - (32)

As onecanseefrom above equationsthederivationquickly getsprohibitively
involvedthatnoanalyticexpressioris availablebeyondsixth order Nonetheless,
a carefulinspectionof the detailedderivationrevealsthatf,; hasamoredefinite
formt’t

f21(&1,82,83,...,821) = Z Ced(&a)C (&)Y, (33)

ac+bd=21
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where{a, b, c, d} are non-n@ative integers,{C<¢} are expansioncoeficients,
andé, is definedasl. Thisimmediatelyrevealsthatfor ary isolated,localized
systemwhosedensitydecaysexponentially?,83:66.18%202 T, is divemyentfor all
orderssixth and higher (21 > 6), becausevery termin Eq. (28) is unbounded
asymptotically

1im B%(r) (&) (£p)® o B> 21(r) — 00 . (34)

One can further shawv that the correspondingootential, the functional deriva-
tive 86T»1/0p, is divegent for all ordersfourth and higher (2i > 4) underthe
samecondition. More generally the sameconclusionwill hold for thosere-
gionswherethe densityfalls off exponentially(e.g.,areascloseto any nuclear
centers).The consequencef sucha propertyis thatif the CGEis usedfor the
OF-KEDF the densityfrom the self-consistensolutionof Eq. (12) alwaysde-
caysalgebraically? 172173 whereit shouldhave exponentiabehaior.53.66,189-202
Moreover, it will beshavn in latersectionghatthe CGE derivationhasits flaws:
the linear responsgLR) of the CGE up to infinite orderis wrong even at the
FEGIlimit. As aresult,the self-consistensolution basedon the CGE will not
produceary shellstructurefor atomicspecies;'’?~"4regardlesf the orderof
expansion.
Dueto its simplicity, the second-orde€ GEL>4-156174

1

Técelpl = Trelp] + §va[p] (35)

has beenthe most usedand has stimulatedthe developmentof the so-called
TFAVW mode|3-5:40.173-188

Treavwlpl = Trelpl + AT,wlpl , (36)

where) is someconstant. After careful numericalfits, A = % hasbeenfound
to be the optimal choice3-540:173178 |n general,asidefrom someintellectual
value,the CGEis of little practicalusefor afull solutionof the TF-HK equation,
let alonethe difficulty in accuratelyevaluatingthosehigh-ordergradientsof the
densityandcomplicatedexpression®of higherorderintegrands.

Simultaneousvith successftheGeneralized-Gradiedtpproximaion (GGA)
for the XCEDF's 2%3-?42similar efforts were beinginvestedin analogoudorms
for the OF-KEDF's. Insteadof goingto higherandhigherordersof gradientsof
thedensity the GGA triesto capturemostof thosehigherordereffectsutilizing
someproperfunctionsof lowerordergradientswhile retainingthe form shavn
in Eq.(28),

Teoalpl = (B°(r)fcealér, &2)) (37)

SAs T — 00, bothp(r) andV™p(r) decayexponentially Therefore, imooim oc BTM(r).
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SuchGGA OF-KEDF’s are alundantin the literature?*3-24% put noneof them

delivers satishctory resultsif Eq. (12) is solved variationally The problem

remainghatthey exhibit thewrongLR behavior (asdiscussedectionlV). Ona

deepetevel, onerecognizeshatthe XCEDFhasamuchsmallervaluecompared
with thetotal inter-electronrepulsionenegy or thetotal enegy, while thevalue

of the KEDF is of the samemagnitudeasthetotal enegy, dueto virial theorem.
Therefore,a successfuschemeor the XCEDF might not be expectedto work

for the KEDF, which needsa muchhigheraccurag. A corollaryto this insight

indicatesthat any successfutreatmentof the KEDF will mostlikely be more
thansufficient for the XCEDF. We discusghis aspecmorein SectionV.
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Figurel Comparingthekinetic-enegy potentialsfor H atom. TheTpx GGAOF-KEDF
is fromRef [244].

We concludethis sectionby providing a comparisonn Figures1-5 of the
kinetic-enegy potentialsof the CGE and several “better” GGA OF-KEDF’s,
usingaccuratedensitiesfor H, He, Be, Ne, and Ar atoms. For mary-electron
atoms, highly accuratedensities(from atomic configurationinteractioncalcu-
lations°%253 are fed into the OF-KEDF’s. Accuratepotentialsare obtained
via a two-stepprocedure:the exact vk (r; [p]) is obtainedfor a givenaccurate
density?53272 andthenthekinetic-enegy potentialis computedvia Eq. (12)

5Tslpl
dp(r)

wherey is taken to be the negative of the first ionization potential?01,202.250-252
Figures1—5 clearly shavs that for generalmary-electronsystemsthe quality

=pu—VE3(r;lol), (38)
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Figure2 Comparinghekinetic-enegy potentialsfor Heatom. TheT. ¢ GGAOF-KEDF
is fromRef [245].
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Figure3 Comparingthekinetic-enegy potentialsfor Beatom. TheToyr andTirp GGA
OF-KEDF'sarefromRefs[246] and[247], respectivelyTheTcge (2nd) andToyr curves
are almoston top of eadh other

of CGE and GGA OF-KEDF's potentialsare ratherpoor, and sometimeghe
potentialeven exhibits unphysicalsymptotichehaior (seeFigurel). As stated



Orbital-freekinetic-enegy densityfunctionaltheory 129

15.0
110 -

70 -

oT Jop (Hartree)

3.0 -

-1.0
0.0

r (Bohr)

Figure 4 Comparingthe kinetic-enegy potentialsfor Ne atom. The T+ and T, GGA
OF-KEDF's are fromRefs[248] and[249], respectively
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Figure5 Comparingthekinetic-enegy potentialsfor Ar atom.

above, the potentialof the fourth-orderCGE OF-KEDF divergesboth nearand
farawayfrom thenucleugseeFiguresl and2). VariousGGA OF-KEDF's?43-249
do not improve the descriptionof the potential,sometimesven worseningthe
agreemenfseeFigure4). In fact,the potentialsof variousGGA OF-KEDF'sare
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very similar to thoseof the second-orde€GE andthe TF functionals. It is also
amazingto seevery little differencebetweerthe second-orde€CGE andthe TF
functionalsat the potentiallevel. The potentialof the vW functional,however,
departsfrom the exact potentialsignificantly exceptfor the regionsvery close
to andfar away from the nuclearcore, whereonly one orbital dominatesthe
contribution to the density(seeFigure5). Thesefiguresfurthersuggesthatthe
local truncationof the CGE273274 is not a significantimprovementover the TF
functionalat the potentiallevel becausdhe CGE at variousordersstill cannot
reproducehe exactkinetic-enegy potentialwell. Suchnumericalcomparisons
demonstratehat the corventionalwisdomin densityfunctional designhasits
shortcomings: frequently only the enepgy value is fitted, while the physical
contenbf thepotentialis seldomconsidereaarefully>36-23° Giventheobjective
of thevariationalsolutionto the TF-HK equationtheimportanceof theaccurag
of thekinetic-enegy potentialof any OF-KEDF cannotbe overstated.

M. THE VON WEIZSACKER MODEL AND EXTENSIONS

The vW modellooks at the OF-KEDF problemfrom a differentangle. As
alreadyshowvnin Egs.(24) and(25),thevW functionalis theexactOF-KEDFfor
system®r regionsof singleorbitalnature suchasthenuclearcoreandasymptotic
regionsof localizedsystemspne-electrorsystemsidempotentwo-electronGS
systemsandof courseall bosonicsystemsHowever, it is completelywrongat
the FEG limit, wherethe gradientof the densityis zeroeverywhereandthe TF
functionalis correct. Nonethelessthe vW functional offers a potentiallygood
startingpoint for furtherapproximationf the systemis far away from the FEG
limit (i.e. atomsmoleculesandrealisticsurfaces).Originally, thevW modelwas
derived® afterintroducingmodifiedplanewavesof a certainform to accountor
inhomogeneityof the density but we will presenta generalapproach 98275280
that naturally unifiesthe TF and vW modelstogetherand plantsthe seedfor
furtherimprovementin latersections.

.1 THE ORIGIN OF THE VON WEIZSACKER MODEL

Looking at Egs.(20) and(23), onerealizesthattherearemary otherchoices
thatreduceto the exact FEG limit. For example,taking Eq. (24) into account,
onecanintroducea muchmoregeneralnsatZor the DM1,

1

y(r,r')y=p2(r)pz(r')g(yz), (39)

yz(r)r/):CF(r)r/”rfrl‘ ) (40)

CF(rvrl):CF(kF(r)ka(r/)) ) (41)



Orbital-freekinetic-enegy densityfunctionaltheory ~ 131

whereg(y.) is ananalyticfunction of the two-body naturalvariabley,,*° and
Ce(r,r’) is a two-body Fermi wave-vector (TBFWV). The specificfunctional
forms of g(y2) and (¢ are not importantat present,aslong asthey both are
symmetricanalyticfunctionsof r andr’, andsatisfythe following constraints:

r|in:l,y2(l’,r/) =0, (42)
lim g(y2) =1, (43)
yzﬁo
lim Cr(r,r') =ke(r), (44)
r’—r
lim gys) — 39 (45)
P—pPo Yo
FromEQgs.(40) and(41), onecanfurthershav that
ranp, (Vi +Vir)gly2) =0. (46)

Basedon Egs.(6) and(39)—(46), onecanderive exactly
T =Towlpl + TxIpl, (47)

1

Txlpl = 5 (p*(1)[8(r —1") (Ve - Vel gly2) [p* (1)) (48)

wherethevW functionalappearsaturally Furthermanipulationyields

1/ 1 d? 2 d 1
ol =3 (pH ot — )chr,r) (ol + 8ot 1)) (49)

) 2
:§CTF<pE‘“(r)’5(rr’)<d g(y2) +idg(yz)>

pé=*(r") (50)

3 dy? y2 dyz
= GlglTrelpl , (51)
wherex is someconstantandGlg] is afunctionalof g(yz),
5 (d? 2d
3\ dy; vz dy2 /),

If g(y2) is chosensuchthat Glg] =1, Tx[p] will becomethe TF functional. It

is straightforvard to shav that the simple choiceg(yz) = 3j1(y2)/y2 satisfies
this condition®98276280 |n general however, the valueof G[g] dependsn the
specificform of g(y2). Nonethelessit is desirableto enforceG[g] =1, sothat
thegeneralOF-KEDFmodel

T =Towlpl + GlgITre[pl (53)

exactly recoversthe TF functionalatthe FEG limit andthevW functionalatthe
asymptotiaegionof localizedsystems Unfortunatelynumericatestsshow that
this simplemodelgreatlyoverestimateshekinetic enegy 3-5:148.179,281-283
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1.2 EXTENSIONS OF THE VON WEIZSACKER MODEL

Sincethe above simplederivationunifiesthe TF modelandthe vW modelin
a coherentapproachresearchersere quite encouragedo try otherextensions
basedon Eq. (53) to improve its accurag.> Therearetwo simple ways to
accomplistthis: replacingG[g] by afunctionof electronnumberN andnuclear
chage Z,283_292

T =Twwlpl + G(N, Z)Tr¢[p] , (54)
or introducinga local prefactorfor the TF functional28°
T =Towlpl + (G(r)tre(r)) . (55)

Thefirst proposedorm of G(N, Z) was

A

G(N’Z):1_Wv

(56)
with the optimizedempirical parameters\ = 1.412 for neutralatomsonly and
A =1.332 for atomsandions?83 A laterversionof G(N, Z) wag02%1

2 A Az

with the optimizedempirical parameters\; = 1.314 and A, = 0.0021.2%* The
firstfactorin Eq.(57)allowsEq.(54)torecovertherightlimit (thevW functional)
for one-electrosystemgwith thecorrectspin-polarizationandidempotentwo-
electronGS’s. However, thereareotherwaysto enforcetheright limit, yetretain
similarity to Egs.(56). For example,onemightreplacethefirst factorin Eq. (57)
by (1-81n—82n), Wheredy; is theKronecler deltafunction.

Both Egs. (54) and (55) canyield remarkablyaccurateresultsif G is fitted
to the tamget systemsthoughnontransferabilitremainsto be the key problem.
For instance highly accuratdocal behaior of the density including the shell
structureof atomic species,canbe achiesed for the local extensionshavn in
Eq. (55), but the resultingsystem-dependeré(r) is not transferabl&®® Simi-
larly, Eq. (54) cangive accurataesultsfor theenegy if gooddensitiesareused,
but it againcannotreproducedhe shellstructurenor accurateenegiesif Eq.(12)
is variationallysolved 292

Imperfecthoughthey are theimpactof thesdunctionalsonlater, morerefined
developmentsannotbe overstated.To this end,somegeneralbbsenationscan
bemade.Eq.(53) certainlylacksflexibility , sinceonceg(y; ) is chosenG[g] will
have afixedvaluefor all systemsEq.(54)is betterdueto theglobaldependence
of G(N, Z) onspecificsystenparameterskq. (55)is thebestamongthesethree,
sinceit accountdor thelocal behaior of the OF-KEDFE
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V. CORRECT RESPONSEBEHAVIOR

It hadongbeenrestablisheéh themoleculaphysicscommunty thattheatomic
shell structureis the barometeito measurehe quality of any OF-KEDF3® In
solid statephysics,the correspondingphysical standardis the oscillationsin
the density including both the short-ranggnearneighbor)oscillationsand the
asymptoticFriedel oscillationsfor metals?®3=2% The Friedel oscillationsare
causedby the occupationof orbitals at the Fermi surface302303 |t is alsowell
understoodhatthecorrectLR behavior is thekey to predictingsuchoscillations:
the overall shapeand the weak logarithmic singularity of the LR function are
responsiblefor the short-rangeand asymptoticoscillations, respectiely 301304
In this section,we review the derivation of the LR function (for thereare some
mistaleswith the derivationin Ref. [301]) andthe stratgy for incorporatingit
into the designof betterOF-KEDF's.

V.1 LINEAR-RESPONSE THEORY

In termsof LR theory?93-30lasmallchangen thepotentialcausesfirst-order
changeén thedensity

dp(r) = Jx(r —r)év(r)dt’, (58)

wherex(r —r’) is thereal-spacé.R function

x(r—r’)= Sp(r) . (59)

After FouriertransformationEq. (58) canbewritten in momentunmspaceas!

5p(q) = x(a)dv(q) , (60)

wherex(q) is the momentum-spackeR function. Moreover, from Eq. (59) and
thechainrule for functionalderivatives,onehas

’ " o dp(r”) dv(r) - e dv(r)
S(r’ —r )7J Sv(r] 6p(r')dT7JX(r r )6p(r')dT' (61)

Takingthe Fouriertransformof theresultingequationyields

svir)\ 1
i}<5p(r')> Cx(@)” (62)

wheref denoteghe Fouriertransform.

1THere;(afte,rthe Fouriertransformof a real-spacdunction f(r) will sharethe samesymbolbut with a
tilde, f(q).
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Differentpiecesin Eq. (12) canbe chosento be the above perturbationpo-
tential, resultingin differentLR functions?®3-301which arecloselyrelatedto the
secondunctionalderivativesof correspondindeDF’s. For example,the (static)
externalLR functionof only the nuclearelectronattractionpotentialis givenby

5p(d) = Xext (q)SVext(d) (63)
1 OVex (r) 62Vne [p]
ci () F ).
Xext(d) dp(r’) dp(r)dp(r’) (64)
The XC LR functionof only the XC potentialis givenby
55((1) = ixc(q)é\jxc(q) ) (65)
1 6ch(r] 62Exc [p]
~ ?( ) = (7) . 66
Xxc(Q) dp(r’) dp(r)dp(r’) (66)
TheHartreeLR functionof only the Hartreerepulsionpotentialis givenby
5p(d) = Xn(Q)5Vn(q) , (67)
1 Svn(r) 47
— (S )—_.
o (i) ¢ (58)

The LR functionwithin the RandomPhaseApproximation(RPA) for a Hartree
gas(HG) without XC is givenby

5p(9) = Xera@)OVy (), (69)
6{)HG(q) = 5‘7&5]:((1) - 5\7xc(q) - 5{)ext(Q) + 50h(q) ) (70)
1 1 1
= . 71
Xrral@)  Xext(q) T @ (71)
Then,thetotal LR functionof the entireKS effective potentialis givenby
5(q) = Xtot (A)SVEF(A) (72)
1 SvKS.(1) 52(Eelpl — Tslpl) 52T [pl
) ) (i) - o
Xtot(q) dp(r’) dp(r)dp(r’) dp(r)dp(r’) (73)
1 1 1 1 1 1 (74)

o @ X @ 7@ e @ X @ Reel@)

In Eq. (73), the secondfunctional derivative of the EEDF is zero due to the
TF-HK equation.Accuratenumericalvaluesof variousLR functionsfor nearly
FEG's canbefoundin Refs.[305] and[306].
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V.2 THE LINDHARD FUNCTION

For anearlyFEG, ananalyticexpressiorfor thetotal LR functionis already
available,dueto Lindhard3®” For completenessye provide aconcisederivation
below.

We startfrom the FEGlimit, wherethedensityp, is uniform, orbitals{¢dy(r)}
aresimpleplanewaves,

d(r) = (2m)~ Telkr (75)

andthe zeroth-ordeHamiltonianis just the summatiorof all thekinetic-enegy
operators,

(76)
i=1

whereindex i runsoverall electronsn thesystem.Now, let usintroducea weak

perturbatiorpotentialv(r) into this system sothatto first orderthe orbitalscan

bewritten accuratelyas

Vik
€k — €k’

d)k’(r) ) (77)

G (1) = dulr) + Y

k’#k
wherethe couplingelementVy  is givenby first-orderperturbatiortheoryas
Vierk = (ke (1) v(r) [ (r)) = (2m0) > v(k — k') . (78)

Introducinga new variableq=k—k’ andreplacingthe summatiorby anintegra-
tion, onerewritesEq. (77) as

2 V(q) pr—q(r)
¢|(<])(r):¢k(r)+ VIoE J sz(ijq)zdrfq' (79)
q70

Then, the first-orderchangein the densitydueto the first-orderchangein the
potentialis

occ.

2
sor) = 3t | ol 0|l
k
4 ) . .rocc. f
— oo | @ Y g, (€0)
a0 K

or in momentunspace,

5p(q) = ﬁ‘j(cﬂ ; m ) (81)
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wherefy is the occupang of ¢k (r). At zeroKelvin, fx is a step function;
otherwise|t is the Fermi-Diracdistribution function. ComparingEgs.(60) and
(81),oneimmediatelyhas

occ.

) R i
Xtot(q) = 3 ; m . (82)

In Eq. (82), settingfx =2, replacingthe summatiorby anintegration,anddoing
somealgebrapnefinally obtainsthe Lindhardfunction®®’
1

k]: T H

sing
X . = — 27tk? ———dodk
Xiina (@) J-O T J-O 2kq cosd — g2

1 [k q+2k
= ——— | kIn
J ’qZk

Kk 1 1—n? 141
- (i) ®3

dk

wheren = q/(2kg) is a dimensionlessnomentum. This finishesthe derivation
of theLR functionatthe FEGlimit!l. Thereforethe FEGIimit of Eq.(73)is

? 2
o (P ) O B S o
<5p(l’)6p(r') Po )’ZLind(q) kF - d(T]) ’ ( )
1 1 — 2 1 1
Frina(n) = <§ + 4T1n In ’% ) ) (85)

Extensionto finite temperaturel can be madeby using the Fermi-Dirac
distribution functionfor fy in Eq. (82)

~T 1 *° k q+2k
Xtot(q) = T o 2 12
o 1+ ek K/(ZkeT) | q— 2Kk

= ’ dk, (86)

wherekg is the Boltzmannconstant. More generally higherorder response
functions can be obtainedif the perturbationtheory is carried out to higher
orders but thederivation quickly becomesediouslyinvolved#2:43:108-110,308-810
A few commentsneedto be madehere. First, it turnsout thatthe restriction
g #0 in theintegrationof Eq. (80) is not a problemat all becausehe Lindhard
functionis analyticfor g =0. Secondthereis a weaklogarithmic singularity
atn =1 or g =2k wherethe slopeof the Lindhardfunctionis divergent. This
singularity can be attributedto the pole of the denominatorof Eq. (82), andis

I carefulreadersnightnoticethatin Ref.[301], thereis asignerrorin Eq. (6.38). Our derivation should
bethe correctversion.
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closelyrelatedto the stepfunction behaior of fx at the Fermisurfaceat zero
Kelvin. In fact, the singularity persistseven at finite temperatureas one can
easily seethis from Eq. (86). It canbe further shavn thatfrom Eq. (86), the
asymptotidFriedeloscillationsin the densityat afinite low temperaturd areof
thefollowing forme+96.311,312

lim sp(r) o SR eraTeer (87)

T—00 T
where ¢ is somepositive constant. Moreover, the overall shapeof the LR
functionis the key for a good descriptionof the short-rangeoscillationsin the
density301:394  Therefore,the fine details of the LR function are essentialto
reproduceary correctphysics.Third, the utilization of the step-functiorform of
fy dictateghattheLindhardfunctionis only valid for idempotenDM1’s,because
the occupangy is either0 or 2. Fourth, for later referencepne canrewrite the
Lindhardfunctionin termsof a polynomialexpansiod©%-3%4

gE

n%"/(4n? —1) for n<1,
0

)zLind(q)

Py (88)
n2"/(4n? —1) for n>1.
1

Nk

Taking the inversesof Eg. (88), one can also rewrite Frinq(n) in termsof a
polynomialexpansion

T+ Y anm?® for n<1,
n=1

Flina(m) = (89)
M?—2+3 Y bnym for n>1.
n=1

Heretheexpansiorcoeficients{a, } and{b,, } satisfythesamerecurrenceelation
(c is eithera or b)

n B - ] B B
cn:mZ:]cn mcm,cozl,an:m,bn:—3an,1. (90)
Thefirstfew coeficientsareshavnin Tablel. Finally, it shouldbeclearthatnone
of thosepotentialpiecesn Eq.(12) areincludedin thezeroth-ordeHamiltonian

Ao in Eq.(76) andtheentireKS effective potentialis treatedasthe perturbation.

** Apparently the correctdecayprefactoris proportionalto +—3, ratherthanto +—2 as“proved” in
Refs.[311] and[313]. The 2 decayprefactoris obtainedwithout takinginto accounthe correctLR
behaior.
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Table |  First few coeficients of the polynomial expansionof Frinq(n). Here an, =
ph/as andb, = —pl/qn.

n o pg ag PR a5

11 3 1 5

2 8 45 8 175

3 104 945 8 375

4 1048 14175 12728 1010625

5 24536 467775 551416 65690625

6 24735544 638512875 41587384 6897515625

7 2262184 76621545 2671830232 586288828125

8 1024971464 44405668125 15330117543304 4288702777734375
9 3502514217256 194896477400625 185527734659128  64330541666015625

10 481989460497736 321579187711031251601650275310046776673219118534853515625

Thereforejt is notrelevantto talk aboutthe XC effectsonthelLindhardfunction
unlesspf course pnestartfrom someHamiltonianthatincludesexchangeandor
correlation Jlike the HF Hamiltonianor the KS Hamiltonian. If thelatter stepis
taken,simple planewavescannotbe usedasthe zeroth-ordeorbitalsary more.
NonethelesghelLindhardfunctionis idealfor our purposebecausé is a“pure”
kinetic model[seeEg. (84)].

V.3 COMPARISON OF VARIOUS KINETIC-ENERGY
DENSITY FUNCTION ALS

With Eqg. (84) in hand,we caneasilyassesthe quality of variousOF-KEDF’s
mentionedn previous sectionspy comparingtheir momentum-spackeRr func-
tionswith theLindhardfunction. Forinstancethemomentum-spadeR function
of the TF functionalis justthe constanprefactorin Eq. (83),

- Kg
X1e = *; » (91)

which is only correctat g = 0, the FEG limit. For corveniencethe TF LR
functionis usually usedto renormalizethe momentum-spackR function of a
givenmodelX for the OF-KEDF

o 2 27K
X = 2 = (n_> e (92)
X.TF kF 6p(r)6p(r ] Po FK(n)
It is straightforvardto work outthemomentum-spadeR functionsfor ary given
modelOF-KEDF's. Tablell shavs someof theresults.
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Tablell Themomentum-spadeR functionsof somemodelOF-KEDF’satthe FEG limit,
in termsof Fx (n) via Eq.(92),wheen = q/(2kg). Therecurencerelationfor expansion
coeficients{a, } is givenin Eq. (90), andthefirsttencoeficientsare shownin Tablel.

Model T; [p] Fx (n)

Exact Frina(n)
Trelp] 1

Tow [p] 3n’

Trelp] + ATow [p] 14 3An?
Tow [pl + ATrelp] 32 +A
TCselp] S ann®™

Tablell clearlyindicatesthat noneof the previously mentionedOF-KEDF's
hasthe correctLR behaior atthe FEG limit. Evenmoreinterestingly the TF
functionalis supposedo be exactat the FEG limit, but its LR function hasno
momentumdependence.At first glance,one would think that thereis some
inconsistenyg involved. In fact, thereis no conflict becausé¢he TF functionalis
only thezeroth-ordeperturbatiorresult,while the Lindhardfunctionis thefirst-
orderresult. A similar“paradox”existsfor theasymptotid-riedeloscillationsin
Eq.(87).

More specifically the weaklogarithmicsingularityatn =1 dividesthe Lind-
hardfunction [seeEgs. (88) and (89)] into two branches:the low-momentum
(n < 1) branchwith the TF LR function as the leading term, and the high-
momentum(n > 1) branchwith the vW LR function asthe leadingterm. By
itself, the vW LR functionis completelywrong at low momentum:becoming
divergentatn =0. Combination®f theTFandvW functionals githerthe TFAVW
model[seeEq. (36)] or the VWATF model[seeEq. (54)], cannotreproducehe
overall shapeof the Lindhardfunction. As a sidenote, it is desirableto keepA
positive sothattheresultingLR functionwill nothave a singularity However, it
is clearthatboth Egs.(56) and(57) arenot always semipositve definitefor all
positivereal N, andthusshouldbeusedwith caution.To aid our understanding,
we plotstherenormalized_R functionsatthe FEGlimit in Figures6 and?.

It is alsointriguing to noticethatthe complicatedCGE (or the GGA) is not
doingmuchbettereither In fact,if onecarriesoutthe CGEderivationto infinite
order oneonly getsthe low-momentumbranchof the Lindhardfunction right,
becausdhe weak logarithmic singularity of the exact LR function was never
takeninto accouniproperlyin the CGEderivation. Moreover, theLR functionof
thehigherorderCGEcorvemesto theLindhardfunctionvery slovly anddecays
to zerovery quickly, asclearly shavn in Figure7. It shouldbe understoodhat
the CGE is correctup to all ordersin perturbationtheory not like ary finite
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Figure 6 Comparingthe Lindhad functionwith the momentum-spackeR functionsof
variousmodelOF-KEDF's at the FEG limit.
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Figure7 ComparingtheLindhard functionwith themomentum-spadeR functionsof the
CGEOF-KEDF's (upto infinite order) at the FEG limit.

responseheory but its mishandlingof the weaklogarithmicsingularityandthe
compleity in its derivationlendto its highly impracticalnature. Similar to the
second-ordetow-momentumCGE, onecaneasilyseefrom Eq. (89) and Table
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Il that the second-orderhigh-momentumCGE, which will be referredasthe
correctlarge-q limit (CLQL)7 in latersectionsijs givenby

3

Teror = Towlpl — ETTF [p] . (93)

We believe that the CLQL is the right OF-KEDF for rapidly varying density
regions. However, one shouldnot attemptto usethe CLQL generally because
its LR function1/(3n?—2) hasapoleatn=14/5.

In summaryall exercisessofar seemo leadnowhere:simple-mindedexten-
sionsbasedon the TF andvW functionalshit a deadend. A moreinnovative
pathhasto betaken. Fortunately therearesuchpaths,mainly fueledby the ad-
vancesdn the designof the XCEDF's, namelythe Average-DensityApproxima-
tion (ADA)34316 andtheWeighted-Densitypproximation(WDA). 98,260:315-818

Beforewe go ary further, it is instructive to point out thatalmostall schemes
(exceptfor the CGE) discussedn this review, aswell asby others,are unani-
mouslybasediponEg.(20). In retrospectthisis notsurprising,onceoneknows
thatEq.(20)is justthezeroth-ordetermin thesemiclassicatxpansior(in orders
of i, the Planckconstantividedby 27) of theDM1168

v, ) =y ) P (), (94)
3 .
Y(O)(r,rl) _ k;(zr) ]1;1:’] ’ (95)

2,2 —r). VK2
Y () = %‘7{4 oly) — vir(y)] Vka(Fr()” — 24 [yjdly)] %
VK2 ()| — 1) VK|’
i ﬂz)jo(y)_yjl(yﬂlh%%(rf)ﬂﬁﬁo(y)—yjl(y)mr )9
+8 [yjo(y)] (r r')-V(%)} ’ 0

wherej, andj; arethesphericaBesseffunctions®! Clearly the overwhelming
compleity of Eqg. (96) precludesary effortsto moregeneralOF-KEDF's based
uponEgq. (94). Therefore,in the following, we will only concentrateon ideas
thatmanipulateEq. (95) to moregeneralapproximations.

V. NONLOCAL DENSITY APPROXIMA TIONS

Beforeintroducingthe Nonlocal Density Approximations(NLDA's) for the
OF-KEDF 2111 wewouldlik e to briefly outlinetheessencef the ADA andthe
WDA for the XCEDF?8:260314818 tg aid our understandindpter
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V.1 THE ESSENCEOF THE AVERAGE- AND
WEIGHTED-DENSITY APPROXIMA TIONS

In the languageof the adiabaticconnectionformulation$°223 the XCEDF
canbeexactly written as

1 1
Exc[p]_z<p(r) m pXC(r)r/]> ) (97)
Pxc(r,1’) = p(r' ) hye(r,r’), (98)
1
ch(r,r’):J ha(r,r’)dx, (99)
0

wherep,.(r,r’) andh,.(r,r’) arethecoupling-constant))-averagedxchange-
correlationhole (XCH) and pair-correlationfunction (PCF),respectiely. The
PCFis symmetricin its variables

hA(r, 1) =Tha(r',r) 5 (100)
theaveragedXCH satisfiegshe sumrule
[ puctri e = [olrhelrriar = 1. (101)

One can further split the XC effects into separateexchangeand correlation
contributions:

Pxc(r, 1) = px(r,r') + pe(r,r'), (102)

hye(r, 1) =hy(r,r’) + he(r,r’), (103)

which satisfydifferentsumrules

Jpx(r,r’)dT’:Jp(r’)hx(r,r’)dT’:—1 , (104)

Jpc(r,r’)dr’:Jp(r’)hc(r,r’)dr’:o. (105)

(Interestedreadersshould consult Refs. [50] and [51] for a concise,yet full
descriptioraboutthedetailsof theadiabaticconnectiorformulation. For brevity,
we will not repeatthem here.) The benefitsof sucha formulation are clear:
the XCEDF hasa quasi-Coulombidnteractionform, wherethe pseudochaye
Pxc(r,r’) andthe PCFh,(r,r’) carryall theinformationaboutXC effects.
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Variousapproximationsrebuilt aroundthe XCH andthe PCFE For example,
thewell-known, widely-used_ocal-DensityApproximation(LDA)310:42,43,324-326
assumes

1
ﬁk?A(r,r'):p(r)ﬁLDA(p(r),\r—r'n:p(r)LthA(p(r),\r—r’ndA, (106)

which satisfieghe sumrule requiredby Eq. (101)
Jﬁ,&?ﬂr,r’)d#:—] . (107)

Similar to the generalizatiorof the DM1 from Egs.(20) to (23), one canthink
of the LDA is a generalizatioragainof the FEG formula, i.e., replacingpo with
p(l‘) in ‘3556 (I’, r /)’324—326

PrES(r,r") = poh™EC (po, Ir — ') — p(r)R"PA(p(r),Ir —r']) . (108)

Unlikethepoorperformancef theLDA counterparfor the OF-KEDF, theLDA
for the XCEDF actuallydoesquite well mostof thetime, despitethatEq. (106)
hasthewrongdensityprefactor: p(r) shouldbep(r’) asin Eq. (98). Its success
is attributableto Eq. (107) (which allows a systematicancellatiorof errors)and
therecipeshovn in Eg. (108) (which providesa reasonablepproximationfor
the sphericallyaveragedXCH).316

In light of the succes®f the LDA, the ADA314316 closelyfollows the LDA
andproposes

pel M 1) = pAPAREPA (PAPA (), Ir — 1)) (109)
wheretheweighted-aeragedensity(WAD) is givenby
POA ) = [w(eAOA(r), ) plr e (110)
The peculiarrecursionin Eq. (110) is mainly dueto a lack of understandingf
the TBFWV anddueto the corvenienceof the automaticfulfillment of the sum
rule for the XCH,

Jf)QCDA(r,r’)dT' _ . (111)

The averagingweight function (AWF) w(p*PA(r),[r —r’|) is determinecby
enforcingthe correctLR of the ADA XCEDF atthe FEG limit, 305306

<5ZE§\CDA[p} ) 1T 1 (112)
Po

5050, |~ Xeel@  Xiinal@)  Xext(@)  Xn(@)’
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whereEgs.(66) and(74) areemplgyed. In comparisonthe LR function of the
LDA XCEDFis only exactatq—=0 andhasno momentunrdependenc@?6327.328
while the LR functionsof the GGA XCDEF's arealsoexactat q =0 andhave
momentundependencé’3?8 More interestingly the LDA doesa betterjob in
reproducinghecorrectLR behaior thanthe GGA does gspeciallyfor theregion
of q < 2k¢.306:327.328 Thjs|s thethird reasorfor thesucces®f theLDA XCEDF.
Unfortunately the LDA OF-KEDF doesnot enjoy similar successhecauseéts
LR functionresembleshe Lindhardfunctionpoorly (seeFigure6).

Since both the LDA and the ADA ignore the strict form of Eq. (98), the
WDA 9260315318 gffersanalternatve to obey it exactly,

YA (r 1) = p(r/JREPA (PVPA(r), Ir — 1)) (113)

wherethe effective densityp"VPA(r) is determinedpointwiseby enforcingthe
sumrule

JangA(r,r’)dT' _ . (114)

Interestinglynumericakestsshav thatboththe WDA andthe ADA aregener
ally superiottotheLDA, buttheADA is thebesp8136-141260314-318,329-3453mgng
thethree. Theseresultscomewith no surprisebecausall threeapproximations
honorthe sumrule of the XCH, but only the ADA complieswith the right LR
behaior atthe FEG limit. It hasbeenshovn thatthe WDA XCEDF generally
doesnot have the correctLR behavior,3?8 which might be the causeof its poor
performancegspeciallyfor the correlationenegy. Nonethelesshy preserving
the exact form of the XCH, the WDA should capturemore of the anisotropic
natureof theexactXCH, while theLDA andthe ADA aresphericallysymmetric
aroundr. Furthermoresincethe PCF's of boththe ADA andthe WDA have the
sameform asthatof the LDA, they inevitably fail the symmetricrequiremenbf
Eq.(100). A simplesymmetrizatiorcanfix this problem>°
REPA(B(r), Ir — /) + R PA(p(r ), Ir — 1))

7 )
but it destrys the automatidulfillment of the sumrulesin Eqgs.(107)and(111)
for the LDA andthe ADA, andputsa heavier burdenfor the WDA to satisfyits
own sumrulein Eq. (114).

It is alsoimportantto discussthe effect of the symmetrizationon the XC
potential SEWPA/5p. For the exact XCEDF, the symmetricnatureof the PCF
directly leadsto a two-termsummatiorfor the XC potential,

_ OExclpl
dp(r)

1 (e(r)e(r”) Shye(r' sy ., -,
v1(r)7EJJ e e (117)

HLDA(I’, rl) _

sym

(115)

=i (r) +2va(r), (116)

Vye(r)
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/

va(r) = %J%hxc(r,r’)dr’. (118)
At large distancefrom a neutralatom, v,(r) goesto —% and v (r) decays
exponentially315316341.342 |f 5 symmetricansatzfor the PCF is employed,
the WDA XC potential will be symmetricautomatically just like the exact
caseabove. Additionally, a symmetricXC potentialhasthe exact asymptotic
behaior (—}) and the spuriousself-interactioneffect in the HREDF J[p] is
mostly removed315316:342 Unfortunately becausef the nonsymmetrimature
of theansatZor the PCFin Eq. (113),the XC potentialwithin the presentVDA
framavork hasthreetermsinstead,

VPA(r) = vVPA(r) +vYPA(r) +viVPA(r) (119)

WDA(I.) _ 1 J~J~ p(r’)p(r”) 5FLLDA((3WDA(I’/),|I’/ o I'"D dT/dT/l ’ (120)

2)) = 5p(r)
VWDA (1) l p(r’) HLDA(7WDA(I,) r— r/|) dt’ (121)
2 - 2 “,. o r/| p ) )
VWDA(I‘) _ l p(r/) ELDA(—WDA(I./) ‘r o I'/‘) dt’ (122)
3 - 2 “,. — r/‘ p ’ .

Asymptotically bothv}YPA(r) andvy'PA(r) decayexponentiallyandvyPA (r)
goesto - 319316341342 TheinequalitybetweenyPA (r) andvyP (r) makes
Eq.(119)differfromtheexactformin Eq.(116). Althoughanadhocsymmetriza-
tion canrestorethe exactform for the XC potentiaf31233

VIPA () =vPA () + 205 PA(r) (123)

XC

the correspondingXCEDF is unknowvn. For the sale of the internal self-
consisteng betweerthe XCEDF andthe XC potential,introducinga symmetric
TBFWYV [seeE(q. (41)] seemgo bethe moreelegantapproach.

On the practicalside, neitherthe ADA nor the WDA waswidely appliedin
generalto mary-electron,realisticsystemsgdueto their complicatedfunctional
forms98.136-141260314-318,329345  Qn|y very recentlydid efficient implementa-
tions of the WDA becomeavailable3382342 Even today the ADA is still a
“museumartifact; which hasbeenappliedonly to sphericalatomicspeciesand
thesphericajellium model314316:346 Themainobstacldiesin Eq.(110),where
in additionto therecursiorproblem,oneneeddo dotheintegrationoverall space
of r’ for every pointr, yielding a numericalcostscalingquadratically ©O(M?2),
with respecto theintegrationgrid size M. A straightforvard applicationof the



146  Y.A.WangandE. A. Carter

FFT cannotbeusedto finessehisintegration,becausef thedensitydependence
of the AWF, w(pAPA(r),[r —r]).

Whatdoesall of theabove analysisteachus? Firstandabove all, the correct
LR behaior atthe FEG limit is vital for designof a goodEDF. Secondproper
sumrulesshouldbe satisfiedto build in systematierrorcancellation.Third, the
introductionof aweightfunctionreleasesheconstraint®ntheoriginalformulas
atthe FEGIimit, allows ary nonlocaleffectsto be modeled andsomeavhatmore
importantly providesa new degreeof freedomso that otherrestrictionscanbe
simultaneouslygatisfied.Fourth,ary recursiorshouldbeavoidedto permitmore
efficientimplementatior?®346 Thisin turn callsfor abetterunderstandingf the
TBFWV. Finally, the ©(M?) numericalbarrier mustbe overcomeso that ary
generalpplicationwill be possible338342

V.2 THE CLASSICAL WEIGHTED-DENSITY
APPROXIMA TION

In the lineageof the methodologydevelopedabore, the ADA andthe WDA
are nonlocalextensionsof the LDA formulation. In this sensethe TF model
discussedh Sectionll.1 isthe LDA counterparfor the OF-KEDF. However, the
vW modeldiscussedh Sectionlll.1 is somavhatdifferent,becaus¢heansatan
Eq.(39)departdromtheLDA ansatzn Eq.(23). Forlatercorvenienceywename
thestratayy in Sectionlll.1 theSemilocal-DensitApproximation(SLDA). In the
following, througha detailedanalysisof the exchangesnegy densityfunctional
(XEDF) andthe OF-KEDF 28 we shallseethe classicaWDA is actuallyclosely
relatedto the SLDA.

Right from the birth of the WDA, ajoint approacho the XEDF andthe OF-
KEDF waspresented? It is notsurprisingbecauséotharerelatedto the DM1.
For closed-shelsystemsthe XEDF hasa simpleanalyticform®-6°

2
Eulol — <M> . (124)

4\ |r—r/|

After aninspectionof Egs.(97), (98), and(124),onecanthenreadily write the
exchangeholeandthe exchangePCFas

"2
oxlr 1) = f% , (125)
() — e (126)
N 2p(r)p(r’)

Thefulfillment of the sumrulein Eq. (104)is simply givenby

Jh/(r,r’)\z dc’ = 2y(r,r) = 2p(r) . (127)
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ItisclearthatEq.(127)is lessrestrictvethantheenforcemenof theidempotenyg
propertyin Eq. (9), becausehe right-handsideof Eq. (127)is the density not
thefull DM1. Now, following thegeneraLDA schemendemploying Egs.(20)
and(23), onehasthe LDA exchangePCF,

9 (i)’
LDA n_ 7
nior,r) - -3 (2l (128)
andthecelebratedirac LDA XEDF 32
9/ M) (1w 4
Eo[p]_1<|rr,|( W) ooy, a29)
whereCp is the Dirac constant%(%)%. Invoking the WDA vyields
) 9 /i (GWPA)\ 2
RWDA(y ]:—E (%) , (130)
9 /o(p(r’) (§1@PA))’
WDA[.1 _ 7
EWDA ) = 4< L ( b)) (131)
wherethe effective variablesaregivenby
gYPA =P Ir =] (132)
KWYPA(r) = (3n2)% BWPA(r) | (133)
BYPA(r) = [pWPA ()] (134)

ComparingEgs. (126) and (130) immediatelyrevealsthe WDA ansatzfor the
DM1.:

YWPA(rr') = p2(r)p2 (r')g"PA@GWYPA) (135)
: (7w WDA
glPA(GWPA) = 3J1§</VDA ) ‘ (136)

It is striking thatEq. (135) closelyresemble&q. (39); hencetheclassicaWDA
isactuallyageneralize®LDA [of coursetheelemenbfthe TBFWYV of Egs.(40)
and(41)is missing]. Similarto thederivationshavnin Eqs.(46)—-(53),the WDA
OF-KEDFcanbeeasilyderivedfrom Eq. (135)8

TWVDAp] =va[pJ+CTF<p(r) [BWDA(V)]Z> - (137)



148  Y.A.WangandE. A. Carter

It is importantto notethat the effective densityp"VPA (r) mustbe everywhere
semipositve definite so that all effective quantitiesare then properly defined.
Within the WDA, the explicit enforcemenbf thesumrule [seeEq. (127)]

Jp(r') [g"PA(GWPAY 2 dr = 2, (138)

mightjustensurehis becauseall papersonthe WDA have notreporteda single
violation so far?8:136-141,260,315-818,329-345 N onethelessmore thoroughstudies
shoulddefinitely clarify thisissue.

Ignoring the correlationcomponentn Eq. (12), onecansolve the exchange-
only TF-HK equatiorwithin theWDA. Numericalresultsarein favor of this ap-
proachin termsof enegy, butthedensitystill exhibitsnoshellstructurdor lighter
atomicspeciesZ < 30).136240 |n addition,becaus¢he WDA ansatof Eq.(135)
is a generalizatiorof the single-orbitalform in Eq. (24), the WDA greatlyim-
provesthedescriptiorof thedensitybothnearandfar away from nuclearcenters,
asthenuclearcuspconditior?’ 247249 andasymptoticdecay 66189202 grepetter
modeledover the LDA.36240 Specificallyfor idempotentwo-electronGS sys-
tems,thefulfillment of the sumrule for theexchangehole[seeEq. (138)]yields
anull effective densityp"VPA(r) andhenceexactly cancelsthe self-interacting
effectsfrom the HREDF andreduceghe WDA OF-KEDF to the correctlimit:
thevW functional®®

However, studieson the WDA are far from finished yet; mary important
guestionsanbeasled. For example wesstill donotknow whethertit is the WDA
XEDF or the WDA OF-KEDF that causeghe appearancef the shell structure
in heavier atoms(Z > 30). Nor do we know the reasonwhy the shell structure
is not evidentfor lighter atomicspecies.How doesthe ad hoc symmetrization
schemé31333 [seeEq. (123)] effect the LR behaior? How doesthe individual
WDA XEDF comparewith theexactHF exchangéf theKS andtheHF equations
aresolved? Similarly, how goodis the WDA OF-KEDF by itself if the TF-HK
equationis solvedwith theLDA XCEDF insteadof the WDA XCEDF?

Ontheotherhand,the WDA hastwo quite severe defects. First, the correct
LR behaior hasnot beentaken into account. Second,a consistent efficient
symmetrizatiorschemefor the exchangePCF at both the enegy and potential
levelsis still lacking. In fact,onecansymmetrizehe exchange?CFin Eq. (130)
by introducinga symmetricTBFWYV in Eq.(132),

Uoym =GO )=l (139)
GFPA ) = P (PA ), KPR () (140)

whichstill deliversthesameexpressioraseq.(137)for theOF-KEDF. Strangely
therehasyetto appeam studyon this coherensymmetrizatiorscheme.
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V.3 THE SEMILOCAL AVERAGE-DENSITY
APPROXIMA TIONS

As all numericalresultsindicatethatthe WDA is headingnto theright direc-
tion, incorporatinghe correctLR behaior?®204:314.346 hecomeshe next logical
step.TheADA immediatelycomesnto mind, but propemodificationshaveto be
made.The SemilocalAverage-DensitApproximation(SADA) %204 constitutes
thefirst steptowardsthis goal.

If ajoint approachs takenfor boththe XEDF andthe OF-KEDF, the ADA
ansatZor theDM1 hasthe LDA form:

—ADA)

YAPAILE) — p(r)g A APA) = 3o

(141)

whichinheritsall theweakpointsof theLDA, outlinedin Sectionll. To overcome
this dilemma,onecansimply presere the WDA ansatzshowvn in Eq. (135), but
replaceall WDA effective entitiesby its SADA counterparts,

SADA(r 1) — p¥(r)p3(r’)g-PAGAPA )= 3p(r)p? N (GAPA) 142
Y ) =p2(r)p2(r')g- "y J=3p2(r)p2(r’) JSADA . (142)

To avoid the recursionproblemin Eq. (110), the SADA further simplifiesthe
definitionfor the WAD),99-104:346

PAPA() = [ (Lrlr, ), =1 plr)ar (143)
wherethe TBFWV symmetrizeshe AWF!T andconsequentlyhekinetic-enegy

potential, 5T>APA/5p. Analogousto the TBFWV symmetrizationschemein
Eqgs.(139)and(140),oneobtainsall the correspondingsADA entities,

YEARA(r 1) = p2(r)p? (r")g"PAGSARA) (144)
hAPA(r, 1) :—% [g" A WSARM]? (145)
£l =~ (0 [grongzpony)?) (146)
TSAPA[o] = Tywlol + Crr (p(r) [BSAPA(M)] ) (147)

ttEarlier paperson the SADA99:100346 did not introducethe TBFWV in the AWF, but insteadused
p(r), very muchsimilar to thenonsymmetriADA AWF in Eq.(110).
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wherethe averagedvariablesaregivenby

Uogm " =GP I (148)
GAPAr, 1) = APA(GAPA (1), KEAPA) (149)
READA(r) = (3n2)* BSAPA(T), (150)
BSAPA() = [pAPA(M)]* (151)

Thekinetic-enegy potentialof Eq. (147)is thenreadilygivenby

STIAPAT]  8Tywlpl | STRAPA[p]

_ 152

dp(r) dp(r) dp(r) (152)

Tawlpl _ 1V%/p(r] _ 1[Vo(n)I®  1V7(r) (153)

dp(r) 2 . /p(n) 8 p2(r) 4 op(r)

ST3APA[p]  2Ctr p(r’) , ow(r,r)] .,
T =5 {J SRoRT [w(r,r)+p(r)7ap(r] }d’t
p(r) now(rr’)y 2SAD 2

+ WJP(" )Wd"f} JrCTF[B A A(r)} , (154)

wherew(r, r’) isthe AWF shavn in Eq. (143).

It shouldbe clearthat the three TBFWV's introducedin Egs. (139), (143),
and (148) neednot to be identical; properfunctionalforms have to be chosen
individually. It is also curiousto note that the final forms of the OF-KEDF
within the WDA andthe SADA, Egs. (137) and (147), are indifferentto the
symmetrizatiorof theexchangePCFortheDM1 andonly dependntherelevant
averageor effective density In fact, the functionalform for g(y2) in Eq. (39)
haslittle influenceover thefinal form of the OF-KEDF Hence,otherfunctional
formscanalsobe considered80:318:350352 yet, thereis currentlyno systematic,
coherentandconsistenschemeo fix the functionalformsfor the TBFWV and
g(yz) in conjunctionwith the simultaneousnforcementbf the idempotenyg
propertyfor the DM1 andthecorrectLR behaior.

Unlike the WDA thatenforcegheidempoteng propertyfor its DM1 ansatz,
the SADA tradegheidempoteng requirementor thecorrectLR behaior of the
OF-KEDF2°9-104

 Xiinald)

52TSSADA[O]
<6p(r)5p(r’)

) I (155)



Orbital-freekinetic-enegy densityfunctionaltheory ~ 151

for agivenform of the TBFWV in Eq. (143)20.101-103111

CWF/(r)r/) _ (w) N . (156)

Eq. (155)yields a universalsecond-ordedifferentialequationfor the AWF for
every fixedvalueof g,

6n2w” (n) — mw’(n)1” + 6nw’ () 2Ww(n) — 11 +~v] + 36w(n) [6 — w(n)]
=180 [FLina(m) —3n*] , (157)

wherew’(n) andw” (n) arethe first andthe secondderivatives of w(n) with
respecto , respectiely. Notethatv is explicitly involvedin thedetermination
of the AWF. If Eq. (156)is replacedby the FEG FWV kg, all termsinvolving
derivativesin theleft-handsideof Eq.(157)will beremoved,yieldingthedensity-
independen{DI) AWF. This universaldifferentialequationcanbe numerically
solvedvia standardechniques$? Figure8 compare®nesuchdensity-dependent
(DD) AWF in momentumspacefor v = 3102103 wijith its DI counterpartthere
is a sizableeffect of the densitydependencen the AWF. (The discussiorand
comparisorof the SNDA resultsin Figure8 areprovidedin SectionV.4.)

W
W
AN —-—-- SADA-DD AWF
N e SADA-DI AWF
% —— SNDA-DD AWF
03F 1\ --—- SNDA-DI AWF y
G
B
-0.4
-1.1
0.0

n = a/(2k,)

Figure8 TheDD andDI AWF'sin momentunspacefor theFEG. Theparameterv of the
SAM OF-KEDF with the DD AWFis 1/2, while thethreeparametes {9, k, v} of the SNDA
OF-KEDFwith theDD AWF are {5/6 + 1/5/6,2.7}. SeeRef [111] for details.

Unfortunately nodirectnumericalcomparisons availablefor usto assesthe
quality of this trade-of from the WDA to the SADA. Nonethelesswe believe
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thatby itself, the SADA OF-KEDF shouldbe betterthanthe WDA onebecause
of the correctLR behaior, but this might only be true for a nearlyFEG, which
shouldapproximatelysatisfy the idempoteng propertyof the FEG DM1. For
otherhighly inhomogeneousystemsthe WDA OF-KEDFmighteventuallywin
overthe SADA one.

It is alsofascinatingo discusgthe origin of the atomicshell structurewithin
the WDA andthe SADA. Recallfrom SectionV.2, shell structureappeargor
heavier atomicspeciegZ > 30) within theexchange-onlyWWDA treatment:36-140
The SADA withoutthe propersymmetrizatiorof the AWF in Eq. (143) behaes
very muchthe samé®! (evenonly with the LDA XCEDF). Thisimpliesthatthe
WDA effectively captureamostof the overall shapeof the correctLR function
evenwithoutary explicit enforcementandthatenforcingthecorrectLR behaior
for the OF-KEDF alone,the SADA is ableto remedythe defectsof the LDA
XCEDE Thisis certainlyencouragindor boththe WDA andthe SADA. Onthe
otherhand,the SADA with a propersymmetrizatiorof the AWF in Eq. (143)
is ableto produceshell structurefor all atomicspecies?? becausehe kinetic-
enegy potentialis properlysymmetrizedhis time. This furtheremphasizethe
importanceof the symmetrizatioron the potentiallevel.

At this point, one might wonderwhetherthereis a betterschemethat con-
currentlyenforceshe exactidempoteng propertyfor the DM1 andthe correct
LR behaior. The answeris yes; we have startedto look into this possibility.
Two driving forcesare behindthis idea. First, numericalresultsshowv thatthe
empirically optimal v value — 310192 is good for the enegy but bad for the
density;a universalv valuefor all systemseemdo be unphysical.Secondthe
specificform of the TBFWV in Eq.(156)canbejustified,but thenaturalvariable

argument® actuallyallows moregeneraformsfor the TBFWYV aslong asthey
satisfyt

OCk(r,r’) ,, OCE(r, 1)
akrr) )

Introductionof the AWF within theADA andtheSADA allowsfor anextradegree
of freedomso that the correctLR behaior canbe exactly obeyed. Then,the
explicit enforcemenof theidempotenyg propertyontheDM1 shouldin principle
determineanuniquefunctionalform for theTBFWV of the AWF. We have started
to work on this idea; numericalresultswill be publishedelsavhere. For later
referencewe call this schemethe Weighted-Arerage-DensityApproximation
(WADA).

Similarto therequiremenbf thesemipositvity onthe WDA effective density
p"WPA(r), theWAD pSAPA (1) mustbeeverywheresemipositve definiteaswell

ke (r) = Ce(r,r’). (158)

HTherathercomplicatedreynman-path-intgral-like local averagingschemedueto WangandTete%8
is consistentvith the naturalvariableargument.
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sothatall averagequantitiesare properlydefined. Unfortunately this condition
is not generallysatisfiedin Eq. (143)%° It is unclearto us how Eg. (151) can
be evaluatedfor a negative pSAPA(r). Somemeasuresnust be taken by the
authorswho developedthe SADA for the OF-KEDF to rescuethe situation,but
no detailshave beengiven on this matter®®203 If by ary chance the absolute
valueof pSAPA(r) is alwaysusedin Eq. (151),thenthekinetic-enegy potential
andpertineniguantitiesshouldbeadjustedo thischangeaccordingly;otherwise,
theentireSADA formulationlacksinternalself-consisteng

However, therehave beensomeattemptsto dealwith this problemin gen-
eral100101.104 Ingpectionof Egs.(134) and (151) immediatelyrevealsthat the
problemisdueto thefractionalpaNer(%) raisedontheeffectivedensityp P4 (r)
andtheWAD pSAPA(r). To preseretheintegrity of theformulation,onecandi-
rectlyusep"PA(r) andBSAPA(r) insteadmakingno referenceo their density
counterparts.Of course this is subjectto suitableTBFWV’s (}YPA(r,r’) and
GAPA(r,r’). For simple symmetrizatiorpurposesthe arithmeticmean(i.e.,
settingv=1in Eq. (156)] might be both physicallyandnumericallymeaningful.

Consequentlythe core equationof the SADA, Eq. (143), shouldbe changed
t0100,104

BADA(r) = | wielr, ), —r ) B(r)ae’, (159)
andconsequentlythe secondermof Eq.(147) become¥0104
TRAPApl = Cre <p(r) [BSADA(r)r> : (160)

Onecanthenstraightforvardly derive the potentialof Eq. (160):

STEADA[p] B 2C+r {J o(r')BSADA(r/) {w(r,r'] N aw(r,r’)} dr’

o3 BN B0 T oB(r)
+BInEOA( [ pir) 5o} o [B550R(] L ae)

wherew(r,r’) istheAWF in Eg. (159). Thisideagoesbeyondthe corventional
senseof averaging: from averagingthe densityto averagingthe local FWYV,
which differsfrom 3(r) by a constantprefactor of (37r2)%. For laterreference,
we call this ideathe AverageFermi Wave-Vector Approach(AFWVA). Some
primarystudieson suchanideahave beenreported®0101.104 pyt the AFWVA is
not totally free of potentialproblems. For an asymptoticallydecayingdensity
thefirstintegralin Eq.(161)mightbedivergentbecaus¢hedenominatohasthe
decayingdensity’®? More studiesshouldbe carriedout to seewhethera suitable
choiceof the TBFWV canovercomethis problem.
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V.4 SIMPLIFIED NONLOCAL DENSITY APPROXIMA TIONS

Sofar, we have beenmainly following the mostlogical route: from anansatz
for the DML1 to its resultingOF-KEDF. However, if the DM1 andthe XEDF or
more generalXCEDF are not our major interests,is thereary simplerway to
approximatehe OF-KEDF7?Thisis indeedalegitimatequestion.First,numerous
numericaltestsshav thatthe WDA andthe ADA only improve the description
of the XCEDF maminally; it is very hardto further refinethe systematicerror
cancellationbuilt in the LDA for the XCEDF 3:4.98,136-141,260,315-318,329-342 o
a large numberof practicalapplications,the LDA for the XCEDF is more or
lesssufiicient319 Secondthe SADA OF-KEDF with the DD AWF is ableto
reproduceshell structurefor all atomic speciesithis is achieved just with the
LDA XCEDF andwithout explicit enforcemenbf theidempoteny property9*
Especiallyfor nearlyFEGsystemssuchasextendednetallicmaterialsywherethe
SLDA OF-DM1formulafor theFEG[seeEq.(39)]will approximatelsatisfythe
exactidempotenyg property the SADA OF-KEDFalonewill beahighly accurate
model. Additionally, dueto the natureof the metallicbandstructurea veryfine
meshfor the Brillouin-zone (k-point) samplind2° is neededo converge the
KS calculations. Numerically this is quite expensve becauseone needsto
calculatethe wavefunctionfor all symmetricallyuniquek points,increasinghe
computationatostgreatly Thereforethe OF-DFT approactbasedon the TF-
HK equatiorwith ahighly accurateapproximatiorfor the OF-KEDFalonemight
be suficient for generalpracticalpurposesandis certainly betterfor metallic
systems.

To accomplishthis, let us go backto Sectionlll.1 andpay closeattentionto
Egs.(49) and (50). Both Egs.(137) and(147) aregeneralization®f Eq. (53)
alongthe SLDA path,

TSEPAT] = Tywlpl + Crr (p(r)B2(r)) . (162)

On the otherhand,the doubleintegrationform in Egs. (48)—(50) suggestshe
following Simplified NonlocalDensity Approximation(SNDA), 05111

TISNPA D] = Tywlpl + TRNPA o], (163)

TNPA Tl = Cre (p” ()| w (Ce(r, 1), Ir — /) [p*(r "), (164)

where[d, k} arepositive parametersandthe TBFWYV cantake theform shavnin
Eq.(156). Thepotentialof T{NPA [p] takesamuchsimplerform thanEqg. (154),

5-|—>S(NDA[p] ’)
op(r)

n KpKJ(r)Jpﬁ(r’)w(r,r’)dT’ + pK(f)Jpﬁ(r

cTF{spﬂ ‘(r)Jp“(r’) w(r,r)dv +p°(r )J () ac()r(}g

aw” dT} (165)
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wherew(r,r’) is the AWF shavn in Eqg. (164). Again, this kinetic-enegy
potentialhasa possibledivergenceproblemif oneof thetwo positive parameters
{9, k} is smallerthanl.
A directcomparisorbetweerkEgs.(162)and(163)immediatelysuggestshat
the SNDA effectively takesthewhole piece?(r) to aweightedaverage
——SNDA

B2(r) :pﬁf‘(r)Jw(cF(r.r’Mr—r’\)p“(r')dﬂ. (166)

This averagingis considerablydifferent from thoseof the WDA, the SADA,
andeventhe AFWVA. It hasbeensaid beforethatthe averagingemployed by
the WDA and the SADA still preseres or requiresthe semipositvity of the
final averagedensity[seeEQs. (134) and (151)]. The AFWVA goesone step
further [seeEq. (159)] andallows negative averageFWV'’s in the formulation,
but still maintainsthe semipositvity of the squareof the averageFWV asused
in Egs.(137)and(147). The SNDA is much moredrasticand permitseven a
negative averagesquareof the FWV. In doing so, thelink betweerthe DM1 and
the OF-KEDF is obscuredpecausehe effective local FWV from ary negative
averagesquareof the FWV is imaginary if a simple squareroot operationis
taken. Nonethelessif the DM1 is not our concern,the SNDA shouldbe an
efficient solutionto the OF-KEDF problem.

After enforcingthe correctLR at the FEG limit asdonein Eq. (155), one
obtainsthefollowing universalsecond-ordedifferentialequatiorfor everyfixed
valueof q,1**

n*W”(n, po) + bv + 1—6(9 + k)ImWw'(m, po) + 369xW(n, po)
=20 [Frina(m) — 3n?] P?i(ﬁﬂ) : (167)

which is considerablysimplerthan Eqg. (157). Moreover, the simple form of
Eq. (167) allows a power seriessolution for the inhomogeneougart and an
analyticsolutionfor thehomogeneoupartsothatthe AWF canbecalculatedup
to arbitraryaccurag. Thisin turn further permitsusto do a carefulanalysisof
thelimits of the SNDA OF-KEDFfor q — 0 andq — oo limits.*** Thisinvolves
Fouriertransformingheexactsolutionof Eq. (167)andsubstitutingheresultant
expressioninto Eqg. (164). Theresultsare,atthe g — 0 limit (correspondingo

slowly varyingdensities),
tyw (r ] >

—Trelpl + 1+ do) Towlpl + do®+k—1) (Soltyw(r)) + O(56%) , (168)

D+k—1
TSNDA L] L Tl + Towlol + do < (%)

320k
IO +k—1)(d+k+1—-3%) 360k’

do — (169)
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andatthe g — oo limit (correspondingo rapidly varyingdensities),

V+k—3
p(r)> tTF(r)>

TSNPA ] — Tywlpl + Trelpl + doo < (—
—Towlp] + (1+deo) Trelp] + doo(19+l<§> (Solte(r)) + O(80%) , (170)

Po

32

d°°_9(19+.<f§)(19+.<+§—§)f3619.<’ (171)
where 6o = p(r)/po—1. For a nearly FEG, |60] < 1. It is clearthat the
first two termsof Egs.(168) and(170) closelyresemblehe second-orde€CGE
[Eq. (35)] andthe CLQL [Eq. (93)], respectiely. However, thereis no single
setof {9, k,v} thatsimultaneouslyemovesall spuriousdo termsin Eqs.(168)
and (170), and makes them reduceto the second-ordeCGE and the CLQL,
respectiely. Numericaltestsstronglysuggesthatthe fulfillment of the CLQL
is more importantthan the correctbehaior at the ¢ — 0 limit (the second
orderCGE) 197 Thereforethe parameter$d, } arechosersuchthatEq. (170)is
identicalto the CLQL.!!! This leadsto thefollowing two equations:

d+k = 3
whosesolutionis symmetricallydisplacechround%
k=2 i6ﬁ . (173)

We canthenusethe remainingparametet to fine-tunethe behaior aroundthe
g — 0 limit sothatthe effect of the spuriousdo termsandthe leadingtermsin
Eq. (168)canbewell-balanced We have foundthatv =2.7 is theoptimalvalue
at leastfor Al metalsurfacesandbulk phases!! Interestingly without going
throughthe above analysis,Eq. (50) alreadysuggestghat 8+« = % because
this particularchoiceleaves most of the densitydependenceut of the AWF.
For comparisonwe plot both the DD and DI AWF's of the SNDA in Figure
8. Again, we find a sizableeffect of the densitydependencen the AWF. It is
alsointerestingto notethatthe AWF’s of the SNDA andthe SADA behae very
similarly to eachother

V1. NUMERICAL IMPLEMENT ATIONS

Having laid thetheoreticafoundationfor the OF-KEDF's, we now facethree
technicalissuesin their numericalimplementation: how to solve the TF-HK
equatiorefficiently, how to generatesuitablelocal pseudopotentiald PS’s),and
mostimportantly how to make the entire OF-DFT schemdinearscalingwith
respecto the systemsize. We will addresshesetopicsin turn.
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VIl VARIATIONAL OPTIMIZA TION OF THE
THOMAS-FERMI-HOHENBERG-K OHN EQUATION

Given the total electronicenepgy in Eqg. (1), one canwrite dowvn a general
densityfunctionalTT[p] for a systemwith afixednumberof electronsN,

Mpl = Eelpl — wl{p(r)) — NI, (174)

wherey is a Lagrangemultiplier. T1[p] will be minimizedwith respecto p(r),
to determinethe GS of the system. However, it hasbeenfound-96125126 that
the positivity of p(r) is not guaranteedn generalif p(r) is useddirectly as
the generalizedcoordinatein corventional optimization algorithms? like the
steepest-descenr conjugate-gradientnethods. To circumwent this problem,
onecanwork with anew variationalvariableo(r)

p(r) = @*(r), (175)

to ensurea positive p(r) during the entire minimization process”,111.124-126

On the other hand, becausep(r) hasa richer structurethan p(r) in momen-
tum space’’ moreplanewavesanda finer Fourier grid areneededo represent
©(r) well. This is an inevitable trade-of. If ¢(r) can be thoughtof as a

quasi-orbitali?>126 we canutilize the samenumericalttechniqueasin theimple-

mentationsof the KS scheme:just usinga Fourier grid twice asdensen each
spatialdirectionasthe grid requiredfor p(r).3%® In otherwords,the maximum

integer multiple of the basicmomentumvectoralongone particulardirectionis

givenby

max __ Li Ecut
nj z(ivh ) (176)

wherek. is the plane-vave cutoff in Rydbegs,andL; is thedimensionof the
simulationbox alongthis direction.

Asidefrom the numericalstability considerationpnecanactuallyrationalize
the @(r)-formulation. Startingfrom thefollowing identity,

Tlpl = Towlpl + TxIpl 177)
andutilizing Eq. (153),

STowlel 1 V7(r)

Sp(r) 2 olr)
onecaneasilyrewrite the TF-HK equatiorin afully equivalentquasi-orbitaform

5TxIpl
dp(r)

(178)

1
(372 +vEilo +

)cp(r) — wolr) (179)
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closelyresemblingheequatiorof thecorvertional \/p(r)-formulation292.354-860

(-39 + v trilo + 522 ) Vo) = /oD (180)

dp(r)

However, this ¢(r)-formulation is more generalthan the /p(r)-formulation,
becausep(r) behaestruly like an orbital, with positive and negative regions,
while /p(r) is everywheresemipositve. It is also interestingto notice that
Eq. (177)closelyresemble€qs.(47),(137),(147),(162),and(163).
Basedon afirst-orderdifferentialequationwith afictitious time t
de(r)  orip]

o e =0 (181)

the steepest-desceapproachs the simplestschem#&?-353.361,362

3T[p]

Pni1(r) = @n(r) 7A5cpn(r) , (182)
oMlpl ~ 8Mlpl dpn(r) on(r) <6Ee[p] u)
6(Pn(r) 5Pn(|’) 5(0n(r) " 6pn(r)

~ dEclpl

= Senr) Qn(riuz, (183)

where A is the stepsize, u; = 2y, and 6T1[p] /5@, (r) is the steepest-descent
vectorat the nth iteration. To obtainthe valuefor u;, onetakesthe squareof
bothsidesof Eq.(182),integratesoverall spaceenforceshesamenormalization
for thedensityat differentiterations,andderivesa quadraticequatiorfor y1,:%”

Alp2)? +2(1 - Al )uz + (AL, — 2I4) =0, (184)
N = (@2 ,,(n) = (9a(r), (185)
= (onlr) 5o ) (186)
1 SEelpl \?
2oN <<6<pn[($])> > | (187)
Solvingthis equationyields’’

(Aly — 1) £ /T +A2[(})2 — 15

R (188)

Wz =
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At corvergence the densityis stationaryfor the TF-HK equation;hence from
Eq. (183),

Jim 1= 2 (ol [on(rn2) = 12 (189)
Jim T S (030 ()?) ~ (w2)?. (190)

Thus,theequalitybetweerbothsidesof Eq.(188)only permitsthe“+” solution,

1 1
i — (1] z) wﬁuz(m. (191)

Tokeepy; alwaysrealduringtheentireiterationprocessthemaximumstepsize
is givenby®’

1
] VL=’

wherethe generalizedschwarzinequality! guaranteethe right-handsideto be
real.

This schemas concurrenfor boththedensityandu,: ateveryiterationstep,
onefirst testswhetherA is lessthanthe maximumvalue allowed accordingto
Eq. (192),thencalculateq., accordingto Eq. (191),andpropagateshe density
to the next step. It is importantto know®’ that no extra densitynormalization
effort is neededecausahe densityis alwaysnormalizedby choosingthe value
for p, accordingto Eq. (191). Numericaltestsshav that the steepest-descent
schemestill hasaninstability problemandthe corvergenceradiusfor A is quite
small1tt

To overcometheseproblems,we have formulatedthe enegy minimization
in termsof adampedsecond-ordeequationof motion?81:362 for the generalized
coordinatep(r) with adampingor friction coeficient®,

d?e(r) oder) N 8T p]

max

(192)

ar? ar | se(r) =0, (193)
whichyields
(pn)l(r):Zn(r)+(QA2H2) on(r), (194)
2(r) = (14 Q)ga(r) - Qpn(r) - 02T (195)
1
Q= (196)
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Using similar procedurego thoseshovn above, one can easily work out the
formula for u, that automaticallyensureghe normalizationof the density at
every iteration,

(Ji)2—=J2+1-T

U2 = QA2 ) (197)
2
o = <Z“]\(J”> . (199)

ThemaximumA canbe computedoy enforcingtherealsolutionfor u;:
Ji)?=J2+1>0, (200)

but it provesto be a very costly exercisebecausef the complicatedstructure
of z,(r) in EqQ. (195). Onecan,however, tacklethis problemthrougha much
simplerpathoutlinedbelow.

We first obsene that the dampingfactor Q normally hasa small value and
aftersomeiterations,two consecutie ¢(r) will notdiffer too much. Then,one
hasapproximately

2 5Ee[p]
don(r)

Substitutingeqg.(201)into Eq.(200),onehassomethingrerysimilarto Eq.(192):

zn (1) & @n(r) — QA (201)

AZ
—ox <A (202)
whichyieldsdirectly
\/(@A7ex)2 f gamax | @apex
Apex = , (203)

2

where AT*** is definedin Eq. (192). We have found that this schemeis not
only easyto implement,but also offers greaterstability evenwhenA becomes
muchlargerthanthatof thesimplesteepest-descemtethod.We have alsofound
that minimization algorithmsbasedon the conjugate-gradientnethodactually
convergefaster but requirevery accuratdine minimizationsthatcanbedifficult
to implement.
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VI.2 GENERATION OF LOCAL PSEUDOPOTENTIALS

Sincethe OF-DFT schemas purely basedon the density only LPS's (pseu-
dopotentialshatdependnly onr)363-36°canbeusecdto calculatehe V,, . termin
Eq.(2). More generahonlocalpseudopotentialdNLPS’s) thatdependn bothr
andr’ requireeitherthe DM1 or thefull wavefunctionfor thecalculationof V;, ..
We thereforewill concentrat®n how to constructhigh-qualityLPS's 36° Before
that,however, it is pedagogicato briefly outlinethe essencef the corventional
OB NLPStheory370-372

Let us startfrom ary generalsetof one-particleSchibdingerlike equations
like Eq.(10),

Ai(r) = eidi(r), (204)

wheref, {¢i(r)}, and{e;} are a one-particleHamiltonianand its associated
eigen-orbitalsand eigen-orbitalenegies, respectiely. For practicalpurposes,
the orbitals are classifiedinto two groups: valenceorbitals{¢} (r)} (thosewith
high orbital enegies)andcoreorbitals{¢$$ (r)} (thosewith low orbital enegies).
Of course,the criterion on how high is “high” andhow low is “low” depends
on the natureof the systemand problemsunderinvestigation;we just assume
that sucha patrtition is permissibleand meaningful. Then, we introducea set
of valencepseudo-orbital$Y(r)} suchthat the exact valenceorbitals can be
expresseds

N¢

GY(r) =wy(r) =D (§(NRY(r)) d5(r), (205)

j

where N, is the numberof the core orbitals. (This expansionprojectsthe
exact core orbitals out of the valencepseudo-orbitalsfo make a meaningful
partitioning.) SubstitutingEq. (205) into Eq. (204) for the valenceorbitals,we
obtain

APSPY(r) = enp¥(r), (206)

Wheretheorbital—dependermseudo—HamiltoniaﬁfS relatego theexactHamil-
tonianh via an orbital-dependentonlocaloperatoTtoc:

N
e = PSR =3 (e —€5) |5 (r) (5(r)] - (207)
j

TheNLPSis simply the sumof 0{““ andtheexternalpotentialve, (r) in f,

e

nloc

= Vext (1) + O]0C (208)
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It is clearfrom Eq. (207) that the pseudizatioronly turnson for the valence
orbitalsandhasa null effect on the core orbitals. More interestingly the exact
orbital enegiesare not altered. Similar to Eq. (7), one candefinethe valence
pseudo-densitin termsof thevalencepseudo-orbitals:

N,
pyo(r) =Y YyYhy(r)?. (209)

whereN,, andy} are the numberof the valenceorbitals and the occupation
numbersf thevalenceorbitals,respectiely. It isimportantto noticethatin this
formal NLPStheory theexactGSwavefunctionis still one-to-onanappecdnto
the GSvalencepseudo-densitfor a givenvalence-corgartitioning,becausehe
NLPS’sareuniquelydefinedvia Egs.(207)and(208),in which all theexactenti-
tiesarefunctionalsof the exact GS density Variousnumericalimplementations
arereadily availableto construcsuchNLPS's 370-386

Having readthe above, one might wonderaboutthe origin of the LPS. His-
torically, earlier LPS’s were designedfrom empirical fitting of experimental
data2%3267 |ater, morerefined,abinitio schemesequiredthereproductiorof the
valenceorbital enegies®®® However, theoreticallyspeakingonly NLPS’s will
beableto exactly reproducehe sameorbital enepies. Thereforejt is naturalto
concludethatthe theoreticalfoundationfor LPS’s hasto be built accordingto a
very differentblueprintfrom thatof the NLPS’s. Onthe otherhand,the solution
seemalreadyto beself-esidentif onethinksalittle bit deeper Thecorventional
NLPStheoryconcentratemostlyonthereproductiorof theexactorbitalenegies
andfurtherrequireshe atomicpseudo-orbitalandatomicpseudo-densitto re-
producethe exactonesin thevalenceregion 379272 Sinceoftenonly thevalence
densityis of greatestoncernto chemistryand condensednatterphysics,one
canjust payattentionto thewealestconditionfor pseudopotentialshe pseudo-
densityshouldreproducethe exactdensityin the valenceregion. Furthermore,
becausehere are alreadyan abundantnumberof high-quality NLPS'’s 370-386
onecanjustinsteaddevisea LPS schemeo reproducehe samepseudo-density
from a NLPS calculation. This provesto be a logically meaningfultheoretical
foundationfor LPS's.

The first level of sophisticatiof®® is quite simple: for a suitableLPS, the
solution of the TF-HK equationshouldyield the sameNLPS pseudo-density
pnioc(r) for agivenmodelXCEDF,

Ps (1) 4 (6Ts[p] 8Jlp]  SExclpl

=Vl + (210)

dp(r) ~ op(r) ~ p(r) )p(r)p‘n’;ocm '
However, onehasto additionallychoosea modelfor the OF-KEDFto make this
work. Consequentlythe resulting LPS will have somecontritution from the
differencebetweenthe exact KEDF andthe modelOF-KEDEF This is lessthan
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optimalandcanbe avoidedif andonly if the OF-KEDF is notinvolvedin ary
way. We thereforeneeda schemethat relatesthe pseudo-densitglirectly to a
LPS.In fact,therearealreadymary matureschemeso obtaintheeffective local
potentialfrom a giveninput density?53-272\We canjustemploy onesuchscheme
andobtaintheexactLPSfor aninputNLPSpseudo-densitwithin agivenmodel
XCEDEF Thisschemenakesnoreferenceo any approximatiorof theOF-KEDF
or theresponsdunction,andoneonly needdo performoneKS-like calculation.
More importantly this schemeallows LPS’s to be calculatedwithin the same
realisticervironmentof systemsunderinvestigation. Therefore transferability
will notbeaproblem,if NLPS’s arechosercarefullyfor thetargetsystems.

In theliterature therearesomeattempt32>+34 to directly useNLPS'swith the
OF-DFTschemeria Eq. (180), but the following algumentprovessuchpractice
is not sound. First, NLPS’s will introducea phaseto the quasi-orbital henceit
is Eq.(179),notEq. (180),thatshouldbe usedin thefirst place.Secondgevenif
oneacceptgheutilization of NLPS’s, Eq. (179) cannotbe dervedwith NLPS's.
In general,for a NLPS9V], .(r,r’), oneneedsthe DM1 to calculatethe V,,.
term,

Vielyl = (001, (r, r)y(r,r’) (211)
whichis very differentfrom the LPScase,
Vielpl = (Vs (r)p(r)) . (212)

With Eg. (211),onecannotderive Eq. (180)[nor Eq. (179)] withouttheassump-
tion

y(r,r’)y =pz(r)pz(r'), (213)

which is certainlynottruein general.On the otherhand,this calls for research
into highly accuratéOF approximationso theDM1 sothatconventionalNLPS’s
can be readily applied even in the OF-DFT schemée®®” just like the OB KS
scheme More studiesalongthelinesdiscussedn SectionV oughtto bedoneto
pursuethis goal.

VI.3 EVALUATION OF THE DENSITY-DEPENDENT
AVERAGING WEIGHT FUNCTION

Having gonethusfarwith the OF-KEDF’s, oneultimatelyfaceghemostdiffi-
cult problem:how to make theentireOF-DFT schemegspeciallythe evaluation
of the DD AWF, linearscalingwith respecto the systemsize. Thisis ageneral
numericalbottleneckof all the NLDA's, asdiscussedn SectionV: the presence
of DD termsinsidethe AWF in Eqg. (164) makesa straightforvard applicationof
the FFT impossible.However, onecanusea Taylor seriesexpansiofi* to factor
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outthedensitydependencin the AWF, becaus¢heDD AWF is notafunctional,
but someanalyticfunction, of the density For example,the DD AWF in real
spacecanbewritten as(up to secondorder)1?

OW(Cr(r,r’),[r —r’|)

W(Ce(r,r'),Ir—=r’)) = wik,r—r')) + 30(r) o(r)
Px
aW(CF(r)rl)v”_r/D /
+ 30(r] p*(r(r)
N O?W(Cr(r,r'),Ir —r’[)| o2(r)
3p2(r) .. 2
N ?W(Cr(r,r’),Ir —r')| o*(r’)
p2(r) .. 2
O’ W(Cr(r,r’),Ir —r’)) N
+ 301)2p(r) p*cr(r)cr(r )+---, (214)

whereo(r) = p(r) —p., andkf = (37T2p*]% are the deviation from, and the
FWV magnitudeof, a referenceuniform densityp.. It is clearthatthe density
dependenceés absorbedinto simple powers of o(r), and that all the partial
differentialsarefunctionsof p,, which canbe evaluatedvia an FFT 111

1§<aw(c¥(r,r'),|r 1) > _ nvn.,p) (215)
P

op(r) 60 ’

36p2

1<¥WMHLWLrW)
op2(r)

2.5, o ~ !
) N, pe) F (7 VI (M 0) 969
p

dp(r)ap(r’) 36p2

wheren.. = q/(2k;), andw’(n., p.) andw”(n., p..) arethefirst andthe second
derivativesof w(n., p.) with respectom., respectiely. Figure9 shavsonesuch
AWF andits dervativesin momentunspaceor {9, k, v}:{% + % 2.7}

For maximumnumericalefficiengy, all derivative termsof the AWF arekept
in momentunmspacesothatone FFT is saved for eachof their evaluations. For
example,duringthe evaluationof thefollowing generaldoubleintegral, thefirst
FFT canbeavoided:

?<a%mug(nrﬁ,rﬂ) )_}ﬁﬂ/qﬂmp*)+(]thhﬁ/ﬁh,PQ,(217)
P

(frEhw(r — 1) (7)) = (@) (fr ()]0
q

= =) W(q) (fi(r)e ) (fo(r)e'") :%Zwm)m—qﬁz(q),(218)

q q
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Figure9 TheDD AWF andits derivativesin momentunspacefor the FEG. Thethree
parametes {9, k,v} of the SNDA OF-KEDF are{5/6 + v/5/6,2.7}.

whereV is the volume of the simulationcell, and f;(r) and f,(r) are some
functionsof the density Now, the computationakosthasbeenreducedfrom
scalingquadraticallywith grid siz€°-1%3to scalingessentiallylinearly with the
systemsize,O(MInM). Thecurrentschemas only threetimesasexpensve as
thecorventionalonebasemntheLR theorywith theDl AWF 105208 By contrast,
theOF-KEDF'sbasednquadraticdespons¢QR)theont%®110areovertentimes
asexpensve asthe OF-KEDF's basedn LR theorywith the DI AWF.105-108

For bulk solids, the natural choicefor p. is obviously py. However, this
schemas only valid for anearlyFEG,wherep(r) doesnotdiffer too muchfrom
po. For othersystemdik e atoms,moleculesandrealisticsurfacesthis scheme
might suffer severely becausep, is no longerwell-definedand p(r) canhave
large oscillationsand decaysto zero asymptotically On the otherhand,if p.
is carefully chosento treathigh-densityregionssatishctorily, the breakdevn in
thoseregionswherep(r) is smallandfarbelow p. mightnotbesoseverebecause
theerrormadein thesecond-ordefaylor seriesexpansionof Eq. (214) mightbe
suppresseldy the smallnes®f p(r) in theseregions. We have demonstratethe
succes®f suchanapproactfor realisticsurfacest!! Ideally, onewould like to
eliminatethereferenceauniform densityp.. from theconstructiorof theDD AWF
completely yet still maintainingthe O(MInM) scaling. We have successfully
developedsuchageneratd(MInM) schemethedetailsof whichwill bereported
later388
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Thereis a subtlepointworth mentioning.Thereis a limitation for the SNDA
OF-KEDF's with the TBFWV in theform of Eq. (156), becauseheir potentials
[Eq. (165)] aredivergentfor ary asymptoticallydecayingdensityif oneof the
two positive parameter$d, k} is smallerthan1. Unfortunately numericaltests
shaw thatthoseOF-KEDF'swith {9, k} largerthan1 performratherpoorly 107:111
Hence,the self-consistentensityof the TF-HK equationwith the SNDA OF-
KEDF's will actuallyapproacha finite small constantasymptoticallyif one of
(9, k} is smallerthan1.27-388 In comparisonthe SADA OF-KEDFdoesnot have
this problemaslong astheratio p(r)/BSAPA(r) in Eq. (154) doesnot diverge
arnywhere. Numericaltest§®-193suggesthatthis conclusionmight be true, but
morethoroughstudiesneedto be doneto further clarify this point. Certainly
it would be highly desirableto examinedifferent choicesfor the form of the
TBFWV. NonethelessthepresenSNDA canstill bewidely usedfor condensed-
phasecalculationssolong asthevacuumsizeis nottoo big; otherwisethemuch
morecomplicatecandcostly SADA shouldbeemployed. In ary casethelinear
scalingnumericalprocedurediscussedbove canbe easilyappliedto all forms
of NLDA OF-KEDF's.

Now, in the TF-HK equationall the potentialtermscanbe setup by corven-
tional plane-vave-basistechnique®3371.372389 with essentiallylinear scaling.
However, for very large systemswith morethan5000nuclei,the computational
costassociateavith the nuclearnuclearCoulombrepulsionenegy becomeshe
major bottleneck!'® In this case,linearscalingEwald summationtechniques
shouldbe utilized 390413

VII. APPLICATIONS AND FUTURE PROSPECTS

Due to its favorablelinear scaling, the OF-DFT schemebasedon the TF-
HK equationhasbeenusedsomavhat~-38-40172-74 bt the poor quality of the
OF-KEDF's had shunnedaway further interest,especiallyafter the succesof
the KS formulation. As better high-qualityNLDA OF-KEDF's wereinvented,
the OF-DFT schemes graduallyregainingits popularity?’*41 However, the
lack of linearscalingimplementation®of the NLDA OF-KEDF's with the DD
AWF hadconfinedtheir applicationsonly to sphericabtomicspeciesandspher
ical jellium models?8-103136141 Nonethelessthe NLDA OF-KEDF's with the
DI AWF permit linearscalingimplementationwia direct useof the FFT [see
Eq. (218)]; hence,bulk solidsandliquids enterednto the OF-DFT application
realm?7.104.106423 very recently a linearscalingimplementatiorof the NLDA
OF-KEDF’s with the DD AWF emeged!!! anda schemeto treat highly in-
homogeneousystemslik e realistic surfaceswas testedwith semiquantitatie
success!! An immediateapplicationto the studyof the metal-insulatotransi-
tion in a 2-dimensionakrray of metal nanocrystauantumdots (with 498 Al
atomsper simulationcell) further magnifiesits promise?’
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With presentworkstationcomputationaresourcessystemsof thousandof
atomscanbe studied!'6-118 So far, the largestsystemstudieddynamicallyby
the OF-DFT schemehad 6714 Na atoms!'® spanningl.5 picoseconds Sucha
sizeis inconcevablefor the presentOB ab initio and DFT methods. In fact,
the OF-DFT schemaeis purely restrictedby the grid size, not by the numberof
electronsandcertainlyhasclearadvantage®verthe OB methods With thehelp
of linearscaling Ewald summationtechniques?®*12 even significantly larger
systemscanbe modeleddynamicallywithin the DFT descriptionusing current
computationapower.

Ratherthanrepeatingherethe detailsof variousapplicationswe feel thatit
would be moreusefulto pinpointa few issueg(“holy grails™) of future signifi-
cance.

First of all, the “golden holy grail” is a highly accurateOF procedureto
approximatethe DM1. If this canbe done, not only will the KEDF andthe
XEDF be modeledaccurately but also the corventional NLPS's?79-386 could
thenbedirectly usedin the OF-DFT calculations®®’

Oncethe“goldenholy grail” hasbeenachieved,the“silverholy grail” would
thenbeto usea pure OF-DFT schemeo predictevery GS propertyotherthan
thoserequiringdetailedOB descriptions.In particular non-HOMO orbital en-
emgies(or a bandstructure)andall orbitalsof mary-electronsystemscannotbe
obtainedfrom an OF-DFT calculation. For example,the OF-DFT studyof the
metal-insulatotransitionin a 2-dimensionahrrayof metalnanocrystatjuantum
dotswasaidedby tight-binding calculationsusingthe self-consistenOF-DFT
densityasinput, to estimatethe bandgapasa function of particleseparatiory’
Is it possible,n principle,to accesghe informationaboutat leastthe bandgap
directly from an OF description? The answeris actuallyyes! Thereis along
history of studyingthe asymptoticdecaybehaior of the DM1 in condensed
phase¥—96311,312414-428 gndthe latestresults? shov thatfor weak-bindingin-
sulatingsystemsthe DM1 decaysxponentiallyandthe decaylengthis directly
proportionatlto thebandgapegqyp,

lim  y(r,r’) o e Coarl 1 (219)
Ir—r’|— oo

where c is somepositive constant. For tight-binding insulating systems.the
resultsare mixed 6312428 phyt are closelyrelatedto the strengthof the external
potentialsor pseudopotentialssed®!? If theexternalpotentialsor pseudopoten-
tials arechosercarefully anexponentialdecaybehaior canstill beobsened?31?
On the otherhand,for metallic systemsat zeroKelvin, the DM1 decaysalge-
braically like the Friedeloscillations,asshowvn in Eq. (87) 26311312 Therefore,
fromtheasymptotidecaybehaior of ahighly accurat@®©F approximatiorfor the
DM1, onecanaccesghe bandgapinformationdirectly, distinguishingbetween
insulatorsandmetals.
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Finally, the “bronzeholy grail” is the WADA that concurrentlyenforcesthe
correctLR behaior atthe FEGIimit andtheexactidempotenyg propertyfor ary
OF approximatiorof theDM1. Of coursethecorrectLR behaior is critical for
ary EDFto outperformits LDA counterpart However, oneshouldnot pushthe
limit toofar with regardto higherorderresponsdehaiors. Pastnumericaltests
have shavn thatthe SNDA OF-KEDF's with the DD AWF basedon LR theory
andtheoneswith theDI AWF basedn QR theay performindistingushablyfrom
one anotherfor bulk solids (metalsandinsulatorsalike) 198111388 Hence,the
requirementor EDF'sto havecorrecthigherorderresponséehaiorsattheFEG
limit canbewaived. Fromanotheiperspectie,realisticsystemsarenormallynot
very closeto the FEG limit, andcorrecthigherorderresponséehaiors at the
FEGIimit will notenhanceheperformancef EDF's much. Ideally, oneshould
enforcetheexactresponséehaior within arealisticervironmentof thesystems
underinvestigation but it is very difficult to do, if notimpossible. The NLDA
with the DD AWF basedon LR theoryis the mostlogical compromisebetween
theoreticalrigor andnumericalefficiengy. Furthermorefor a nearly FEG (like
ary metallicsystem)the exactidempotenyg propertyof the SLDA OF-DM1 of
the FEG [seeEq. (39)] shouldbe approximatelysatisfiedautomatically but for
insulating systems explicit enforcemenbf the exactidempoteng propertyis
required. This incidentally bestavs us anotherway to distinguishmetalsfrom
insulators: testinghow well the exactidempotenyg propertyof the SLDA OF-
DML1 is satisfied®® Suchanapproactis considerablysimplerthanthe onejust
mentionedabove, sincethe analysisof the asymptoticdecaybehaior of the
DML1 is avoided, permitting a faston-the-fly assessmendf the metal-insulator
transitionduringthe courseof an OF-DFT moleculardynamicssimulation.

We believe thatin the nearfuture, all three*holy grails” listed above will be
achieved,andthe OF approachwill becomédhepreferrednethodof implementa-
tion of DFT. We hopethisreview dravstheattentionof thetheoreticachemistry
andphysicscommunitiedo make this cometo pass.
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